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ABSTRACT. I study the role of horizontal complexity—defined as the variation in actions
that similar tasks require—in organization design. A continuum of workers each
choose an action to adapt to a local state that follows a Gaussian process across
locations. Headquarters can group workers into teams, simplifying the attention
problem it faces in coordinating across the organization, at the cost of inhibiting
adaptation. Tools from spectral theory identify how horizontal complexity affects
team size: roughly speaking, variation left unresolved by headquarters expands teams,
while variation concentrated along dimensions that headquarters absorbs through

attention shrinks them.
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1. INTRODUCTION

Our business is strong. Gross profit continues to grow, we continue to serve more and more customers,
and profitability is improving. But something has changed. We're already seeing that the intelligence
tools we’re creating and using, paired with smaller and flatter teams, are enabling a new way of working

which fundamentally changes what it means to build and run a company. And that’s accelerating rapidly.

—February 26, 2026 post on X by Jack Dorsey announcing a restructuring of Block.

This paper studies the relationship between an organization’s design and the horizontal com-
plexity of the environment it faces. [ use “horizontal” to distinguish this notion from task difficulty,
which provides a natural “vertical” dimension of complexity. Horizontal complexity instead mea-
sures how correlated the ideal executions across different tasks are as a function of task similarity.
If, fixing similarity, this interdependence is weaker, then the environment would be described as
more horizontally complex—even if task difficulty is itself unchanged.

To illustrate this form of complexity and its interaction with organization design, consider the
Manhattan Project, the United States’ effort to develop the atomic bomb during World War II. A
major difficulty of managing a project of its scale—at its peak, the Manhattan Project employed
approximately 130,000 individuals—was the need to coordinate a disparate set of scientific, en-
gineering, and production tasks. The tasks formed a landscape of related decisions, horizontally
differentiated by topic but not obviously in terms of difficulty. For instance, different researchers
studied different properties of plutonium, with some of these properties in turn influencing more
distant choices related to the bomb assembly method (Hoddeson et al., 1993). A key challenge
faced by the project’s leaders—General Leslie Groves and J. Robert Oppenheimer central among
them—was how to aggregate this information and integrate it into an overarching vision (Thorpe
and Shapin, 2000). One difficulty here was managing coordination given limitations on what each
team could be informed about (Borpujari, 2026). Several features of the institutional design of the
Manhattan Project grew out of the need to effectively manage and process this information.

This underlying problem is one that organizations frequently confront, even if the stakes are
typically not quite so dramatic. Many production processes involve a bundled set of disparate
tasks varying in relatedness: for instance, planes, cars, Al products, and point-of-sale systems are
all the sum of various interrelated and interdependent components, with management facing the
goal of interpreting the organization’s opportunities and deficiencies to develop an overarching
vision. The Manhattan Project is one salient example where an organizational hierarchy developed
as part of managing a project with a high degree of horizontal complexity. This paper seeks to
understand the relationship between horizontal complexity and hierarchy, with an eye toward
how changes in the environment that influence the former become reflected in the latter.

The framework I propose builds on a line of work in economic theory, dating back to at least



Marschak and Radner (1972), on the tradeoffs organizations face when balancing the necessity of
letting workers adapt to their local circumstances effectively while still coordinating information
across dispersed locations. The baseline model focuses on team size as the primary margin of
organization design. Team size influences the tradeoff between adaptation and coordination,
facilitating the latter but inhibiting the former. Larger teams economize on the points of contact
headquarters must track, but raise the cost of adapting each action to local conditions (for instance,
by making the execution of each worker’s task dependent on the other workers). I consider other
organization design margins in extensions, including richer hierarchy layers.

My main results identify how complexity influences team size. While horizontal complexity
generally has an ambiguous impact on team size, the framework enables a sharp characterization
of how horizontal complexity enters into this decision. The simple intuition is that larger teams
help organizations manage complexity that falls outside the dimensions headquarters attends to
when coordinating the organization. An increase in complexity primarily along those dimensions
makes larger teams less effective at managing complexity, in a relative sense. An increase in
complexity outside of those dimensions has the opposite impact. This decomposition illustrates
why, for instance, a technology that simplifies worker tasks can increase team size but one that
simplifies management’s coordination efforts can decrease it.

Toward this end, I model uncertainty using Gaussian processes and apply tools from spectral
theory to decompose the resulting state process. The use of Gaussian processes to describe a rich
collection of interdependent states places my paper in a tradition following the influential work of
Callander (2011), which deployed this framework in a search-and-learning problem. The reason the
Gaussian process framework is particularly well-suited is that it allows (1) a tractable description
of the joint correlation across a rich set of locations, while (2) correlation varies depending on the
“closeness” across different locations in a natural way. It is therefore a natural framework to use to
study horizontal complexity as defined above. Moreover, as in Callander (2011) and the subsequent
literature, I will exploit a significant degree of tractability facilitated by the continuous model
to speak to the relationship between organization design (i.e., optimal team size) and horizontal
complexity.

In the model I propose, the Gaussian process determines the state process that each worker
in the unit interval seeks to match. To explain the mechanics of the model, here I focus on the
model’s discrete approximation where n + 1 workers are located on a fine grid {0,1/n,...,1},
with states being multivariate normal random vectors; this alternative is described formally in
Appendix A. Members of a team are constrained to be adjacent, and team sizes are assumed to be

regular—i.e., all the same size, as in Dessein and Santos (2006).

! An advantage of the continuum limit, however, is that unlike discrete models, I can consider comparative statics in
team size that do not require the number of workers to be divisible by team size. The model treats team size as a real



The organization’s adaptation loss is the average loss across workers in their individual decision
problems. The model posits that these losses are exogenously larger for larger teams, reflecting
that each worker’s action must be coordinated with more teammates, which magnifies losses
across workers on the same team: if one team member is worse off, so are other team members.?
The actions of all members of the team determine the team state, which is the average of all team
member actions. The choice of team size in the discrete approximation determines the number (or
more precisely in the continuous limit, mass) of team-level states headquarters must track.

To model coordination, I assume that headquarters must predict the average action within each
team. A loss is incurred per team that depends on the distance between this prediction and the
true average action. This formulation reflects the idea that headquarters’ coordination activities
such as giving instructions happen at the team level, and that within-team communication is
cheap relative to team-to-headquarters communication. The challenge is that headquarters has a
fixed attention capacity and can acquire only information about the team state process up to a
fixed budget. I measure this amount using mutual information, but allow headquarters to observe
any signal process jointly distributed with the team state process. The solution to this attention
problem is classical, taking the form of the water-filling algorithm (Cover and Thomas, 2006),
previously applied in economics to a rational inattention problem by Koszegi and Matéjka (2020).
The idea is to represent the correlated state process as a collection of independent components and
then allocate attention to the components responsible for the most variation. Posterior variance is
equalized across the components that receive attention.

To see why changes in horizontal complexity yield ambiguous predictions on team size in the
baseline model, recall that team size balances the tradeoff between adaptation and coordination
loss. Multiplying the variance of the individual states by a constant multiplies the organization’s
loss by a constant. But this increased loss is the same for adaptation and coordination, so the
underlying tradeoff is unchanged. Hence, team size is unchanged as well. But some changes
in the underlying state distribution increase coordination loss by less than adaptation loss. In
particular, increases in variance along dimensions that headquarters pays attention to increase
adaptation loss by a larger factor than coordination loss, since attention dampens the impact
on coordination. Such increases therefore lead to more siloed teams. By contrast, increases in
variance along dimensions outside headquarters’ attention problem are not similarly dampened;

these increases therefore strengthen the relative value of larger teams.

number, which as I describe could correspond to having some heterogeneity in the sizes of adjacent teams; e.g., a
team size of 2.5 can be approximated by alternating teams of size 2 and 3.

2Appendix A describes how to build this feature into the discrete model. The only challenge in doing so endogenously
in the continuum model is that each team is infinitesimally small; as I view these issues as a detour, the main text
only focuses on the continuum setting directly with the understanding that it reflects a particular limit of such a
discrete model.



This dichotomy, between the components which significantly influence the attention problem
and those that do not, drives the relationship between complexity and team size. The technical
innovations yielding this insight involve extending the aforementioned results for (discrete-
location) multivariate normal vectors to (continuous-location) Gaussian processes. These tools are
useful because they identify which components of the organization’s state process headquarters
attends to. Fundamentally, these extensions are possible because a similar decomposition applies
to Gaussian processes, thanks to a result known as the Karhunen-Loéve theorem. The tools from
spectral theory that I apply essentially translate the key ideas from the finite-dimensional case to
the infinite-dimensional case. I show that, for any finite attention budget, the optimal solution
allocates attention to only finitely many dimensions and none to the rest. This contrasts with the
finite-dimensional case, where every dimension eventually enters the attention problem as the
budget grows.

Despite this reduction, the continuum formulation allows me to convey the main economic
message of the paper more transparently than the discrete-location formulation would allow. The
familiar reason is that the continuum formulation enables simple, transparent comparative statics
based on calculus.® But the continuum formulation does more than translate comparative statics
into calculus. A finite grid provides only a fixed collection of task distances, making it awkward
to study how correlation changes while distance is held fixed. Indexing tasks on a continuum
holds the location space fixed while allowing the covariance kernel to vary, so that changes in
relatedness at any given distance can be isolated.

The tools from spectral theory I apply also help interpret the relationship between horizontal
interdependence and organization design. Section 5 proposes sample path “jaggedness” as one
possible local measure of complexity. Using the spectral properties of the Gaussian process, I show
that, under some conditions on the eigenfunctions, decreasing the eigenvalue decay rate while
holding total variance fixed weakly increases both jaggedness and team size for all attention levels,
strictly so away from the relevant edge cases. This result has a natural empirical implication,
with the caveat that a given environmental change may not match a pure change in jaggedness
as I describe it. Still, it suggests that researchers should be careful with associating volatility
itself with complexity, as what matters may be how this complexity is spread out across the
organization—namely, whether workers face correlated or idiosyncratic uncertainty.

In extensions I show how these insights translate into other margins of organization design,
such as training or decentralization decisions. For now, two are worth highlighting more thor-

oughly. First, I describe how team size roughly corresponds to hierarchy depth—while these

3Note that in the continuum limit, this is both a continuum of workers and a continuum of teams, the latter of which
has mass inversely related to team size. Section 6.3 describes a version with discrete divisions, where the organization
faces the decision of whether to merge the divisions or not.
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different margins may have different costs in practice, my results on the relationship between
horizontal complexity and team size also translate to hierarchy expansion more broadly. Second,
I show how the ability to more efficiently simplify an organization’s environment—say, due to
artificial intelligence technologies—naturally leads to larger teams. The simple reason is that the
technology has a larger impact on the components that headquarters pays attention to, since these
tend to be the most significant ones (which is why they receive attention in the first place). The
unattended components therefore become relatively more important, increasing team size by the
logic above. This result highlights the potential dual impact of such technologies. Consistent with
the Jack Dorsey quote above, I find that an increase in the attention budget itself decreases team
size. But my framework shows that the way such changes influence an organization overall should
depend on where the impact is concentrated. This paper provides a unified framework to think
about such changes systematically, showing that the resolution of these conflicting forces should
depend on how much residual complexity lies outside the dimensions to which management

allocates attention.

2. LITERATURE

The main tradeoff this paper studies, between adaptation and coordination, is inspired by the
theoretical literature on organization design. The framework introduced in Dessein and Santos
(2006) defines adaptation losses as those that depend on the primary action each worker takes
and his local state, while coordination losses depend on how well each worker knows about the
primary actions of other workers. The organization design problem in Dessein and Santos (2006)
consists of the assignment of tasks to workers, where assigning more tasks to a given worker
would increase the cost associated with carrying out each task, but would lessen communication
frictions across workers (and hence facilitate coordination).*

While my main focus is also on this aspect of organization design, two other ingredients are
shared with the literature on organization design following Marschak and Radner (1972). The first
is the possibility of direct interdependence between tasks, studied in a general linear-quadratic
framework by Calvo-Armengol et al. (2015) and applied to modular production technologies and
the mirroring hypothesis by Matouschek et al. (2025). However, a key property of these papers is that
states themselves are independent, with this state interdependence being a fundamental component
of my notion of horizontal complexity. I show how allowing for correlation between states provides

nuanced insights for how the form of complexity influences the shape of organizations. But on the

“My results in Section 6.3 also speak to the question of when organizations are better off merging versus separating
divisions, which is related to the question of centralization that some work following Dessein and Santos (2006) has
also considered—notably, Rantakari (2008) and Alonso et al. (2008).



other hand, the production technology I study does not feature such dependence, so that unlike in
those papers, interdependence largely relates to the coordination problem.

The second is the presence of a centralized attention problem. While the notion that managers
generally face attention constraints is a fundamental component of Marschak and Radner (1972)
and in the following literature (e.g., Geanakoplos and Milgrom (1991); Radner (1993); Bolton
and Dewatripont (1994); Van Zandt (1999)), in my model this is actively chosen by headquarters
alongside the rest of the organization design problem. In this sense, the problem resembles Dessein
et al. (2016) and Dessein and Santos (2021), where the allocation of attention is also a design choice
of the organization.

While the baseline model follows much theoretical work on organization in treating all workers
or tasks horizontally, this paper will also allow for richer hierarchies, which can sometimes balance
adaptation and coordination more effectively than single-layer organizations. An influential
example that illustrates how hierarchies can emerge to manage task difficulty is Garicano (2000).
But in Garicano (2000), tasks can be directly ordered by difficulty; thus, changes that increase
productivity as in Garicano and Rossi-Hansberg (2012) would more appropriately reflect vertical
complexity rather than horizontal.> This framework has proven useful in applications; Ide and
Talamas (2025) study the impact of artificial intelligence on organizational hierarchy in a model
building on Garicano (2000). Methodologically, however, team size in my paper essentially
parameterizes the “span-of-control” as in that literature, bundling lower-level problems into a
single higher-level coordination unit.

The particular approach to modeling the coordination loss borrows heavy inspiration from the
literature on rational inattention. Technically, I solve the coordination problem by applying ideas
from the water-filling algorithm, described in Cover and Thomas (2006). Koszegi and Matéjka
(2020) build on similar ideas to describe mental budgeting. The basic insight here is that the
posterior variance is minimized along the principal components of the random vector the agent
faces.® Relative to this literature, I consider a setting with a continuum of states. While there is
some precedent for modelling using continuum formulations in rational inattention problems
(e.g., Mackowiak and Wiederholt (2009)), I am not aware of past work in the economics literature
on attention where the state itself is a function on the continuum. Having said that, some recent
papers have also found that eigenvalue and eigenvector methods can enable tractable analysis in
continuum models—notably, Miyashita (2024) and Farboodi et al. (2025).

Lastly, I formalize the complexity of the world faced by the organization using the formal

> Another paper studying hierarchy design in such a horizontal model is Ichihashi et al. (2025), which instead focuses
on the question of how to assign tasks to agents to incentivize effort.

®The use of principal-components analysis in economic theory by now has significant precedent and is familiar in
several lines of work; see, for instance, Calvo-Armengol et al. (2015); Galeotti et al. (2020, 2025).



structure pioneered by Callander (2011). The influence of this modelling device in economic
theory has been substantial, as surveyed by Bardhi and Callander (2026). A partial list includes
voting (Bardhi and Bobkova, 2023), communication (Callander et al., 2021; Dong and Mayskaya,
2024), coordination problems (Dall’Ara, 2025), and contracting (Bardhi, 2024). Relative to this
literature, a key technical novelty is identifying the usefulness of the Karhunen-Loéve theorem in
assessing “complexity.” I show that team size itself reacts to “local complexity” more than “global
complexity,” to the extent that the latter is measured by the process’ variance and the former
reflects the “jaggedness” of the sample paths.

3. MODEL

The model considers an organization choosing a continuum of actions to match a stochastic
process defined on that continuum. In Appendix A, I describe a discrete-location version that

converges to the continuum model as the grid becomes arbitrarily fine.

Setting An organization consists of a continuum of tasks, x € [0, 1], with each task associated with
a worker. Associated with each task location x is a state denoted W (z). Tasks are interdependent,
so that Wy (x) is a stochastic process correlated across space. In particular, I assume that Wy (z) is
a mean-zero Gaussian process with symmetric covariance kernel C'(z, z'). I assume that C(x, ')
is positive definite and continuous. I let 02(x) denote the variance of this stochastic process, and
assume that fol o?(x)dzx < oo. I refer to workers undertaking these tasks as the ground layer of
the organization. Below, I describe the individual decision problem that each worker in the ground

layer faces. The goal of the organization is to balance losses due to coordination and adaptation.

Hierarchy Workers can be placed into teams. To simplify the analysis, in this paper I focus on the
case of symmetric organizations, where all teams are the same size, as in Dessein and Santos (2006).
While I will enrich the model to allow for the organization to design more elaborate hierarchies,
for now I omit this possibility and defer this to Section 6.1. The organization chooses teams (and
later hierarchies) as a way of optimally balancing two different kinds of losses, which I refer to as

adaptation loss and coordination loss.

Adaptation Loss Each worker chooses an action a,, to best match their own state W, (z). However,
matching this state is costly—not only that, doing so is more costly the larger the group size is.

Specifically, the loss a worker at location x faces is:

la(az, Wo(z)) = f(k) - [a3 + (ac — Wo(2))?].

[ assume that the function f(k) is strictly increasing and differentiable in k, equal to 1 at k = 1

with limy_,, f(k) = oco. I have in mind that the choice of an action a, requires coordination



with other group members. If a, is a level of precision in some input, and if each point of contact
in the team must be contacted, then the marginal cost of a, should increase with the team size.
Appendix A shows how this microfoundation can generate losses that scale multiplicatively with
team size in the discrete-location version of the model, but I treat it as an assumption since the
model focuses on the continuous-location limit.

I mention that my model will allow team size to be any real number k; this assumption follows
Garicano (2000) and the subsequent literature as a way of continuously measuring span of control
in a large organization.” The same limiting team geometry could be obtained by assuming that,
within any subinterval, some teams have size | k| and some teams have size [k]|—e.g., k = 7/3
implies 1/3 of teams are size 3 and 2/3 are size 2. In the discrete approximation as the worker
grid becomes fine, this formulation yields the same limiting mass of teams and the same limiting
team-state process described below. I take f (k) to measure the average adaptation cost associated
with a span of control £, rather than deriving it mechanically by averaging a fixed cost schedule
defined only at integer team sizes. I work with continuous k£ and a smooth f so that optimal team
size can be characterized transparently by balancing marginal benefit and marginal cost.

I assume that a, is chosen to minimize the loss at location z. Under this assumption, it is
immediate that:

Wo(x)* f (k)
s W()(l’)) = T

Wol@)  nd 0, (WD(x)

w, the realized loss.

Abusing notation, I write [(Wy(x)) (without the x subscript) to denote

A leading case of interest is one where f(k) = 1 + 5(k — 1), reflecting the idea that the
loss-per-team member of coordinating with others is 5. This reflects the benchmark studied in
Dessein and Santos (2006) in the special case where the “primary task” at location z has a fixed
weight while loss for “bundled tasks” is linear-per-task. I use this specification to derive sharp
predictions in some later sections, but for now only mention that in principle nonlinear scaling is

allowed. Notice that in this formulation, the action itself is not influenced by team size.

Team States The organization’s coordination loss will depend on what the organization knows
about the team states across the organization. Heuristically, each team state can be associated
with a “team leader” who is not a member of the ground layer of the organization and whose
state is the average action of all team members. Appendix A walks through the interpretation

of the team state as the “average action of team members” in the discrete approximation of the

’Garicano (2000) assumes that the organization is sufficiently large that integer constraints can be ignored. Fuchs et al.
(2015) provide a related pointwise-matching interpretation, in which noninteger team sizes approximate matches
between small positive masses of producers and consultants. See also Garicano and Rossi-Hansberg (2012) and Ide
and Talamas (2025).



model and derives the resulting specification of the covariance operator of the team-state process
Wi (z), presented below. I defer this from the main text as the main analysis is all done in the
continuum limit, but briefly summarize how this exercise motivates my specification for Wy (z).
As the worker grid is made fine with team size fixed, each team’s width shrinks to zero; by the
(mean-square) continuity of the task-state process, the average of team members’ task states
converges to the state at a representative point (Appendix A); the resulting team-state process is
supported on an interval of mass 1/k rather than 1.

These observations motivate my formal assumption: that the team-state process is Wi (u) =

Wo(ku)/2 on [0,1/k], so that the covariance between W (u) and Wi (v') is 1C/(ku, ku') for all
u,u’ € [0, 1/k|. The division of the task state by 2 reflects that a, = WOT(J"), and that the team-state
concerns worker actions rather than states. Mathematically, larger k rescales the location index
of the task process while reducing the mass of teams; the underlying task process on [0, 1] is
unchanged.

The two extreme cases are worth commenting on. When k£ = 1, then groups consist of
individuals and hence the group state is simply %Wg(a:). But as k — oo, headquarters tracks
vanishingly few points of contact, so the coordination burden becomes negligible. Choosing £ large
is beneficial for coordination, but limits adaptation, while choosing k£ small makes coordination

more difficult, but facilitates adaptation.

Coordination Loss Headquarters incurs a loss depending on how much information it has about
the team states. I formalize this in a manner similar to the rational-inattention literature, using
mutual information. Headquarters chooses a signal S that is informative about I¥;. A signal
S is admissible if it is a real-valued stochastic process on [0, 1/k|, defined jointly with W} on a
common probability space and jointly measurable in the underlying state w and location x.®

I define the mutual information between W, and S to be:

I(Wy;8) = sup IT({Wi(x1), ..., Wi(xm)};{S(x1),..., S(xm)}). (1)

M<00,x1,...,Lm E[0,1/k]

The constraint headquarters faces is that S is restricted so that I (W3;.S) < p, where p is exogenous.
Headquarters then attempts to match the team states in the population. Letting b(z) = E[W;(x) |

S], the coordination loss incurred is:

8That is, the map (w, z) — S(w, x) is assumed to be jointly measurable, where (2, F,P) is the probability space
generating all uncertainty and w € (2 is a sample point. The common probability space may be enlarged, if
necessary, to accommodate independent signal noise. Formally, I also assume S is separable in the sense that
Fs = o(S(z) : © € [0,1/k]) is (modulo null events) generated by the values of S at a countable collection of
locations. Conditioning on S means conditioning on Fg; a priori, no Gaussianity or path-continuity restrictions are
imposed on S.



1/k
/0 (b(x) — Wi (2))2da.

An important feature is that this loss is incurred per team rather than per worker. I interpret
this as a headquarters-level loss: headquarters chooses a mission, target, or intervention for each
team, and the cost depends on how well informed it is about that team’s state. This feature is
in the spirit of Crémer (1980), where organizational boundaries determine the units over which
local adjustment is possible and the residual coordination loss is incurred per unit.” Geanakoplos
and Milgrom (1991) also obtain this feature, in a model where hierarchies economize on scarce
managerial attention. The quadratic loss is a tractable way to capture the cost of acting on

team-level information imperfectly.

Summary and Timing To review, the timing of the model is as follows:

« The organization decides on the organizational structure (the size of each group), as well as

which signal S will be subsequently observed subject to the aforementioned constraints.
« States are realized, and actions are chosen as described above.

Headquarters observes S and chooses b(x) for all .

+ The organization’s expected payoff is expected output II, minus the coordination and

adaptation losses:

(Coordination) (Adaptation)
.

A\

Ve

- /Ol/k(b(x) Wi (2))2dz| —E [/OIKWO(@)CJ;U] |

3.1. Warm-Up: Zero Attention Capacity

To help isolate the role of headquarters’ information constraint, I first walk through the solution
to the team design problem in the case where p = 0. Here, the organization’s incentives for
larger teams are strongest, reflecting the idea that within-team communication has the highest
importance when headquarters is fully in the dark about the organization’s activities. Substituting
in the solution for a, above, using the linearity of expectation and that 1¥;(x) is mean zero (so
that b(x) = 0), I have that the objective can be written as:

In Crémer (1980), the primitive units are shops and the chosen groups are “services.” Transfers across services must
be planned before uncertainty is realized, while allocations within a service can adapt ex post. The fully integrated
organization is used only as an infeasible benchmark; here, full centralization is feasible but suboptimal due to
adaptation costs.
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1/k f(k> 1
IT — / E [Wi(z)?] dz — T/ E [Wo(z)?] da.
0 0
Again using that both W (z) and Wy () are mean 0, I have that both integrals in the objective are
simply variances. I have:

1/k 1 [k 1 1
/ E [Wi(z)?] dz = —/ C(kx, kx)dx = —/ C(u,u)du = —/ o?(z)dz.
0 4 Jo 4k Jo 0

Thus, k is chosen to minimize:

(ﬁ + @) /01 o*(x)dz.

This illustration shows that the optimal team size has a simple form, which in particular depends
only on f (and does not depend on any properties of the process Wy (x)). The optimal team size
manages the tradeoff between coordination loss, which is decreasing in k, and adaptation loss,

which is increasing in k. The first-order condition for k£ implies team size, if interior, should satisfy:

1 =2k2f'(k).

Furthermore, convexity of f implies that as long as f/(1) < 1/2, the optimal team size will indeed
be strictly greater than 1.

On the other hand, this argument also yields a stark prediction that as long as fol o?(x)dx > 0,
team size is constant. Thus, as long as the underlying process is nondegenerate, the details do not
influence the organizational structure. Once the attention constraint is introduced, this property

will fail, and one of this paper’s contributions is to illustrate which characteristics matter and why:.

4. USING SPECTRAL THEORY TO SOLVE THE ATTENTION PROBLEM

I now walk through the solution to the organization’s attention problem. The underlying structure
used will also drive the solution to the organization design problem, but for the moment I take
this as given. The solution makes use of tools from spectral theory which will be useful for several
extensions as well. Throughout the rest of the paper, I assume p > 0.

A key difference between the attention problem in Section 3 and those from past work is the
fact that there is a continuum of random variables, rather than a discrete number. For the case
of multivariate normal random variables, the solution to the problem of minimizing posterior

variance subject to a constraint on mutual information takes the form of the well-known water-
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filling algorithm (Cover and Thomas, 2006), applied to a rational inattention setting by Koszegi
and Matéjka (2020). The idea is the following:

« For a random vector (6, ...,60,) ~ N(0,%?), note that there exists \;,...,\, € R, and

v1,...,0, € R" such that, for Z;, ..., Z, IID standard normal, this vector has the same
distribution as ) 37, \/Ajv;Z;.

+ Then, the attention problem involves obtaining signals informative of each Z;. In this case,
there is some o such that either: (1) A\; < p, in which case no information about Z; is

obtained, or (2) A; > 1, in which case information is obtained, and the posterior variance of
V/AjZ; is equal to p.

The first bullet makes use of the principal-components representation of normal random variables,
which has found extensive use in economics as surveyed above. The parameter y is referred
to as the “water level” It turns out that the optimal posterior mean admits a finite-location

representation, summarized by the Proposition below:

Proposition 1. For any p < 0o, there exists an optimal signal and a finite mesh {x1, ..., x,} such
that b is determined by the vector (b(z1), ..., b(x,)): for every x, there exist deterministic coefficients
ay(x),...,a,(x) such that

b(z) = Z a; (2)b(;).

This Proposition reduces the infinite-dimensional attention problem to a finite-dimensional one—
where headquarters’ prediction of the team state only depends on its prediction of the team state
at a finite number of locations."

This extension to the continuous location case makes use of the Karhunen-Loéve Theorem,!
which states that a mean-zero Gaussian process on [0, 1] with continuous covariance kernel admits

the representation

G(r) = Z VAi¢i(2)Z;, (2)

9This result does not say that, given a mesh of n points, the problem is equivalent to one where these n points are
used to define a multivariate normal vector. This statement is indeed generally false. Only the posterior mean
function b(x) is determined by its realization at finitely many points, although these values will typically depend on
the full sample-path realization.

MWhile the application of Karhunen-Loéve Theorem to the attention literature is novel to my knowledge, the
observation that it enables an extension of water-filling to the Gaussian process case was made by Kolmogorov
(1956) (see also Pinsker (1964) and Donoho et al. (1998)). The proof of Proposition 1 adapts this argument to the
present location-space formulation, where mutual information is defined through finite-dimensional meshes rather
than on the processes themselves. The additional implication obtained is that the optimal posterior mean can be
represented by its values at finitely many locations.
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with the sum ranging over the strictly positive eigenvalues (and converging in L?, uniformly in
x), where Zy, Z,, . .. is a sequence of IID standard normal random variables and A; > 0. The
formulation (2) is the Karhunen-Loéve decomposition for the process. Each Z, is referred to as a
mode. The pairs ()}, ¢;(x)) are the eigenvalue-eigenfunction pairs of the covariance operator of
G. In the present setting, this is the covariance of the outcome process, which is expressed above.
Not only is this the case, but the functions ¢ () form an orthonormal eigenbasis. Thus, each Z,

variable can be constructed given the outcome realization as:

1 1
Zi=—= /0 () op(x)dz

The proof of Proposition 1 shows that there exist independent mean-zero normally distributed

random variables S, . . ., .S, such that
bx) =) Sit(a),
j=1

where 1); are the eigenfunctions of the team-state process. Each S; is the posterior mean of the
scaled mode /v;Z; given headquarters’ optimally chosen signal about that mode, where the
signal’s precision is set so that the information constraint is satisfied.

Proposition 1 shows that the attention problem retains the key aforementioned features from
the finite-dimensional case: headquarters decides which 7 variables to pay attention to, and
chooses \S; so that the posterior variance along each attended dimension is equal. Henceforth I

denote this posterior variance level as .

In particular, there is a closed form expression for the coordination loss in terms of £ and the
eigenvalues of the covariance operator of the stochastic process. Indeed, the adaptation loss is

@E[W@(%)Q]; the identity that fol o?(z)dx = >_;°, \; allows us to express this term using the

eigenvalues directly.” The coordination term is more subtle but also straightforward in light of the

above. Recall that the team-state process is equal to M

on the interval [0, 1/k| with covariance
1C(kz, ka'). The change of variables formula and the eigenvalue-eigenfunction identity for the
task process implies that:

1! A

1/k 1
/0 ZC(kx, k') (ka'")dx' = %, Clkz,u)d;(u)du = E@(kx)

“Without the restriction to Gaussian processes one loses the IID property of the Z; variables; aside from this feature,
this result holds for more general stochastic processes as well.

BAs 0?(x) = C(z, ), this identity is the continuous-location version of the fact that the sum of the eigenvalues is
equal to the trace.
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Hence ();, ¢;(x)) are an eigenvalue-eigenfunction pair for the task process if and only if (3%, 1;(z))
are an eigenvalue-eigenfunction pair for the team process, with 1;(z) = vk¢; (kz).!* Putting this

together, the organization’s objective is to choose £ to maximize:

(@) 7 )

:/ﬁp_ Z i m_%z)\my (3)
m:n+1 m=1

where p—referred to as the water level—is set so the attention constraint is satisfied:

1 A
m=1

In (4), n refers to the number of variables that enter into headquarters’ attention problem. The
active set consists of the modes that enter this attention problem; the inactive set consists of the
modes that do not. I refer to the eigenvalues that do not enter into the attention problem as the
tail and eigenvalues that do as the head. I maintain the following assumption throughout the

remainder of the paper:
Assumption 1. The Karhunen-Loéve decomposition involves A\, > 0 for infinitely many k.

While not essential for many of my results, making Assumption 1 allows me to ensure that tail
eigenvalues always exist and focus on the truly infinite-dimensional case. This assumption is
also quite weak; it is necessarily satisfied for any Gaussian process with nondifferentiable sample
paths where C'(z, z’) is smooth.” Its role is to focus on the key distinguishing feature compared

to other work in economics that uses similar machinery.

5. COMPLEXITY AND TEAM SIZE

I now turn to the organization’s optimization over k, showing how the attention problem influences
team size—and especially that the conclusion from Section 3.1 no longer holds once the attention
constraint is introduced. Writing y to be a function of k, note that as k varies, p(k) adjusts so that
(4) is satisfied. Furthermore, since the right-hand side of (4) is monotone in y, there is a unique
value for which equation is satisfied. On the other hand, conjecturing that ;1 scales according to

1/4k, the constraint is satisfied with equality that does not depend on k. Since all eigenvalues of

The scaling by v/k ensures 1/; () has norm 1, as is the convention.
BIndeed, 1f C (x x ) is smooth, then smoothness of the eigenfunctions follows from differentiating the identity

A b (x fo (z, 2") ¢ (z), so nondifferentiability is only possible if A;;, > 0 infinitely often.
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the team-state process are obtained from the task-state eigenvalues by the common scaling factor

1/(4k), p scales in the same way: Thus, there exists /* such that:

1,
plk) = o1

Making this substitution allows us to differentiate the objective with respect to £ while ensuring
the attention constraint still holds. Doing so yields a characterization of optimal team size.

This observation allows us to derive sharp predictions about the relationship between com-
plexity and team size. I focus on two potential interpretations of “complexity” in the main model.
The first is in terms of the attention capacity p. The idea is that greater complexity might reflect a
lower value of p, i.e., less processing capacity on behalf of headquarters.

The following result says that under this interpretation, greater complexity is associated
with larger teams. Recall that f/(1) < 1/2 is required for team size to be greater than 1 when

headquarters cannot acquire any information about the team-state process:

Theorem 1. Suppose f is convex with 0 < f'(1) < 1/2. There exists p such that the organization’s
optimal team size is strictly decreasing in p for all p < p and equal to 1 for all p > p.

This result, that more attention capacity corresponds to lower team sizes, is consistent with the
stated justification for the reorganization of Block highlighted in the introduction. It is also broadly
consistent with evidence from Bloom et al. (2014) that information technologies can increase local
autonomy by lowering the cost of acquiring and processing relevant information, if smaller teams
are interpreted as preserving greater local autonomy. And indeed, the conclusion of Theorem
1 is straightforward once the simplifications outlined in Section 4 are made. As highlighted in
Section 3.1, the organization’s choice of team size essentially solves a simple optimization problem
involving a tradeoff between the adaptation and coordination loss: Adaptation loss increases in
team size, but coordination loss decreases. Attention has no impact on the costs of increased team
size (adaptation), but it does influence the benefits. In particular, the marginal benefit is lowered

by a multiplicative constant, specifically:

AR DYDY

Zfil Ai

In particular, u* corresponds to the posterior variance of the “task state process” eigenvalues

©)

for which the corresponding Z; term in the Karhunen-Loéve representation shows up in the
organization’s attention problem. Hence, it is larger than all \; for ¢« > n and weakly less than
all \; for ©+ < n, so that indeed this constant is less than 1. Furthermore, as p — oo, u* — 0 and

n — oo. Thus, p is the value for p such that the corresponding value for ;1* and n satisfies:
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nu* + ZZn—H Ai

Z?il Ai

To discuss the relationship between horizontal complexity and team size more directly, I turn to

= 2f'(1).

the underlying stochastic process that defines Wy (x). While it may be intuitive that the degree of
horizontal complexity should be reflected in the covariance operator of the Gaussian process—since
this object determines how correlation depends on location—it may not be immediately obvious
how precisely to do so. To be clear, the correct notion may very well depend on application or
context; my only goal is to illustrate that different predictions may emerge depending on the
precise origin of the horizontal complexity of interest. In a survey of the literature on correlated
learning using Gaussian process realization as the underlying state, Bardhi and Callander (2026)
associate this with the volatility of the process. While this form of complexity does not influence
team size, varying individual eigenvalues in the Karhunen-Loéve representation can.

To make this precise, I consider perturbations of the covariance operator that hold the eigenba-
sis fixed. Specifically, fixing a covariance operator Cy(z, ') with eigenvalue-eigenfunction pairs

(Ni, ¢i(x))2,, and fixing i, consider covariance operators of the form:
Ci,t (ZL‘, J}/) = CO (ZE, l’l) + t¢z(x)¢z (‘/E,)7

where ¢ is in a neighborhood of 0 such that \; + ¢ > 0. Notice that under C;,, the eigenvalue
associated with ¢; is \; + ¢, while all other eigenvalues and the chosen eigenfunctions remain

unchanged. Denote the optimal team size under C;; by k().

Theorem 2. Suppose f(k) is convex and fix p € (0, p), where p is defined in Theorem 1. For the
perturbation C;; defined above, there exists a cutoff \ such that

dkx(t _
A >0 if A <A,
dt |,
and ey
A <0 ifA\ > A,
dt |,

with derivative zero if \; = \.

The case where ), is exactly at this threshold is a knife-edge case in which the first-order effect
is zero. Since eigenvalues are decreasing in the index, and since the proof shows that A\; > A
always holds (while \; — 0 implies all sufficiently late eigenvalues are below \), the result implies

that the leading eigenvalue decreases team size when it grows, while sufficiently late eigenvalues
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increase team size when they grow. It is worth emphasizing that the conclusion that varying
individual eigenvalues can influence team size requires p itself to be intermediate: At the two
degenerate extremes where the inattention problem does not matter, team size is independent of \;.
When p = o0, this holds because there is simply no reason to have nondegenerate teams. But as
illustrated in Section 3.1, the process variance enters the organization’s objective multiplicatively

when p = 0, so that individual eigenvalues do not influence team size there either.

Theorem 2 holds because \; influences team size differently depending on whether it is part of
the attention problem. Showing this in general is somewhat involved, but it is straightforward to

see in the case where only Z; receives any attention, in which case (5) can be written:

6_2p/\1 + 222 )\z
221 Ai .

The fact that A\; shows up in the attention problem “dampens” (but does not eliminate) its influence

on coordination loss. Since the impact on adaptation is unchanged, this factor decreases. More
generally, whether a given change in volatility generates an increase or decrease in team size
depends on how that change influences the attention budget, and in particular whether it enters
strongly enough into the attention problem. This ambiguity is consistent with the broader message
of Dessein et al. (2022) that the organizational implications of volatility depend on how volatility
interacts with coordination. In the present model, the relevant distinction emerges due to the
spectral properties of C'(z, ’): away from the degenerate cases, increasing \; for sufficiently high

1 raises team size, whereas such a change can lower it if \; enters headquarters’ attention problem.

While Theorem 2 shows that changes in individual eigenvalues can change team size in a
direction that depends on the attention level, the same techniques yield a derivation for the

necessary and sufficient conditions for team size to increase given a change in the state process:

Proposition 2. Fix an orthonormal basis (¢;)2,, and let A : [0, ] — (. be continuously differen-

tiable as a map into ', where

A(t) = (Mi(2), Aa(t), .. .)

is nonzero and weakly decreasing ini for everyt. Suppose further that Cy(x,x') := > ooy Xi(t)gi(x)ds(2)

is a continuous covariance kernel satisfying the feasibility assumptions for every t € [0, c]. Assume
further that there is a uniquely optimal interior team size at allt € [0, ]. Let n denote the number of
modes in headquarters’ attention problem att = 0'° and define ﬁu*(O) as the water level att = 0

when team size is k. Team size is weakly increasing int att = 0 if and only if:

16Recall that, as shown previously, this parameter is independent of k.
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and weakly decreasing if the reverse inequality holds.

While stronger than the condition provided in Theorem 2, this conclusion does require solving
for the value of 1" and is hence potentially harder to interpret. At the same time, Proposition
2 facilitates the derivation of robust comparative statics: i.e., conditions under which team size
increases for every attention level.

To do this, notice that the expression simplifies if > ~_, A, is fixed. In that case, > ;> | \;(0) =

0 and (6) becomes:

Zf;%(o) (min {1, %}) > 0.

A simple sufficient condition that ensures this condition automatically holds is that there exists
j* > 1 such that \;(0) < 0 for all i < j* and X;(0) > 0 for all ¢ > j*. Indeed, since min {1, A“—(O)}

is weakly increasing in 4, this condition gives us:

*

gAQ(O) (mm{1%}) > gA;(O) (mm{l%}) _ (mm{lﬁ}) gké(o)

since replacing min {1, %} with min {1, %} puts (weakly) more weight on negative terms
and (weakly) less weight on positive terms. Any change in the eigenvalue sequence that decreases
earlier eigenvalues but increases later eigenvalues, fixing total variance, will increase team size.

What do these comparative statics correspond to economically in terms of the comparative
statics of how team size changes with horizontal complexity? One way to think about this is in
terms of the jaggedness of the sample-path realizations. I illustrate this idea in Figure 1. Notice
that sample-path realizations appear to vary more moving across panels from left to right. These
changes are generated by successively decreasing the eigenvalue decay rate, using the stationary
Ornstein-Uhlenbeck process in the middle panel.

The figure illustrates visually how a decrease in the eigenvalue decay rate makes the sample
paths appear more jagged. Appendix C provides conditions on the eigenbasis which allow this

relationship to be stated formally. One way to quantify jaggedness is to consider the parameter:

o (7) := sup{a : limsup E[(Wy(z + h) — Wy(x))?]/h* < oo} (7)

h—0
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Figure 1: Illustration of the influence of eigenvalue decay on local complexity. In each case, eigenvalues are
normalized to keep [ E[Wy(z)?]dx constant, and eigenfunctions corresponding to the stationary Ornstein-Uhlenbeck
process are used. For illustrative purposes, each plot uses identical realizations for the Zj, sequence, so differences
in the sample paths are entirely due to the eigenvalues. Panel (1b) uses the finite-interval Ornstein-Uhlenbeck
eigenvalues \;, = 1/(1 + w3), where the frequencies wy, solve the Ornstein-Uhlenbeck boundary condition; these
eigenvalues decay asymptotically at rate k~2. Panels (1c) and (1a) use normalized powers of these eigenvalues,

producing slower and faster decay, respectively.

To interpret this, notice that standard Brownian motion has E[(Wy(z + h) — Wy(z))?] o h, so that
a*(x) = 1. This also holds for the stationary Ornstein-Uhlenbeck process. A natural requirement
for more jaggedness is that E[(Wy(x + h) — Wy(z))?] approaches 0 more slowly as h — 0—so
that the increments have larger variance even for locations that are even closer. Thus, a*(x)
being smaller suggests the sample-paths feature more jaggedness. Under a condition that roughly
speaking requires higher-index eigenfunctions to oscillate more than lower-index eigenfunctions,
a*(x) is strictly increasing in p provided it is less than 2; a*(z) remains equal to 2 once this upper
bound is reached, reflecting that this measure does not distinguish further increases in smoothness.
The formal condition requires a technical detour that I defer to Appendix C.

The punchline is that changing the decay rate, at least within a parameterized family, gives one
way of seeing how increasing jaggedness corresponds to larger teams. Specifically, decreasing the
rate of eigenvalue decay while holding variance fixed will satisfy the hypothesis of Proposition 2
following the subsequent discussion, since the condition that A;(0) crosses 0 once will generally
hold for such changes.'” But under the additional eigenfunction conditions in Appendix C, the
same change will also weakly lower a* (), and strictly so before a*(x) reaches its upper bound of
2. Thus, along such spectral changes, greater jaggedness is associated with weakly larger teams.

This discussion helps illustrate why not all changes in volatility should have the same impact

on team size. In some cases, the volatility of the process may increase, but do so in a way

"More concretely, this will always hold if A\, (t) = ~(¢)/k*~" where ~(t) is such that >, A (t) is fixed. Indeed,
N () /A (t) = log(k) + % is strictly increasing in k. Since total variance is fixed, A} (¢) < 0, since otherwise
monotonicity in k would imply that the variance were increasing instead of constant. Since this expression is

eventually positive as k — oo, ) (t) switches signs exactly once.
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that actually makes nearby state realizations more correlated in a relative sense—with the added
variance concentrated on the dimension associated with the leading eigenvalue. In other cases,
volatility may decrease, but do so in a way that makes nearby states more dissimilar, hence
increasing jaggedness and potentially increasing team size. Of course, an increase in the decay
rate that also increased \; by a significant enough margin could decrease team size. These caveats
aside, this discussion underscores that predictions about how team size changes with horizontal
complexity depend on the anatomy of such changes. While the formal conditions depend both on
how the eigenvalues change and on properties of the associated eigenfunctions, the economic
interpretation of these changes in terms of jaggedness is illustrated in Figure 1 and could in

principle be empirically measured using other variables to proxy for action correlation.

6. OTHER ORGANIZATIONAL MARGINS

So far,  have outlined the basic relationship between environmental complexity and organizational
design that emerges in the presence of attention constraints. The goal is to illustrate how horizontal
complexity shows up in other aspects of organization design, since in practice, organizations have
other margins for responding to complexity. Specifically, I show how the framework provided
speaks to richer hierarchies (beyond team size), investments that either influence the task structure
or complexity itself, and the tradeoff between division merger and separation. The role of these
extensions is to show how the same spectral properties underlying the main analyses also help
organize the analysis of these other margins. Doing so facilitates comparisons to other work in

the organizational economics literature, both theoretical and empirical.

6.1. Vertical Hierarchy

I now enrich the model to allow for more than 2 layers in the organizational hierarchy, and provide
a formal sense in which the forces that push toward larger teams also favor more hierarchical
layers. I do this keeping the baseline model fundamentally unchanged, in the sense that: (1)
Headquarters seeks to coordinate at the “top layer” of the organization, while (2) Coordination
loss depends on how well actions are tailored to the “ground layer”

To see how to naturally expand the model to allow for richer hierarchy, first consider the case
where one additional layer is added. If ground layer workers are in teams of size k; and teams are
in groups of size k», then the covariance operator becomes: 1C(kikox, k1koa')—the “top layer”
process scales the “middle layer” process by k,, with the middle layer scaling the ground layer by
k1 (as before).

Why might richer hierarchies help? An immediate observation is that if f(kq, ko) = g(k1ke)—

i.e,, k1 and ks interact multiplicatively—then if k; is chosen optimally, £y = 1 is optimal: any value
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for the objective achieved by some choice of k; and ks can also be achieved by choosing %, alone.
But consistent with the theme in the previous section, I have in mind that the coordination loss
scales according to the inverse team size, whereas the adaptation loss scales linearly: what matters
for adaptation is (i) the number of teammates per team and (ii) how many teams are grouped
together. Here, I show that this feature also provides scope for more “vertical” organizations.

I start with the short-run hierarchy design problem. Specifically, I assume that the organization
has a ground layer whose size is fixed at some k;. While I allow k; to be arbitrary, of particular
interest is the case where k; is the optimal team size in the baseline model. On top of this “lower
layer,” the organization can add a “higher layer,” with endogenously-chosen group size k,. I call
this the short-run problem because £; cannot adjust, so that all that can be done is group teams
together—for instance, by introducing a “hub” which groups teams together, so that hubs would
be chosen without adjusting the routines in the ground layer.

I obtain a striking result in the case where f(ky, k2) = 1+ B(k; — 1) + (k2 — 1), where
ki, ke > 1.1take v > (:

Proposition 3. Let ky be exogenously fixed, with the higher layer endogenously determined. Then

provided ko > 1, kg < \/% Furthermore, if ky solves the one-layer problem and v = 3, then ky > ko,

with strict inequality if ky > 1 (i.e., organizations are “bottom-heavy”).

Call k5% the optimal higher-layer team size when ground-layer teams are fixed to be the
optimal team size from the baseline model (i.e., with a single layer), and kL% the optimal higher-
layer team size when ground-layer teams adjust. In other words, in the long run, the optimal team
size may itself depend on the presence of the higher layer of the hierarchy. The following result

shows how:

Proposition 4. If the first layer is endogenous, then adding a higher layer to the hierarchy decreases
the size of the lower layer. Furthermore, k5% > 1 if and only if k£ > 1.

Taken together, these results identify some differences between the short-run and long-run
outcomes of adding layers to the hierarchy. In the short run, adding a layer may yield gains of
the same kind introduced previously. However, the result of adding this layer is to increase the
efficiency, meaning that the lower layer need not be as large. Thus, the lower layer scales down
while the higher layer scales up.

Thus, the long-run versus short-run distinction does not influence whether it is beneficial to
add a layer to the hierarchy, although it does influence the shape of the organization. Not only
this, but an immediate corollary of Propositions 3 and 4 is that the shape of the organization
responds to complexity in the short run problem, but not the long run problem. In the long

run, k; /ks is determined entirely by /5 and 7. In the short run problem when £; is the optimal
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one-layer team size, however, k;/ky scales proportionally to <w> . Recall that

23 =1 Am
npr > Am . . . .
BT) S W also determines the size of the ground layer teams in the main model
m=1"\m

problem; thus, if teams are larger in the single-layer model, then more teams are grouped together

the ratio

with an additional layer.

I now turn to the problem of allowing for even richer layers of hierarchy, focusing on the
firm’s long run solution, setting £ = H‘Zzl k; in the covariance operator when there are j layers.
In this linear case above, there is always a positive gain to adding more layers of hierarchy: It is
more efficient to increase group size at a higher layer starting at size 1 than at a lower layer. To
speak to “depth” precisely, the following proposition assumes that if the firm adds a hierarchy
layer, then it must involve k; > 1 + ¢, for € > 0; alternative microfoundations such as costs could

be used to produce similar conclusions.

Proposition 5. When the number of hierarchical layers is endogenous, the optimal number of layers

(including the ground layer) is:

nu* oo_ 1Am
log (8/7%) + log (—“ . %g:;m ) 1,
log(1 + ¢) o

Thus, while team size at a given layer shrinks as more layers are added, Proposition 5 clarifies that
the same statistic which determines how attention influences team size—i.e., (5)—also determines
how attention influences the number of layers, with both team size and the number of layers
increasing in this statistic. This mapping provides a way of interpreting findings on technological
change and hierarchy depth, instead of or in addition to team size. For instance, Babina et al.
(2025) finds that investments in artificial intelligence are associated with flatter organizational
hierarchies, which in the language of the model is consistent with Al reducing the attention

burden faced at higher organizational layers.'®

6.2. Choosing the Complexity of Production

In practice, organizations may have control over the kinds of problems they face, and hence
the form of the relevant stochastic process. As an example, Brynjolfsson et al. (2025) study a
generative-Al assistant for customer-support agents, finding that the tool is most valuable for

relatively rare problems and that Al assistance reduces customer requests to speak with a manager.

8Such changes need not uniquely influence the attention channel: For instance, Al may also change the adaptation
problem faced by workers. As an example, Brynjolfsson et al. (2025) show that generative-Al assistance reduces
customer requests to speak with a manager, suggesting a task-level change. I defer a description of how my model
speaks to the gains from changing the state process in Section 6.2 and the adaptation problem in Section 6.4.

22



Interpreted through the present framework, while such technologies do not necessarily change the
primitive distribution of tasks, they can reduce the residual variation in the locally optimal actions
that enters the coordination problem. Here, I explore an extension in which the organization can
choose this effective process and study how the coordination problem shapes that choice.

Specifically, I allow the organization, at a cost, to change the distribution of the Gaussian
process Wy(z) to be one that is relatively more favorable. To allow for a flexible formulation, I
assume that this cost is proportional to the Kullback-Leibler Divergence between the “baseline”
stochastic process and one that is faced, i.e., nD(Q||P), where P is the initial process (with
covariance operator C(x, z’), as before) and () is a mean-zero Gaussian process chosen by the
organization. I call () feasible if its covariance kernel is continuous and positive definite and if the
integral of the variance over all locations x € [0, 1] is finite, as is assumed for P.

The form of the KL-Divergence turns out to be particularly tractable. The first observation
is that () must be absolutely continuous with respect to P, as otherwise the organization’s

objective would be —oo whereas setting () = P would lead to bounded losses. But any such )

admits a representation where sample paths are > ° 1/ \;0;(x)Z;, for some eigenvalues ();)
and eigenfunctions (¢;(z)). Under this formulation, there is a particular tractable representation

for the KL-divergence, simplifying the solution to the organization’s problem even further:

Lemma 1. There exists an optimal feasible process whose Karhunen-Loéve eigenfunctions satisfy

br(x) = ¢y (). For such a process with chosen eigenvalues (S\j)joil:
RNy \j
DOQIP)==3" [ 1 10g (Y

an-33 (31— ()

In words, the choice of () involves the same eigenfunctions as the original process, but with each
eigenvalue modified to be more favorable to the organization. Using this result, I can solve for the

organization’s optimal choice of process:

Proposition 6. Suppose k is fixed. There exists \ such that:

_on—2n
L+ f(k)

R

when \; > \,

and:

—_

S\i i " when \; < \.
N T (E - T)
On the other hand, if k is chosen optimally, then k satisfies:
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where |1 solves:

e, A
m=1

Proposition 6 shows how the attention problem interacts with the choice of complexity. First,
higher values of \; translate into higher values of \i, as expected.’” On the other hand, for a
fixed baseline process with eigenvalues (\;)$2,, an increase in the attention budget either has no
impact (for \; < \) or leads the organization to lower the corresponding eigenvalue )\; by less
than otherwise. Thus, attention substitutes for investment in this formulation.

Proposition 6 also illustrates that investment has the impact of flattening the eigenvalue
sequence: For any pair of eigenvalues in the head with \; 11 < A, A1/ A\ < 5\,»+1 / 5\1, and the
same holds for any pair of eigenvalues in the tail. We also see that \; is, perhaps surprisingly,
bounded above even as \; — co. Thus, large differences for ); in the head translate into much
smaller differences when endogenously chosen. The impact on the tail is less dramatic—an
observation which, combined with the discussion in Section 5, suggests that the impact of a
constant-factor volatility increase should be concentrated in the tail and hence lead to hierarchy

expansion. The next result shows that this is indeed the case.

Theorem 3(a). Suppose the baseline process P is a mean-zero Gaussian process with covariance
operator yCo(z, x'), wherey > 0 and Cy(z, 2') is fixed with eigenvalues A1, \a, . . .. Then the optimal
team size as a function of v, k* (), is increasing in -y, converging to the zero-attention capacity solution
asy — 00. Suppose, in addition, there is some ¢ > 0 such that \;11 > c)\;, and let n(y) denote the

number of variables that enter into the attention problem. Then lim.,_,oc A1 (7) = lim,_, An(y)+1s

where \; () denote the eigenvalues of the optimally chosen process ().

Under the provided condition—which essentially ensures that eigenvalues do not decay too quickly
even as 7 — co—the interaction between the attention problem and the process choice problem is
quite stark, with all eigenvalues in the attention becoming equalized and converging to the water
level. Even though the constant-factor increases in volatility make the eigenvalues more spread
out in magnitude, the opposite impact is observed for eigenvalues, at least in the head.

An analogous comparative static holds as the cost of moditying the state process becomes

arbitrarily small:

YThe proof shows that 7 — 24 > 0 must hold in the solution, so indeed Ai > 0 when A; > .
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Theorem 3(b). The optimal team size is decreasing in 1), and converges to the zero-attention capacity

solution asn — 0.

The proof idea behind Theorem 3(b) closely tracks Theorem 3(a), with an increase in 7 roughly as
having a symmetric effect to a decreasing in «y. The intuition is that as 77 becomes small, the impact
is concentrated on the eigenvalues that are in the attention problem, whereas those outside of it
remain less impacted.

The comparison between Theorem 3(b) and Theorem 1 illustrates that the impact of new
technologies that improve organizational efficiencies may depend on where these efficiencies are
concentrated. When concentrated at the management of headquarters, the main effect is to enable
smaller teams by making it easier to monitor the organization. But when this technology makes
the tasks themselves more manageable, the implication can be that the remaining variance itself
is less concentrated in the attention problem, so that hierarchy should expand as a result.

This dual-impact is highly reminiscent of the findings of Bloom et al. (2014), namely that
information technology and communication technologies can have opposite impacts on hierarchy.
The take-away that my framework delivers is that the impact of any such technology on organiza-
tional hierarchy ultimately depends on where the residual complexity lies, i.e., inside or outside of
headquarters’ attention problem. While a lower value of 7 reflects a better ability to exogenously
simplify the state process, this simplification is more concentrated on the dimensions of the
state process that already enter into the attention problem, intuitively since these were already
more significant to begin with. The conclusion is that the apparently contradictory effects of
technological improvements in organizations can be resolved by considering where the remaining

horizontal complexity lies.

6.3. Decentralization versus Control

The discussion of richer hierarchies in Section 6.1 assumed that higher layers inherit the same
basic structure as lower layers, reflecting the case where teams and subteams do not split the
organization itself. This does not capture a distinct organizational margin: whether to separate
a discrete set of divisions as opposed to integrating them under a common hierarchy. Consider
the Manhattan Project as an illustration. Its activities were dispersed primarily across three
sites—Oak Ridge, Hanford, and Los Alamos—each responsible for distinct aspects of the project.
These different locations reflected natural boundaries within the project: tasks within the same
site were typically more closely related to one another than to tasks elsewhere, despite all still
remaining part of the broader interdependent production process.

In this section, I show how this paper’s framework also speaks to the question of when firms

should optimally set up boundaries between divisions, as commonly occurs in practice and as
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it did with the Manhattan Project. To maintain simplicity, I assume that there are two different
domains which may exhibit a particular form of correlation. Implicitly, there is a natural “wedge”
between the tasks within each division, and the question the organization faces is whether to
separate divisions along this wedge.

I now describe this extension formally. The tasks for the first division are located on A = [0, 1]
while the tasks for the second division are located on B = [2, 3]. I start with the assumption
that each interval has its own covariance operator—i.e., the covariance between z, 2’ € [0, 1] is
Cloj(w, 2"), while the covariance operator for z, 2’ € [2, 3] is CJp,3)(x, 2). For simplicity, assume
these covariance operators are supported on the subspaces orthogonal to the constant functions
on A and B (although this assumption is not essential). Let 1/ (x) denote the resulting stochastic
process on [0, 1] U [2, 3] with these covariance operators (with the correlation between W (z) and

Wo(z') being 0 when z and ’ are in different divisions) and set:

Wolz) = Wo(z) + 041[x € [0,1] + 051[z € [2,3]]

2 2 2
with Wy (x) = 0 outside of [0, 1] U [2, 3], Y X , o for r € [-1,1], and
05 0 ro? o?

Wo and (04, 0p) independent (except for the possible correlation between 64 and ). Thus, the
common shocks between the different domains are correlated—but within a domain, no single
location is uniquely more correlated with another location in another domain. I allow for the
divisions to choose team size independently. Let k4 denote the team size of division A and kp
denote the team size of division B. Given the team choice, the organization’s adaptation loss can
be defined as in the baseline model, i.e., as the integral of each location’s adaptation loss taken
across all locations.

The difference between the “merged” case and the “separated” case enters through the attention
problem. When divisions A and B are merged, the problem is exactly as described in the main
model, subject to the aforementioned modifications which influence the definition of Wi (x). Ilet
p denote the available attention budget as before, and coordination loss is simply the integral of
the difference between the expected team state and the realized team state.

When divisions A and B are separated, each division solves the attention problem individually.
Specifically, headquarters first allocates attention between division A and B freely. Letting p4 and
pp denote the attention budgets of each division, respectively, p4 and pp can be any nonnegative
amount subject to the constraint that T4ps+75pp = p. lassume that 74, 75 < 1, where 74, 75 < 1

reflects the presence of efficiency gains from separation.”’ Division j € { A, B} chooses a stochastic

2The treatment of a division merger as changing headquarters’ attention problem contrasts with Dessein et al. (2010),
where integration creates potential cost savings from standardization at the expense of potentially reducing local
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process S; subject to the constraint that 7(W|;; S;) < p;, where W |; denotes the restriction of
W to j. * Division j’s coordination loss is the integral of the squared difference between the
realized team state and the expected team state given S;. The organization’s coordination loss is
the sum of the coordination losses for each division.

The following Lemma identifies the difference between the merged and separated problems in

terms of the spectral representation:

Lemma 2. Suppose Co 1) has eigenvalues ()32, and Cla 3 has eigenvalues (A )72 ;. Define

2 2

g
2 _ 2 _
O = 75— O'B—%.

Let ) )

Ay = 9aT 9% —; 95 + %\/(0124 —0%)? 4 4r2c% 0%,
and ) )

A= T C foh — oh )+ riodod,

Then the eigenvalues in the Karhunen-Loéve representation for the merged problem are

A AN

A, A o o
T 4k Ak, kg Ak

The new eigenvalues introduced in Lemma 2 are those that emerge under a standard principal
components analysis exercise: They are the “major principal component” and the “minor principal
component” of the common state problems. Note that in the case where r = 0, these eigenvalues

reduce to 0% and 0%, the common variance associated with each of the individual divisions.

Proposition 7. Suppose T4 = 75 = 1. Then, for every p € R, the organization’s losses under
merger are weakly lower than under separation. The inequality is strict whenever r # 0, and

receives positive attention. In particular, if |r| € (0, 1), the inequality is strict for all sufficiently large
finite p.

While the proof of Proposition 7 is involved, the intuition for why mergers help is straightforward:
whenever there is correlation between the common state shocks, learning about one division’s
state provides information about the other’s. Thus, paying attention jointly allows the organization

to avoid duplication, achieving the same end without expending as much of the attention budget.

adaptation.
?INote that this abuses notation slightly since W;|; is not supported on j; I take Wi |4 to be supported on [0, 1/k ]
and W1 |p to be supported on [2,2 + 1/kg].
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Paying attention to both simultaneously is then strictly more efficient. These gains are smaller if
most of the attention is allocated to only one division in any case, as occurs when team sizes are
asymmetric. It is also immediate that there are no gains in the case of p = 0 and p = oc.

This interpretation is related to Dessein et al. (2022), which shows that volatility can favor
centralization when coordination needs are high. In my model, the need to coordinate across
divisions is captured by the presence of correlated division-wide shocks: when r = 0, merger
provides no attention advantage, while when r # 0, joint processing allows headquarters to adapt
to the common component more efficiently.

Allowing 74,7 < 1 reflects efficiency gains from separation. A natural story for why this
might be the case is if the merger requires added costs for divisions to coordinate with headquarters;
this mechanism would in turn imply that decentralization should be favored when these costs
are higher. This observation relates this extension to findings of Gumpert et al. (2022) on how
ease of transportation between divisions influences organizational hierarchy. It is also consistent
with McElheran (2014), finding in the context of IT purchasing in multi-establishment firms that
local information advantages favor delegation, while greater firm-wide coordination needs favor
centralization.

I obtain the following result on how the organizational hierarchy changes in the presence of

the merger, relating this model to the empirical findings of Gumpert et al. (2022):

Proposition 8. Suppose 74 = 75 = 1 and that the two divisions have the same eigenvalues and
adaptation cost. Suppose further that f is convex and that the decentralized optimum involves interior
team sizes. If the merged problem has a symmetric optimum k! = k2, then the common team size
under merger is weakly smaller than the common team size under separation. The inequality is strict

whenever the organization does strictly better under the merger as per the conditions in Proposition 7.
22

This result mirrors the finding of Gumpert et al. (2022) that longer travel time between
headquarters and divisions is associated with more managerial layers. The result that team sizes
decrease in the merger mirrors the intuition from the main model—less duplication changes the
marginal benefit from larger teams in the same way as an increase in the attention budget, which

favors hierarchy contraction. But importantly, this same conclusion need not hold when team sizes

22The restriction to symmetric merged optima is substantive only because the merged objective need not be globally
convex in (k4, kp); in fact, it will typically fail to be for intermediate values of attention where A, but not A_, is
in the attention problem. However, by Lemma 4 in the Appendix, optimal team sizes lie in a compact set. If p is
sufficiently large so that both A, and A_ receive attention throughout this set, this problematic region disappears
and the merged objective is convex over the relevant region. Hence, symmetry of primitives implies the existence
of a symmetric merged optimum in this region. The asymmetric example below shows why no coordinatewise
monotonicity result should be expected without symmetry.
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are asymmetric. The Appendix presents a numerical example where team sizes are asymmetric
and the merger leads to one division using larger teams. Intuitively, attention that is paid to
the “joint” modes influences both divisions’ coordination loss; so if one division gets most of the
attention budget because of asymmetries under separation, then when attention is paid to a joint
mode under centralization, it is as if some of the budget goes away from that division despite the
efficiency gain. While the reasoning behind Proposition 7 is not sensitive to exact symmetry, the

symmetry condition is nevertheless important for the conclusion to hold.

6.4. Human Capital and Training

Some organizational choices reflect other augmentations of the production technology which
are less clearly understood as a direct change of the state process itself. A notable example is
Adhvaryu et al. (2023a), showing that training increases and hierarchy flattens following the
introduction of a new product.

I accommodate this possibility by allowing headquarters to choose a “training level” « at cost

1
2

case of interest will be where training makes actions more difficult, as methods are unfamiliar

o, which influences both the cost of taking an action a, and also the effectiveness. A leading

(at least initially), but also increase the effectiveness of a given action. Thus, if the firm chooses

training level «, then the adaptation loss becomes:

U(az, Wo(z),a) = f(k) - (c(a)a; + (Ble)az — Wo(2))*),

where ¢(«), f(a) > 0. In addition, consistent with the notion that training makes actions more

effective, I also assume that 5'(«) > 0.

An illustrative case is when ¢(a) = 1 + « and 5(a) = /1 + «, in which case a, = ;\V/OT(% and

2
I(Wo(z)) = f (k)% While the problem is unchanged when o = 0 (no training), choosing
positive a allows for less variation in a, without lowering adaptation loss®. I refer to this
specification of training as adaptation-loss neutral training.

Framed in this way, it is clear that there is some possible gain from increasing training. In fact,

I can replicate the findings from Adhvaryu et al. (2023a) using the above illustrative specification:

Proposition 9. Consider the model with training and a Gaussian process with covariance operator

vC(z,x'). Suppose that the objective is C? and that there exists an interior optimum, and further

2The empirical results of Adhvaryu et al. (2023b) motivate the assumption that training can improve coordination, as
opposed to exclusively lowering privately-incurred action costs. In particular, Adhvaryu et al. (2023b) interprets
the gains due to improved teamwork from a soft-skills training program as substituting for managerial attention.
The present framework captures this by allowing training to decrease the variation in worker actions; since lower
residual variation decreases the marginal gain from a higher p, training and managerial attention naturally operate
as substitutes in this case.
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that the second-order condition for a strict local maximum holds. Then optimal team size is locally

increasing in training whenever:

B'(a)
pla)

and locally decreasing in training whenever the reverse inequality holds.
Moreover, if 3(a) = /1 + a, c¢(a) = 1 + « and f"(k) > 0, then a constant-factor increase in

complexity raises optimal training and lowers optimal team size.

cfa)’ — £(8(a)? + 2e(a))¢/(0) > 0,

Recall that constant factor increases in volatility do not, by themselves, influence team size or
hierarchy. However, in the above specification, choosing “more training” allows the firm to avoid
incurring more adaptation loss while potentially mitigating an increase in the coordination loss
that a constant-factor increase might introduce. Thus, an increase in volatility leads to an increase
in training. But under adaptation-loss neutral training, training and hierarchy are substitutes.
Intuitively, training provides one mechanism for the organization to lower coordination loss, while
hierarchy expansion is another. Given the option of training, the organization need not expand
hierarchy as much, and hence can enable workers to focus more on their individual task without
relying on larger teams to assist with the attention problem.

The condition I obtain also shows that such hierarchy contraction in response to complexity
is not possible when ¢ () = 0. To the extent that a change in the action costs is a short-run
phenomenon, this provides a new channel for the main message of Adhvaryu et al. (2023a), that
hierarchy and training are “short run substitutes and long run complements.” Still, as the main

applications of interest are slightly different, I caution against overinterpreting this finding.

6.5. Link Formation Costs

I briefly mention a very simple channel for constant-factor increases in volatility to directly
influence team size, which is to introduce costs associated with choosing larger teams directly. In
Appendix A, I discuss a microfoundation in the discrete model which motivates having a cost of
choosing teams of size £k be Ii%.

One could also apply the same cost function for group formation at higher levels of hierarchy. A
natural interpretation of such link formation costs is that they reflect the need for communication
within a given team. Notice that this interpretation provides a natural prediction that larger teams
should emerge when & falls. To the extent that team size is inversely related to autonomy, this
observation is consistent with the finding in Bloom et al. (2014) that communication-technology
improvements are associated with more centralized decision-making. The following result shows

what such costs imply about how team size responds to constant-factor changes in state volatility:
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Proposition 10. Suppose the cost of choosing teams of size k is m%, that f is convex, and that the
process Wy is a mean-zero Gaussian process with covariance operator yCy(x, z"). Optimal team size

is weakly increasing in vy, and strictly increasing at any v where the optimal team size is interior.

Once link formation costs are present, the marginal cost of increasing team size is no longer
simply the adaptation costs. The organization’s payoff is no longer homogeneous of degree one in
volatility. In this case, volatility increases change the marginal benefit from increased team size,

while keeping the marginal costs constant.

7. CONCLUSION

This paper has shown that the way organizational hierarchies respond to changes in complexity
depends on the nature of the change itself. The spectral decomposition that I outline shows
that not all changes in the process variance should have the same impact on team size. In some
cases, increases in variance might be associated with larger common shocks, whereas others
might be associated with more idiosyncrasies across locations. These changes in complexity
appear qualitatively different, and I have shown that they yield opposite predictions in terms of
organizational changes. The language of spectral theory provides a clear way of distinguishing
them and illustrating why these different predictions emerge—essentially, because the implication
depends on the interaction with the attention problem.

The view this paper advances is that horizontal complexity that is locally concentrated is best
understood in terms of “jaggedness” which reflects other properties of the stochastic process rather
than variance (which may also reflect larger shocks which are common across the organization). A
central observation is that certain natural modifications of the state process the organization faces
are associated both with more jaggedness and larger teams. At the same time, I illustrated that
this framework can also speak to other ways organizations may manage horizontal complexity.

These simple insights were obtained by appealing to the continuum formulation of an organi-
zation. When organizations consist of finitely many individuals, simple comparative statics might
not be feasible due to divisibility issues (i.e., that the number of workers must be divisible by
team size). My formulation circumvents these, at which point the comparative statics are reduced
to simple calculus. The key tool for this derivation was the appeal to the representation of the
stochastic process in terms provided by the Karhunen-Loéve theorem, a concept which may very

well have further applications in economics.
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A. DISCRETE APPROXIMATION

Here I articulate a discrete-location version of the main model. The purpose is to provide a
microfoundation for the objective the organization faces in terms of a problem which is easier
to interpret economically. I show that the objective in the main paper is approximated by the
discrete version as long as the discretization is sufficiently fine. In particular, I illustrate why the
covariance operator with k£ > 1 is as claimed in the text, and in addition motivate the functional
form by which I, (a,, Wy(x)) as scaling proportionally to a function of team size.

,n,...,;l,l}. There is a
state vector whose distribution is multivariate normal, i.e., (WO ())aexy ~ N(0,%"), where, for
i,7=0,...,n,the (i + 1, j + 1)th entry of X" is C'(i/n, j/n), with C' as defined in the main text.

In the discrete version, the set of worker locations is X' = {0

For simplicity, I assume that the group size k divides n + 1, a restriction that is harmless
for the continuum limit since, for fixed integer k, one can consider sequences of n such that
k | n + 1. Thus, there are J,, = (n + 1) /k teams, and team j = 0, ..., J,, — 1 consists of workers
jk,jk +1,...,jk + k — 1. T associate team j with the location j/n, so that teams are located
at X' = {% 27=0,...,J, — 1} . Note that the last team is at location % = ”:1 , which
converges to 1/k as n — 00. Using the solution for individual actions from the main text, I define

W1 (j/n) to be the average action of team j:

k—
1 1 gk +r
wi -y W :
G/m) =1 Z 7 ()
In particular, W} is a process defined on the J,, = (n + 1)/k team locations in X}". Then, the

covariance between W' (z) and W' (2') for x = j/n and 2’ = j'/n is:

2
n
r=0 s

k—1 k—1
n 1 E+r j'k+s
Cov (W(j/n), W(j' /n)) c(j ! )
=0

Now consider this expression in the n — oo limit. Along any sequence with j/n — x and
j'/n — o/, for each fixed r, s € {0,..., k — 1},

ik 'k
mET — kx and Thts

n n

— k2’

By continuity of C, C' (jk” Jk%) — C(kz, ka'). Since the double sum contains k? terms,
the covariance between W' (j/n) and W{'(j'/n) converges to ;C(kx, kz'). This motivates the
continuum team-state process Wi, supported on [0, 1/k], with covariance kernel }10 (kx, ka'). For

example, if teams are of size 2, the team-state process is supported on an interval of length 1/2,
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and the original scale is compressed by a factor of 2. Under this normalization, headquarters
coordinates with a mass 1/k of team-level objects rather than a unit mass of individual workers,
capturing the assumption that within-team communication is relatively efficient.

The same limiting team-state process can be obtained for noninteger k by allowing, within
any subinterval, some fraction of teams to have the integer size below k, while the remainder
have the integer size above k, in proportions such that the average team size is k. Arranging these
teams so that these proportions hold locally makes the mass of teams converge to 1/k and yields
the same limiting covariance process. This construction is analogous to the pointwise-matching
approximation in Fuchs et al. (2015).

I now consider the microfoundations for the adaptation costs. For this, I consider a slightly

different but related setting, where each worker instead chooses a vector of actions:

= (e = Wo@P 45 Y s~ (s — Wola)?
/€T (z),x' £z
where T'(z) is the team that = belongs to. Thus, the idea is that the worker chooses a “primary
action” to match their own state Wy(z), as well as “coordinating actions” to match the state
of other team members. Under the assumption that all team members observe the same state,
W()(I')

Uz = —5—. Now, for a fixed £, the distance between workers in the same team can be made

arbitrarily small as the discretization becomes arbitrarily fine. Since C(z,2’) is continuous,
E [(Wo(z) — Wo(x’))Q} — Oasz’ — .

Putting this together, the expected within-team loss converges to (1 + 3(k — 1))E[Wy(z)?]/2,
so the result is as if the individual loss were scaled by f(k) = 1+ S(k — 1). This microfoundation
therefore motivates the linear specification; allowing f(k) to vary nonlinearly captures the
possibility that the importance of coordination may itself vary with team size—for instance if taking
multiple coordinating actions is harder than taking a single action. For noninteger £, I interpret
the smooth function f(k) in the main text as a reduced-form measure of average adaptation cost
rather than mechanically deriving its values between integers from this construction.

Lastly, I discuss the exogenous cost of group size from Section 6.5. This can be understood in
similar terms as other papers in network design (e.g., Matouschek et al. (2025)) whereby adding
a link imposes some exogenous cost k. A group with £ members is a clique of size k, so that
the number of edges formed is k - (k — 1) /2; the number of groups is “, yielding a total cost

k: b
(n+1)(k—1
2

of K - ), and an average cost of « - k—;l which is the specification presented in Section

6.5. If the cost of a group of size k were instead ¢, (k(k — 1)/2), the average cost would then be
2ex(k(k—1)/2).
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B. PROOFS

The following proofs invoke the representation of the process W, (z) in terms of the Karhunen-

Loeéve theorem (Ghanem and Spanos, 1991):

Wi (z) = Z Zii(x) /75,

where 7, Z,, ... are independent standard normal random variables. In particular, (¢;(7))32,
form an orthonormal eigenbasis of the positive-eigenvalue support subspace of the covariance

operator, where v; is the eigenvalue corresponding to eigenfunction ;.

Lemma 3. Let S denote any admissible signal, and let D = {d,,ds, ..., } C [0,1/k| be a countable

collection of locations whose signal values generate Fg. Then for every finite | and q,

({124, .. . nZ}; {S(dy), ..., S(d,)}) < I(Wy; S).

Proof of Lemma 3. Note that

1/k
\/V_ijZ/O Wi (z);(z)d.

Since W, is mean-square continuous and 1); is continuous by continuity of C'(x, '), this integral
can be approximated by Riemann sums. Thus, letting (),,,) denote a sequence of meshes which
arise from partitions whose maximum cell width converges to zero, we let A™ = (A", ..., A]")
denote the vector of Riemann approximations such that A7* approximates ,/v; Z;; furthermore,
each A7 is a deterministic linear combination of values of {W,(z) : © € M,,}, and A™ 1
(VViZy, . V).

Now, for each m, define the enlarged mesh M,, , = M,, U {dy, ..., d,}. Note that A can be
written as a function of realizations of Wi (x) on M,, 4; similarly S¢ = {S(d,), ..., S(d,)} can be

written as a function of S realizations on Mmﬁq. Thus, by the data processing inequality and (1):

T(A™ {S(dy), ..., 5(d)}) < T{Wi(z) : & € My };{S(z) : 2 € My y}) < I(Wy; S).

Now, since A™ converges in L?, the pair (A™, S9) converges in probability—and hence in
distribution—to ((\/71 21, ...,\/v%;),S?). Since mutual information is lower semicontinuous

under joint weak convergence (Dupuis and Ellis, 1997, Lemma 1.4.3(b)), it follows that
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[T 2, 0 Zi}; S) < liminf [(A™; S7) < [(W3; S),

m—ro0

proving the Lemma. [
Proof of Proposition 1. Headquarters’ problem is to find a stochastic process Y satisfying:

I(WY) < p,

minimizing the coordination loss, which can be rewritten as:

1/k
E / (Wa(z) — E[Wi(z) | Y))da

Since the Karhunen-Loéve partial sums converge to W;(z) in mean integrated square with
conditioning on Y being a contraction in the L? norm, conditioning commutes with the limit so

that E[Wy(z) | Y] =222, /WE[Z; | Y]i);(2), so that the coordination loss can also be written
1/k 00 2
B L (S5 vz - Bl2 | YD) da
Orthonormality of the 1);s implies that fol/ g Yj(z)*dx = 1 and f () (x)dz = 0. Apply-

ing Bessel-Parseval’s identity (Theorem 5.9 in Brezis, 2010) to unfactor the square inside of the

integral, this expression is equal to:

E i’/j(zj —E[Z; | Y])? 9)
j=1

Define:

be) = EWi(a) | Y], Y= E[Z | Y],

noting that it also holds that Y; = | Lk,

headquarters chooses functions of the form Z im1 Yj1;(x), and where the vector (Y3, ...,Y]) is

x)dx. I first consider an auxiliary problem where

generated by (71, ..., Z;) and independent signal noise, and is therefore jointly independent of

Zj+1, - . .. Denote any such choice by Y. In this auxiliary problem, headquarters seeks to minimize:

l
Z (Z; —E[Z; | V}))? +Zuj

j=l+1

I mention that Mercer’s theorem implies that Z;’il v; < oo, which is an upper bound on the
objective. In light of this observation, define X;(z) = 22:1 Zjj(z)/v;. Now, I claim that for
every [, it is possible to find [ points such that:
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1/11(%) 2/Jl(xl)
A= : .. :

1/)1(.]][) e wl(wl)

is invertible. The claim follows by induction; since ; # 0, the [ = 1 case is immediate. Now,
suppose this matrix is invertible for some [ — 1. Fix some instance of such [ — 1 points with A4; ;
denoting the corresponding matrix. Schur’s formula implies that if no other points such that A; is

invertible can be found, then:

¢l($1)
wl(x) = (¢1<x>7 s 77/}171(1'))‘4[_—11 )
(1)

contradicting that ¢ (z), ..., 1;(x) are linearly independent.

Now, using the definition of A;, the following identities obtain:

\/V—IZI Xz(xl) }71 Yl(Il)
A : = : A ] = :
V2 Xi(z) Y, Yi(z)
Since A; is invertible, the evaluation vector (Y;(x1),...,Y;(x;)) and the coefficient vector
(Y1,...,Y;) determine one another.

I now show that I(Wy;Y;) = I({\/mZ1,...,\/"Z};{Y1,...,Yi}), so that I will be able to
argue that the problem of choosing a process in the auxiliary problem is equivalent to the analogous
problem with multivariate normal vectors. Since Y] is finite-rank and A4, is invertible, the values
Yi(x1),...,Yi(x;) generate Fy,. Thus, in Lemma 3, take the countable generating collection D

whose first [ elements satisfy d; = x; fori = 1, ..., and apply this lemma with ¢ = [, so that:

I 2, .. NTZY; (Yilwr), .. Yi(w)}) < I(W3; V).

Using the invertibility of A, this inequality holds if and only if:

I{viZy, . i} {Ya, . V) < T D).
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To obtain the reverse inequality, consider any finite mesh M = {x1,...,x,,}. Write:

Wl(xl) \/V_121 Ry
: =Bn-| ¢ [+]| ]
W1<l’m) \/FlZl Rm

where the i, jth entry of B, is¢;(x;) and R; = > °2, | | /V;4;(2;) Z;. Note further that {Y;(z1), . .., Yi(z,) }

j=l+1
is a deterministic function of {Y7, ..., Y;}. The data processing inequality thus implies that:

I{Wi(z1), ..., Wilzm) b {Yi(z1), ... Yi(zm) })
< I{y"Zy,....\/uiZ;,Ry,...,Rn}:{Y1, ..., V}).

But since the vector (Ry, . . ., R,,) is always jointly independent of(\/y_lZl, NZYAR )71, LY,

the chain rule implies:

I{V"Zy, ...,/ 0Z, Ry, .. R} AV, ) = T 2y, .. 02} YA, ).

Taking the supremum over all meshes and using the previous two displayed expressions yields that
IWyY) < I{Zy, ..., /iiZi}; {Yh, ..., Yi}); since the above showed the reverse inequality,
we have this holds with equality.

Furthermore, since Y1, ..., Y] determine Y;(x), headquarters achieves the same objective if

instead selecting the posterior mean process

I
Yi(z) = ZSjwj(x), where S; := /I, E[Z; | Yi,..., Y.
j=1

Indeed, (Si,. .., S)) is a function of (Y7, ...,Y}), so the data processing inequality implies that

12, 2o/ T, V1) > I Zum, - 2o} (S, Si)).

Moreover, for each j, E[Z;,/v; | S1,...,5] =E []E[Zj\/y_j | Yi,..., Y] | Sy,..., Sl} = S, by
the law of iterated expectations. Applying the process—vector information equality established

above to Y; and lA/l gives:
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(WY, )—I({\/_Zl,...,\/EZZ};{Sl,...,Sl})
< {2, T2} AT, TiY) = T(W3 Y0).

Thus, if Y] satisfies the original information constraint on the signal process, then Y] also satisfies
it. Moreover, the iterated-expectations argument above shows that the two processes induce the
same posterior mean and hence the same objective.

Thus, it is without loss in the auxiliary problem to instead choose a finite signal vector
(S1,...,951), such that I({\/v1Z1,...,\/ViZi};{5,...,5}) < p to minimize

i (Z; —E[Z; | S, ..., 5})2],

a finite-dimensional problem. Proposition 1 in Koszegi and Matéjka (2020) implies that the solution
involves Sy, ..., 5] being independent Gaussian variables, where .S; is correlated with Z; and no

other variable, whose solution is to have posterior variance on the ¢th coordinate equal to:

min (1, 7 ) ,
21/1'

for v equal to the Lagrange multiplier on the mutual information constraint. I claim there exists

some finite 7 such that the set of modes receiving information and their optimal signal precisions
are unchanged for all n > n. By the Spectral Theorem for compact operators, v; — 0 as i — oo.

On the other hand, letting 7" denote the Lagrange multiplier, 7" satisfies:

1 n
=3 Z max{0, log(2v;/7")}.
i=1

This identity implies 7" is weakly increasing in n. Indeed, there are two cases that can arise
when increasing the number of terms on the right-hand side from n to n + 1: either (i) v,,4; < %,
in which case " = 4™, or (ii) the right-hand side would strictly increase if 7**! = ~™, in which
case the constraint is restored at some y"™! > ~". Therefore, let n be such that v* > 2v;,;
in this case, increasing n further does not change the solution, since each S}, is chosen to be
uncorrelated with Zj, for k sufficiently large. Indeed, some 7 must exist, since v, — 0 and " is
weakly increasing in n, with y! = 2v,e7% > (.

The characterization above implies that there exists n < oo such that, for every [ > n, the

solution to the [-mode auxiliary problem acquires information only about the first 7 modes. Thus,
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there exists an optimal signal process that is unchanged for all [ > 7, and the value of the auxiliary
problem, V}, satisfies V; = V; for all [ > n.

I now conclude that the finite-mode solution remains a solution to headquarters’ unrestricted
attention problem. Let 1} denote the negative of the minimum coordination loss in the [-mode
auxiliary problem (which, notably, includes the loss from unattended tail modes), and let V' denote

the negative of the minimum coordination loss in the unrestricted problem. Clearly:

Vi<V (10)

Indeed, V/ is obtained from an optimization problem that adds constraints to V', and can hence
only be lower than the unconstrained objective. I now show that V< V; + 2%, | v;. To see this,
consider any admissible Y satisfying I(W1;Y) < p,and let D = {d, d>, ...} denote a countable
collection of points whose signal values generate Fy. Define Y7 = {Y(d,),...,Y(d,)}, and note
that by Lemma 3, for every finite ¢, I({\/11Z1,...,/nZ}; Y9 < I(W;Y) < p. Thus, Y is
feasible as a signal in the finite-dimensional attention problem that involves the first [ modes,
meaning that E [Z;zl vi(Z; —E[Z; | Yq})Q} is bounded below by the optimal first-/-mode loss
from water filling. But since the sigma-fields o(Y'?) increase to Fy, the martingale convergence
theorem implies E[Z; | Y] = E[Z; | Y], meaning that:

iujz —E[Z; | V) iujz —E[Z; | Y])Y,

j=1
so that the unrestricted signal Y also cannot outperform water-filling on the first [ modes.

To complete the argument, let L] denote the minimum residual loss from the first / modes in
the finite-dimensional water filling problem. Thus, by the definition of Vi, Vi = —(L; +3> 2, vj).
On the other hand, in the unrestricted problem, the loss in the first [ modes is at least L; and
the loss on the remaining modes is nonnegative. Since Y was arbitrary, the unrestricted value

therefore satisfies:

V<L =Vi+ Y v
j=I+1

as claimed. Since > -, , v; — 0,

j=l+1

V <liminf V.
=00

Combining this inequality with (10) gives V' < liminf; ,,, V; < limsup, ,  V; < V, and hence

V; — V. But the characterization above implies that there is some fixed 7 such that, for all [ > 7,
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the solution to the /-mode problem uses only the first 7 modes. Therefore V; = V; for all [ > 7, so
V' = V. But the n-mode finite-dimensional problem has an optimal Gaussian signal (S, .. ., S;)
given by the water-filling characterization. Because Y}, is a finite sum of continuous deterministic
eigenfunctions with measurable Gaussian coeflicients, it is jointly measurable and separable; the
process-vector information equality shows that it satisfies the information constraint. Since it

attains V; = V/, it is hence optimal in the unrestricted problem. Set

(1(2), .., an(2)) = (W (), ..., Pa(x)) AL

It follows that Y (z) = S a; ()Y, (z;), and in particular that the optimal posterior mean

is determined by its value at the finite set {z1, ..., x5}, as claimed. ]

Proof of Theorem 1. Following the steps outlined in the main text and substituting (k) = 4; into

(3), the relevant objective is:

L ( 5 Am) (1) 3o

m=n+1

Since f(k) is differentiable and positive, fixing (A;)5°,, the derivative is proportional to:

1 (n,u* D i )‘m) f'(k)

4k? S\ 2

m=1

The function —ﬁa — f(k) satisfies strictly increasing differences and is strictly concave in k; thus,

strict decreases in a yield strict decreases in the optimal value of k. To prove the comparative
n/'l‘*+2'ror<;:n+1 >\m

static, I show that increases in p correspond to decreases in p* and T )
m=1"m

. Doing so
proves the comparative static.
That p* decreases in p follows immediately from differentiating the entropy constraint with

respect to p: writing u as a function of p and treating the \,,,s as a constant,

n ou* ou*
C2ur dp ~ Op

1= < 0.

Furthermore, ;1* is differentiable provided the active set in the attention problem does not change;
if the active set does change, then still ;¢ is continuous in p since the contribution to the entropy
term is 0 if u* = \; for some ¢. Thus, ©* is everywhere decreasing. Also, u* — 0 as p — o0,
since the attention constraint must hold with equality and if ;1* > p > 0 then the right-hand side

(4) would be bounded even as the left-hand side is unbounded. Thus, the numerator is strictly
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decreasing in p, proving that the optimal team size weakly decreases in p, strictly so whenever it
is interior.

To complete the proof I show that nu* + > Am — 0. Since n — oo, for every n*:

m=n+1

F}Lrglonu + Z Am <phj£10n*,u*+ Z Am i A

m=n+1 m=n*+1 m=n*+1

But since this inequality holds for all n*, it also holds in the limit as n* — oco;andsince Y~ A, <

00, limy,s 00 D o_ . Ay = 0. The argument provided in the main text then shows that for some p
*+ 007 )\m ’
such that i (e 202"*";1 ) =1 é ), which satisfies the conditions in the theorem. As p — 0, the
m=1 "%

conditions of the theorem ensure that the optimal value of £ is interior, completing the proof. [

Proof of Theorem 2. The calculations below are done first holding the active set fixed. If \; = p*, a
local increase in \; places this mode in the active set, whereas a local decrease removes it from the
active set. Nevertheless, the one-sided cross-partials still coincide: The active- and inactive-mode
formulas coincide when \; = i*, so that the derivative formula derived below also applies at an

active set boundary.

Provided that the optimal choice of k£ is interior, it must solve the first order condition (3).

Denote this objective as Obj(k, A). Compute 60b} as:
o 1 f/ k o
@)+ Y e - TS
m=n+1 m=1

Next I compute (k). Rewriting the relative entropy constraint:

2p = —nlog(u(k)) — nlog(4k) + Z log(A

Since this holds for all £, taking the derivative of both sides with respect to k yields:

= ) =~ (7). (1)

Now consider 2 First suppose ¢ < n. Substituting in (11) into 99 T have:

"ok
nau<1)_f%m
o\ \ k 2

Again, differentiating the entropy constraint implies:

Bka)\
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d%0bj . .
Thus, m 1S:

20bj -
0°0bj .

Butforz>n,ak—8)\i1

4k2 2

Now, note that Obj(k, \) is homogeneous of degree 1 in A. But if £* is optimal at )\, then
%(:”\) = 0 at k¥, and thus for all ¢ that % = (. Taking the derivative of this expression

with respect to ¢ and evaluating at ¢ = 1 yields the following:

. 9%0bj(k, \)

S =0 (12)

o0

Substitute in the computed cross partials and dividing by >~ *_, A, to obtain the following identity:

=R
Y e A 1 f(R) PN f'k) R
S A 4k 2 > 4k

Furthermore R < 1, since u* < \,, for all active modes m < n. Therefore, for i < n,

2 : *
PObj(k,\) _ (u R) 1

Ok N ) Ak

while for ¢ > n,

0?0bj(k, \) 1
okdN, (=R 5z
Equivalently, for every 1,
d?0bj(k, \) . W 1
Define .
I M
N\ =
R

Since R < 1, A > u*. Hence the cross-partial is strictly positive when )\; < ), strictly negative
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when \; > ), and equal to zero only when ); = \. Note furthermore that the region above this
cutoff is nonempty; by Assumption 1, the inactive set contains infinitely many strictly positive
eigenvalues, and each contributes a 4]?2) L to the left-hand side of (12); thus, for this identity to hold,
some active mode i < n must therefore contribute a strictly negative term, so that ;1*/\; < R, or
equivalently \; > ). In particular, \; > ). Since convexity of f implies Obj,, < 0,and p € (0, p)
implies k* is interior, it follows that %3 ak - has the same sign as gka/\
can immediately translate the signs of the cross-partials into the claimed comparative statics in

the theorem. O]

Using this observation, one

Proof of Proposition 2. In the proof, I first carry out the calculations holding n locally fixed. If
Am(0) = p*(0) for some m, the same conclusion follows using one-sided derivatives: the
active- and inactive-mode formulas coincide at the boundary, as captured by the expression
min{1, ©*/A\,}. Hence the derivative formula below remains valid even if n changes at t = 0.

Following the steps of Theorem 2, the organization’s objective can be written as:

L)+ Ae(t) (k)
4k Y An(®) 2

m=1

The derivative with respect to k is:

L onp*(t) + >0y Am(t) f/(k)‘

a2 () 2
Define ji(t) = #(f\)m(t) and )\, (t) = % so that the first-order condition becomes:
Lo - > 5 f'(k)
o (1) + D> () - o
m=n+1

Following the arguments from the proof of Theorem 2, the comparative statics with respect to &
depend on the sign of this derivative with respect to ¢. Since f does not depend on ¢, only the
first term influences the sign of this objective. Furthermore, since A is C Linto /1, it follows that
> Am(t) is C' since summation is a continuous linear functional on ¢'. Since this sum is
nonzero locally around 0, A(t)/ >, A, (t) is also C" as a map into ¢'. Thus, >~ | Am (1) is
also C'!; that fi(t) is differentiable follows from the implicit function theorem, using the observation
that it is implicitly defined from the attention constraint which, fixing the active set, is a smooth
function of \;(t), ..., \,(t). Thus, the derivative of the first-order condition with respect to ¢

evaluated at t = 0 has the same sign as:

> A0

m=n-+1
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The attention constraint is:

2= 3 (o).

O fu(t)

so that ji/(0) = &9 > ’"(0 and hence the overall derivative at t = 0 becomes:

n n(0)’
~0)i:;”0 + Z N (
m:l)\mo

m=n+1

A0) _ p(0)
Arm (0) Am(0)

Since , this expression is nonnegative if and only if:

i A (0) - min (1, L(O)) > (). (13)

Now,

N/ )\;n(o) )‘m<0) > /
M(0) = == - 5> X(0)
Zj:l Aj (0) <E°° A (0)) ;

J=1

Using the identity that y_°_ \,,(0) - min (1, /’\‘;((%))) = np*(0) + > 11 Am(0), multiplying
(13) by > 72, A;(0) and substituting yields:

miz X (0) - (min (1, ;‘m((?)))) B nm(o)gooZ;’in&)l)Amm)) o

m=17'm

as claimed in the statement of the proposition. [

Proof of Proposition 3. As in the single-layer case, the posterior variance y scales proportionally
to k1 ko with a fixed active set, so that we can set = p*/(4k1 ko) into the objective. Fixing k1, the

optimal k5 solves:

o 1 ki —1 kg — 1)) oo
L (W+ > Am)+( + Bky = 1)+ )>ZM

ky Akiko 2 m=1

m=n+1

Since the objective is convex in k», the first-order condition yields:

Hence,
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b — Lo+ i1 Am
‘e ki 293 i Am

NI 1 Am Thus:

as claimed. If k; solves the single-layer problem, then k; = \/ ED DI

ko = ﬁ . nM* + Zizn-i-l Am e
’ 72 2 22:1 Am .

In particular, since the fourth root exceeds 1 exactly when its argument does, & > 1 in this case if

and only if % . % > 1. Now, k; > ky if and only if:

Nal (”H* + D et ’\m>1/4 >1
B3/ 23 1 A

If v = (3, then this condition becomes:

TLIU* + Z:::nJrl )\m
23 et Am

However, this is precisely the condition for k; > 1;if k; = 1, then the optimization problem for

> f.

ks is the same and ko = 1 as well. I conclude that the organization is bottom-heavy. ]

Proof of Proposition 4. The first-order condition for k; yields:

k_2 ‘ 2/8 Zﬁ:l >‘m
Thus, kLR /KPR = | /1/ky, so that if ky > 1, then kEF < kPE. Now,

Mo R _

kFR and k12

\/ L np*+ Zx:n—&-l Am
ki = )

Using this, solve for

b (2 D A (B T A
AR 2w T\ 2w ‘
Since v > (8, ky > ko, so that ky > 1if ky > 1. Thus, a two-layer hierarchy arises in the

long-run if and only if:

npt S0\,
ﬁﬁ H men—&—l >1’

7 2 Zomozl Am
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which coincides with the condition for &% > 1 as in Proposition 3, completing the proof. [l

Proof of Proposition 5. Write the first-order conditions for k; and k; with ¢ # 1. Note that since the
first-order conditions are the same, ky = k3 = - - - = k; when there are ¢ layers in the organization.

Using this observation:

B-kT 22 Am vk kT 20 A
Again obtaining that k, /k; = v/

_ 1 n,u* + Z:;:n-‘rl Am _ 1 np“* + sz:n—‘rl )\m
ki = k= :

- 7(-1 . nu* "‘Z;j:nﬂ A 1/(¢+1) . ﬁnﬂ* +Zf§:n+l A, 1/(4+1)
' B 2 1 Am Z o 2 1 Am '

As before, k1 > k; since v > [3, and furthermore that k;iLR > 1 if and only if a second hierarchy

layer is beneficial. Therefore, a hierarchy layer is added in the long run if:

Bonpt+ Yo Am )Y -
R S = re

Rearranging to express this in terms of ¢, this condition becomes:

n *+ Sr?:n )\m
log (3/7) +log (552

) >(+1
log(1 +¢) =0

Since the inequality for adding a hierarchy layer is harder to satisfy as ¢ increases, and since the
condition has the form L > ¢ + 1, the largest feasible value of ¢ is | L — 1]. This gives the claimed

expression for the number of layers. ]

Proof of Lemma 1. Note that the organization’s payoff depends only on the eigenvalue sequence
in the Karhunen-Loéve representation at the chosen process (). Thus, I show that given any
candidate (), there exists another process (* with the same eigenvalue sequence as () where Q*
has the same Karhunen-Loéve eigenfunctions as P satisfying D(Q*||P) < D(Q||P). Throughout
this proof, I assume that D(Q||P) < oo, since otherwise the organization incurs infinite KL cost,
whereas choosing () = P ensures the organization’s objective remains finite.

Let C denote the covariance operator of the process P, and fix any feasible process () and covari-
ance operator C'. Let (5\1);’21 denote the eigenvalue sequence associated with the Karhunen-Loéve
representation of (). Let H,, = span{¢1, ..., $,}, and let II,, denote the orthogonal projection
onto H,. Write Q™ = (II,,)4Q and P™ = (IL,) 4P for the projected laws on H,,, which are
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supported on H,, and admit representations as random linear combinations of ¢y, . .., ¢,. By the

data processing inequality:

D(Q|IP) = D(Q™|P™).

Since Ay, ..., A, > 0, P™ is nondegenerate on H,,. Furthermore, D(Q™ || P(™) < D(Q||P) <
00, s0 Q™ is absolutely continuous with respect to P, Thus, Q™ must also be nondegenerate
on H,, since otherwise it would be supported on a proper linear subspace to which P(™ assigns
zero probability. It follows that both covariance matrices are positive definite and the standard
finite-dimensional Gaussian KL formula applies.

Since the image of II,, is isometric to n-dimensional normal random vectors (i.e., one can
identify H,, = R" by associating the ith coordinate of the vector in R" with the coefficient on the
1th basis element ¢;), the KL divergence uses the familiar form for multivariate normal random

vectors: Given covariance matrix X and X pm):

1o -
DQM|[P™) = S [tr(S i Do) — 1 = logdet (30, Bgm)]

Let X@ > ... > .. > A" 5 0 denote the eigenvalues associated with the process Q™
enumerated in weakly decreasing order. Now, since the determinant of a product of two matrices

is the product of their determinants, and since each determinant is equal to the product of the

log det(Z;(ln)EQm)) = log (H )’\ ) = Zlog ( ;\ :

i=1 =1

eigenvalues:

Furthermore, by Ruhe’s trace inequality (Marshall et al., 2011, p. 341):

=1

Thus, D(QM || P™) > D(Q™||P™), where Q" is the process using the same eigenfunctions as P

but eigenvalues A"

tr(Z;(ln) '
¥

Next, observe that the eigenvalues 5\1(") of the covariance operator of Q™ satisfy:

AM < X and 3™ < 30D,

for every ¢ < n, and furthermore, that lim,,_, S\Z(n) = 5\1 This follows from the Courant-Fischer
min-max principle; see (Brezis, 2010, pp. 491-492, Problem 37, parts 9-10).

Now define ()} to be a process with the same Karhunen-Loéve eigenfunctions as P, but with
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eigenvalues 5\511) for 1 < ¢ < nand )\; for © > n. By construction, ()} and P coincide in all
coordinates in the Karhunen-Loéve representation with ¢ > n, while on the first n coordinates
they are given by Q" and P, respectively. Writing the tail as P>, since all Karhunen-Loéve

coordinates are independent and since relative entropy is additive under independence:

D(QIIP) = D(@Q"|P™) + D(P>"[P>") = D(@"| P™),

where both laws factor across the first n Karhunen-Loéve coordinates and the tail coordinates.
Next, I show that () can always be weakly improved using another Gaussian process with
the same Karhunen-Loéve eigenbasis as P. Letting C denote the covariance operator of )7, the
eigenvalue of C associated with the eigenfunction ¢; is 5\7@ for : < nand \; for i > n. The first
part is to argue that ()7 converges weakly to (0, the Gaussian process with the same eigenvalue
sequence as () but the eigenbasis of P. Let the covariance operator of ()* be denoted by C*. Note

that the trace norm of C; — C* is:

| CETES S
i<n i>n
Now, limy, 00 Y o A — \i| = 0, since Yoy Ai — \i| < oo from the summability of both \;

and \; (which holds by assumption). For the term (a), using that 0 < ;\Z(n) < \; and defining
b, = 1[i < n] ‘S\En) — )|, it therefore holds that &%, < );. Furthermore b}, — 0 for all i as n — oo,

since S\Sn) — \; for all i. Since Yoy \i < 00, dominated convergence thus implies that (a)
converges to 0 as well. Since C}; and C* share the same orthonormal eigenbasis, applying Theorem
5.8 in Kukush (2019) yields that Q* converges weakly to Q*.** Thus, by lower semicontinuity of
KL-divergence (Dupuis and Ellis, 1997, Lemma 1.4.3(b)):

D(Q"[|P) < lim inf D(Q,[|P)

Putting the previous work together:

D(Q*||P) < liminf D(Q%||P) = liminf D(Q"||P™) < liminf D(Q™||P™) < D(Q||P).

Thus, the constructed process (Q*: (i) has the same covariance eigenvalue sequence as (), with (ii)

2Note that the condition on off-diagonal terms holds automatically since I take the orthonormal basis to be the
common eigenbasis of C}: and C*.
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the covariance eigenbasis of P, while (iii) D(Q*||P) < D(Q)|| P). This argument thus completes
the proof that the eigenbasis of () can be taken to be the same as P.

It remains to derive the formula. Let Q%™ = (II,)4Q* and P™ as above; the covariance
matrices of these processes are exactly diag(\y, ..., \,) and diag(\q, . .., \,), respectively. For

every n, the finite-dimensional formula implies:

D(Q*™|| P = EZ (A—{—1—1og <A—J>> .
; J J

J=1

Furthermore, lim,,_,o. D(Q*™||P™) = D(Q*||P); this follows from the observation that the
coordinate sigma-fields generated by the first n coefficients increase to the full Borel sigma-field
on span{¢; : \; > 0}, together with monotone convergence of relative entropy along increasing
sigma-fields (Gray, 2023, Corollary 5.2.3). Thus, since furthermore » — 1 — log(r) > 0, taking

n — oo in the previous equation,

D(Q*||P) —%Z:(——l—log (i))

The last step is to verify that the covariance operator of the constructed process admits a continuous
kernel, as required for feasibility. Let r; = S\j /A;, and note that the previous formula implies
>_;(rj —1—log(r;)) < oc. Since r — 1 —log(r) — oo as r — oo, there must be some M < 0o
such that \; < M), for all j. Thus:

sup Z Aj|6(x)é;(2")] < M sup Z Aj (@) (a")]

:JcacJ N1 x:v] N1

Cauchy-Schwarz implies:

sup > N le(@)e(a’)] < sup Z Ao, (x)?,

.2’ j=N+1 z Jj=N+1

while Mercer’s theorem implies that this expression converges to 0 as N — oo. Thus, C*(x,z’) =
> e \;¢;(x)¢;(2') is the uniform limit of continuous functions and is therefore continuous.
Now, since D(Q*||P) < oo, every J\; is strictly positive. Indeed, if \; = 0 for some j, then Q*
would be supported on a proper closed subspace to which P assigns probability zero. Thus, Q*

would not be absolutely continuous with respect to P, contradicting the finiteness of relative
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entropy. Furthermore, for any distinct x4, ..., z,, and ¢4, . .., ¢, not all zero,

2
ZCZCZ/C Ty, Tir) :Z (Zcquj xz)> )

i,i'=1 j=1

Since 5\j > 0 for all j, this expression can equal zero only if > " ¢;¢;(x;) = 0 for every j. But

then the corresponding quadratic form under C' would also vanish; that is,

oo m 2
3" e Clann) = 3 (z ciqu(xi)) o,
=1

zz— j=1

contradicting the positive definiteness of C'. Thus, C* is positive definite. Finally, since () is
feasible and )* has the same eigenvalues as (), Z]oil :\j < 00, s0 (Q* has finite integrated variance.
Together with the continuity established above, this proves that )* is feasible, completing the
proof. [

Proof of Proposition 6. First compute the derivative of the multiplier with respect to the chosen
5\]-. Abusing notation for the first part of this proof, take the ordering of the eigenvalues to be
such that A\; > Xy > ---; later this proof will show that the resulting ordering coincides with
the ordering from the original eigenvalue sequence. By Proposition 1, for some n, the entropy

constraint is satisfied for the first n terms in the S\j sequence:

I, 2N < 1 -
=5 ;log T = nlog(u) = ;log(ﬂ)\i) — 2p.

Write 4 as a function of );. Differentiating both sides of this expression with respect to \;:

Now consider the derivative of the objective, fixing k. First suppose that ->0. Then:

BLI A GO (O W
)‘j 2 2/\] 2)\]



Solving yields the expression in the text. The next step is to check concavity. Writing p as

1();) second derivative is proportional to:

4 2u(;) = 20 () = =+ 2u(N) — =p(hg) < =1+ 2u();),

S

which must be less than 0 in order for \; > 0, assuming 1 > 2u. Later the proof will show that

this holds in the optimal solution.

8“ = (0, the derivative is instead:

1 f(k) 1 1
1% 2 "<2A zAj>_0’

and the expression from the text follows by rearranging. Since the second derivative of the

By contrast, 1f

objective is —n/ (25\]‘), this expression is concave in 5\]- as well, so the first-order condition defines
the solution.

Now, recall that for any )\ such that >0,p < 4k Thus, —& > —— for any active set

eigenvalues; substituting in the solution:

n—2p
i k .
n/xi+ f(k) < T

Since the left hand side is decreasing in \;, the active set eigenvalues are the first n eigenvalues

according to the original ordering. Considering inactive set eigenvalues, noting that % > ﬁ,

substituting in the solution for the solved S\j yields:

-2
Ao > : — = L+ fk) = TE.
%4—2(@—1-7) ? H

Thus the active and inactive regions are separated by a cutoff with respect to the original ordering
determined by the sequence (;). Since both candidate formulas are increasing in \; and agree at

the cutoff, the induced ordering of the chosen Ai’s is consistent with the original ordering.

Now consider the optimization problem over k. Write the Lagrangian as:

i=1 i=1 v v

i:n+1

+v (p - % ( —log(4k) + log(\) — log (u(@))) :

m=

—_
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Since the derivative of the Lagrangian is concave and piecewise differentiable, Milgrom and
Segal (2002) implies that the optimal £ satisfies:

1oy TSy
4k? ol ' 2 = 2k

Using that 7/2 = p as in the proof of Proposition 1 and Proposition 1 in Koszegi and Matéjka
(2020) yields the formula stated in the main text.

I now show that the );s define an admissible Gaussian process, namely that > ., \i < oo and
D(Q||P) < oc. The former is immediate: the active set contains only finitely many eigenvalues,
each with finite \;, while for inactive eigenvalues \; < ); and Yoy A < 00. Tosee D(Q||P) < oo,
note first that the active set contributes only finitely many finite terms, since the active eigenvalues

satisfy 0 < \; < oo. For any inactive eigenvalue, for the appropriate c(k),

A - Ai 1 - 1
——1- —|l=——1-log|—F+].
i AN T TN E\T T+ c(b)N

Defining m = 1y, note that for any sufficiently small neighborhood of 1, there exists a
constant C' such that for all r in that neighborhood, r — 1 — log(r) < C(r — 1)?. Thus, for all

sufficiently large inactive ¢, since \; — 0:

Hc;(k))\i —1—1log <1++(/€))\@) <C- (%)2 < C-ce(k)*A.

Since Y .2, \; < 00, it also holds that > 7° A\? < co. The remaining finitely many inactive terms
are each finite, so the entire inactive set contributes a finite amount to D(Q|| P). Combining this
with the finite contribution from the active set gives D(Q||P) < oc.

The next step is to show that » > 2u. Note that as p — 0, i converges to the largest eigenvalue

in the absence of the attention constraint. Now, \; = .Since jt = A /(4k), the condition

U]
otop £ (k)
m, which automatically holds since the denominator on the right

A
hand side is always grelater than 1. Thus, the formula is valid for p sufficiently small by continuity

becomes that n >

of the solution. On the other hand, that g—’; < 0 can be seen from differentiating the attention

constraint:

nlog(u(p)) = —2p — nlog(4k) + ;log (%M) = 4 (p) = —

Ai

2(1 — 2p(p))p(p)
nn

Thus, setting z(p) = 1 — 2u(p), this implies that 2'(p) o z(p). Since z(0) > 0, z(p) > 0 for all p,
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and hence that 7 — 2u(p) > 0 for all p.
The last step is to argue that the objective is globally concave conditional on the active set.
Here, it suffices to show that the Hessian is negative semidefinite when restricting to active

set eigenvalues, since cross derivatives involving all other eigenvalues are 0. Using the above

calculations and that 2% = —~- the ith diagonal term in the Hessian is =1 & — - while the
oN; n\; n /\i 2)‘1'
i — jth cross term is ——F—. Thus, fixing any vector (v1,...,v,) and setting y; = 5= the quadratic
iNg 7
form is:
2
<M—§>Zyi - ( yi) <0,
i=1 i=1

where the inequality holds by the argument that n > 2. [l

Proof of Theorem 3(a). As in the proof of Proposition 2, the comparative statics depend on how:

=T(7)

A\

_ 4kn + 5\1-
thnp(y) + 58 M) 2 MO ta)

2im1 A7) Z N() /() + Yot Ai()/u(y)

=H(7)

changes in . Throughout this argument, fix £ and consider any 7 in an open interval over which

n is constant. I consider H () and 7T'(y) separately. For H(+y), recall the entropy constraint is:

1 < fj\z(V) -
5;105;( ey ) -f

Differentiating the entropy constraint with respect to vy gives the identity:

Note that:
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':a('YvAi)

log(3i(2)) = - logly — () 4~ —— T (19
dy dy v o+ fR)yA
Returning to the derivative of the entropy constraint, we therefore have
- d
= n——log(u(7)),

n— log(n —2u(v)) + % > aly ) = 7

i=1

and so setting a(7) := < > i oy A,
. (n=2u(y)\ _ &)
s ( p(7) ) v "

dy
~ 10g(1(7)) from both sides therefore yields the key identity

Now, return to (14). Subtractmg
@ <m>> =Lt —at)) = 20 =120 a0 - )

dy ) )
Putting this together, to see how H () changes in v, it therefore suffices to sign

(aly, M) —a(v)-

1]
= |
S5

i=1
However, since A\ > Xy > --- > ),,, we have 5\1(7) > A7)
< (7, An)- Thus, by Chebyshev’s sum inequality, we have

Oé(f% )\2) S

- > A\(7) and a(y, A1) <

M) (0 - aly) < 0.

n

U

_ _17
—dyp(y) 7 &= uly)

We also note that H () > 4kn since by definition each 5} )\ > (7). For T'(7y), we derive similar

MHS

inequalities term by-term. Note that:

n(v)

Differentiating and simplifying, this implies
=B(7,Mi)

(16)

d (ff&”f) :%log <ﬁ) Ty (n+<f<k +i>%‘>'

—1
dy
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Using (15) to find % log (ﬁ) = —%, the derivative in (15) evaluates and simplifies as:

() U _a(y)
() (n—%(v)) vy

Putting this together, (16) becomes:

(%)

d o (A0) Ry | _nA—2u(’y)a \
i (u(v)) 2l (ﬁ(%&) Y (7)) '

I claim (%) is nonnegative, from which it would immediately follow that T'(y) is increasing. Define

x* as a hypothetical value for v\ which is at the water level. Since in this case the active and

inactive eigenvalue formulas coincide as per the proof of Proposition 6:

*

N —2u T
— Akp ot arf

The key step is to show that this identity implies:

B & p(n+ 2" f(k) = ﬁ(n — 2u)z” (17)

By, z"/v) = %’M&(%m*/v), (18)

so that the claim of interest follows from the observation that a(vy, */v) > a(y, A\,) > a(v) and
YA < a* <\ foralli >n > j, since at the threshold eigenvalue since @(7y) is an average and

a(7, A\) is decreasing in A, replacing (7, z*/7) with &(7) increases (x). Substituting in for (18):

n );,;*) _n—2u(v)

0+ flk)er < nn+ f(k)z") = (n+ (f(k) + i)x*)(n —2u(7))

& 200+ F(0)) = 5200 = 2u()e”

which coincides with (17) by inspection.

So (%) must be at least weakly positive if \; places \; at the water level. But f3 (77, A\) is
decreasing in \;, so that at any \; in the inactive set, 5(7y, \;) is strictly larger than its value at the
water-level. From this, we conclude that () is nonnegative, as claimed.

Returning to the original expression, we therefore see that as 7y increases provided the active set
does not change, H () decreases (but is greater than 4kn) while T'(7) increases. At an active-set
change, we have the newly added eigenvalue is equal to the water level. Hence, moving it from 7’

into H, while increasing n by one, leaves both the numerator and denominator of this expression
4kn+T(v)

continuous (and bounded away from zero). Thus, TOIT0)

is increasing, as claimed.
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4kn(v)+T(v) (for

The last steps consider the v — oo limit. Specifically, fixing &, consider 1 — H)IT0)

this part, allowing n to vary with ):

n() ( Xi(9)
2is1 <4ku27) B 1)
o () )
Zizl Akp(y)

The result that the limiting team size approaches the zero-attention budget solution then holds

because this ratio converges to 0 as v — oco. The numerator can be bounded using the entropy

constraint. For the entropy constraint to be satisfied, for all i < n(7y), 4’;1';(77)) € [1, €%]. Thus, find

a constant C, such that, for all z € [1,e%*], x — 1 < C,log(x). In this case:

n(7) ;\Z n(v) 5\2
Z <4k (Z% — 1) < C’,,;log <4k: ((g)> = 2C,p.

i=1

Thus, the numerator is bounded. However, the denominator is at least as large as n(~y), which
I claim satisfies n(y) — oco. I show this by contradiction: Suppose there were a sequence of

Ym — 00 where n(7,,) — 7. The formula for inactive eigenvalues implies:

. _ 2kny
y00 1+ 2kf(R)

For this to be inactive, 4k must be at least as large as this value. On the other hand, the

formula for the active eigenvalues imply that these all approach the same level; letting p/** denote

f(k)

the limiting water level, we have that the limiting active eigenvalues are all
the identity:

. This implies

Ak f (k)
1

But this expression and the previous formula implies that ™ < - lim, Ani1 since e27/™ > 1.

_ 2kn
= /7 = 4yt = .
c b= T 2l f (k)

Thus, no such 7 can exist, and thus n(y) — oo, completing this part of the proof.

Finally I show the last part of Theorem 3(a), using the previous result that £*(y) — ko and the
added condition that \;;; > c)\;. As argued in the proof of Proposition 6, 1« is bounded above by
7, so that we can define p** to be the limiting water level, passing to a subsequence if necessary.
Fix any m, and note that since n(y) — oo, for v sufficiently large the first m eigenvalues are part

of the active set. Thus, we have for 7 sufficiently large and any fixed m:

- 5\@'(7)
;mg <4ku(7)> =*

56




Thus, computing the limiting \;(7)

mlog | —————— | < 2p.
& <4k‘0#**f(k‘o) =

But since this holds for all m:

n—2u" 2kon
o™ f (ko) o T T2 (ko ko (19)

The previous step gives a weak inequality, but exact inequality follows from the restriction that
\i/(4kp**) > 1 for any active eigenvalue. Thus, we have that this is the expression for the limiting
eigenvalues in the head, and in particular the first chosen eigenvalue. The next step is to bound
An(v)> Which is complicated by the fact that n(y) — co. However, by the definition of the active

eigenvalues, we have:

n = 2uy) > k) = 1220 gy >

7)\2(7) + f(k(/}/ /V/\n(’y) '

But (19) shows that the left-hand side converges to 0 as v — 00, so that yA,,(,) — oo. By the
condition that \;{; > c);, we therefore have that v\, (,)1; — o0 as well. But the formula for

S\n(v)ﬂ implies:

M Angy)1 = lim = = :
y—00 Y=o 1 2(_1 fk()) 2 (_1  f(ko) 1+ 2f(ko)k
FAn(y)+1 - n (41@(7) T ) n <4ko T3 ) f( 0) 0
coinciding with the formula derived for lim,_, A (), as claimed. O

Proof of Theorem 3(b). The proof essentially follows identical steps as the proof of Theorem 3(a);
I outline the key calculations and refer to the proof of Theorem 3(a) for added details. Define
T(n), H(n) as there and consider all other parameters as a function of 7). First consider H (7).

Differentiating the entropy constraint yields:

o log(Ai(n)) = ——log(n — 2u(n)) — = - pETIR YW (20)



Defining «(n, \;) and @(n) analogously to the proof of Theorem 3(a), the same argument implies:

L <77 - 2#(77)) _ a(n)
dn p(m) U
Subtracting -2 4 10g(14(n)) from both sides of (20):

dcill (/\ (n)) _ l(@(n) — a(n, \i)).

w(n) 7

(21)

Thus, %H(n) = % Yo %(d(n) — a(n, N\;)). Since a(n, ;) is increasing in the index while

% is decreasing in the index, Chebyshev’s sum inequality implies that d%H (n) > 0.

For T'(n):

i 0 5\2 _ i o L _1. n
dnlg<“<n>> dnlg<u(n)) n <n+(f(k)+i))\i)' (22)

Now, % log <L> = % — # Evaluating the derivative on the left side of (21), I find:

(} B u’(n)) o _ o
noopun) ) n=2pm) 0
From this and using (22), it follows that:

Ao (N L n=2w)
dnlg<u(n)> 77( T 607%))

Now, I claim that this term is negative. The argument that this term is equal to 0 if &(n) is replaced

by a(n, x*) where x* is an eigenvalue at the water level is the same, since (7, A;) coincides with
a(v, \;) and B(n, A;) coincides with (7, \;). However, it also holds that decreasing )\; increases
B(n, \;), and that &(n) is in fact weakly below the value of (7, \;) corresponding to the water-
level eigenvalue. From this, we have that T'(n) is decreasing, and the same argument as in the

proof of Theorem 3(a) thus implies that the comparative static holds.

To show that the optimal team size converges to the zero-attention solution as n — 0, the

same proof strategy replicates although the details differ slightly more: The same upper bound

on Zn(n ( 4l<:iu o 1) applies directly, so that the claim follows provided n(n) — oco. To show
this, I again assume a contradiction, namely that there is a sequence 7, — 0 along which n(7,,)
is bounded. Passing to a subsequence, suppose n(7,,) = 7 for all m. Note that for any active

eigenvalue:
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AN N —2p(n)
dkp(n)  4kp(n)(n+ Nf(k))

Now, the entropy constraint implies:

S (1528) o)

. i . . _
But since TR converges as ) — 0, it follows that as n — 0 since n(n) — n,

-2 _ i M
7 u(n)%M;& (77)_>

Akepu(n) dkp(n) — f(k)
Thus applying the limit as  — 0 to the entropy constraint, we have:

nlog (%) =2p— M > f(k).

Now consider )\ n)+1- It holds that:

EAn1 () _ (n—?u(m g)_ Aniay 1
p(n) dku(n)  2k) 0+ My (55 + f(R))
Now, as n(n) — 7, we have A\, 11 = As41 along the subsequence, using that there are infinitely

many A; such that \; > 0. Thus, we can evaluate this limit as:

lim u = .
n=0 p(n) ar +f(k)
_ yams
However, since M > f(k), M:fz(’“) > 1. But this is a contradiction, since in order for the
2k

n(n) + 1st eigenvalue to be inactive, we must have %jﬁ“() < 1 for all n. This contradiction
establishes that n(n) — oo; together with the previous arguments, it thus follows that the optimal

team size converges to the zero-attention solution as 7 — 0. O

Proof of Lemma 2. Assume r > 0; the case of » = 0 is immediate, and the argument is identical

when r < 0. For some « to be determined, let:

dui(z) = Vkacos(a)lz € [0,1/ka]] + Vkpsin(@) 1]z € [2,2 + 1/kg]],
Om(z) = —/kasin()1]z € [0,1/ka]] + kg cos(a)1[z € [2,2 + 1/kg]].
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Note that for all o, gzNS A and gz;m both have norm 1 and are orthogonal, and furthermore orthogonal to
all other divisional eigenfunctions, since these functions are linear combinations of the normalized
constant functions on the two post-team domains, while the remaining divisional eigenfunc-
tions are orthogonal to those constant functions. Letting Z, and Z_ be independent standard
normal variables, consider W°(z) = /A Z,¢u(7) + \/XZ_gz;m(x) Then for x € [0,1/ka],
Var(W°(z)) = ka(cos(a)*\; + sin(a)?\_). Since cos®(a) = 1++S(2a) and sin?(a) = 1_%5(20‘),
this is equal to kA(’\+J2rA_ + A*;A‘ cos(2«a)). Similarly, if x € [2,2 + 1/kp], this is equal to

k;B(’\*;’\* - A*;’\* cos(2a)). Meanwhile, for z € [0,1/k] and 2" € [2,2 4+ 1/kp]:

Cov(IW° (&), W°(a')) = \/Fakin(As cos(a) sin(a)—A_sin(a) cos(a)) = (As—A_) Sm(jo‘) N

where the last equality uses the double angle identity. Now,

Ap — A = \/(03l — 032 + 420%0% > 0,\y + A =05 + 0.

So, let & be such that:

2 2
04 — o3 : 2rosop

2 = - 2 pum —_—,
cos(2w) N sin(2«) V.

2 2

Indeed, such an « is guaranteed to exist since <§% :KQB> + (2;"+/\"B> = 1. Then by the above,
+=A— +A-

for z € [0,1/ka4l,

2 2

2 2 .
Var(Wo(x)) :kA~ <0-A_;_O-B +UA 2 UB) — U_

2

Similarly, for 2’ € [2,2+1/kp], Var(W°(2')) = %-; and for any such z, 2/, Cov(W°(z), W*°(2')) =
roaopVkavks = 7’%. It follows that the process W °(x) has the same distribution as the common-
shock component of the team-state process, where the team-state common shocks are %A on
[0,1/k4] and %2 on [2,2 + 1/kp] (where division by 2 reflects the worker’s actions rather than
the task state itself). Therefore, appending W°(x) to the Karhunen-Loéve decomposition from
the divisional problems when o = 0 yields a representation of the joint problem, completing the

proof of the Lemma. O

Proof of Proposition 7. 1 first consider an auxiliary problem where the organization devotes atten-
tion py to the realizations correlated with 64 and 65. Suppose the eigenvalues associated with
the two division states are vy > 5. If only one variable is in the attention problem, the posterior

variance u satisfies:
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1
po = = log (—Vl) = = vie
2 %

so the total posterior variance is therefore v1e72% + ;. If both variables are paid attention to,

then by the water-filling algorithm described in Proposition 1,

1
Po = élog (VI—ZQ) = 1= \/vree .
1

Furthermore, the form of the water-filling algorithm implies that the first case applies if and only

if ¢ > v, which in turn occurs if and only if py < 3 log (Z—;)

Focusing on the special case where 11 = z(1 + d), v, = z(1 — d), note that d € (0, 1) since

x = %32 and d = Y2 Define:
vitv2

w1+ d)e +a(l—d) 0<ps < jlog(129)

A(z,d, pg) = .
20\/(1+d)(1 —d)e”  py> Llog (19).
Next, I claim A(z, d, pp) is decreasing in d for every py. Indeed, A(z, d, py) is continuous in d since

the two cases coincide when py = % log (%Z). The derivative with respect to d in the first case is

2zde "0 (), Since the function A(z,d, pg) is
(1—d)(1+d)

continuous in d and decreasing in each case, it is strictly decreasing overall when py > 0.

z(e7?P¢ — 1) < 0, and in the second case it is —

Now, note that that Ay — A_ = /(0% — 0%)% + 4r20% 0%, which is greater than |03 — 03]
whenever 7, 6%, 0% > 0. Furthermore, let V,.4(p) denote the coordination loss in the organiza-
tion’s problem where r = (0 given an attention budget p. Then the organization’s coordination

loss is:

' o2 1 o2
min A <u, d, pe) + Viest(p — po), (23)
po€[0,p] 2

since the organization’s payoff in the unconstrained problem is the sum of the losses in each

subproblem, with the organization free to set the attention in the subproblem freely.

Now compare coordination losses in the case of the merged and decentralized organizations—
importantly, assuming that team sizes are exogenously fixed to be as in the optimal decentralized
case. I allow these to adjust later. Let p; denote the solution to (23) in the separated problem and
P! to denote the solution to (23) in the merged problem. Let d° and d™ denote the values of d
corresponding to the decentralized and merged problems, respectively. By the above, d° < d™

whenever r # 0. Furthermore,
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0% + o2 0% + o2
A (%a dsva) + ‘/rest(p - PS) Z A (%7dM7pS) + ‘/;‘est(p - pS)
0% + o2
> A (%, dM,PM) + Viest(p — pur)-

Furthermore, a strict inequality obtains if py; # 0; if pg > 0, the first inequality is strict, and
ps > 0 implies py; > 0. If pg = 0 and py; # 0, then adjusting attention must improve the
organization’s objective. Furthermore, py; > 0 if and only if the common shock enters into the
organization’s objective in the merged problem. Thus, since the organization does better when
merged but assuming team sizes are fixed to be as in the decentralized problem, allowing team
sizes to readjust can only improve the organization’s objective, since the adaptation losses for any

fixed team sizes are the same for the merged and the decentralized cases. [
The results on team sizes under mergers make use of the following Lemma:

Lemma 4. Define ky as:

1 k
ko = argminﬁ + @

Then each division’s optimal team size is weakly less than ky, either when separated or merged.

This result follows immediately from the form of the objective in the baseline model, and hence
for the separated case as well, since additional attention only decreases the marginal benefit from

larger team size. The proof below shows that this conclusion also holds in the merged case.

Proof of Lemma 4. 1 show that if R is the coordination loss, then:

_OR <7 2 N
ok; — 4k3
which implies that the optimal k; must be smaller than %, since the marginal cost of k is the same
as the no-information case, so that if marginal benefits from increasing k are lower at every £,
optimality cannot hold at any k > kj. I show this for all possible cases regarding the solution
to the attention problem; the envelope theorem then implies the same bound after attention is
optimally allocated across all modes.

If neither A\, or A_ are in the attention problem, then this is immediate since Ay + A\_ =
0'2 0'2

- + _
ks T Ikp
Proposition 7 let py denote the attention to these terms. Let 02 and 0% be as in the statement

So suppose that at least one of the modes is attended to, and as in the proof of

of Lemma 2. If both A, and A_ are in the attention problem, then their residual variance is

62



21 = 24/0%0%(1 — r2)e *9; the derivative with respect to 0% can be written as y/0%; but since
by assumption p < o3, this is less than 1. Since in the no-information problem the derivative of
the coordination loss with respect to 0% is exactly 1, the desired inequality holds.

Now suppose only A, is in the attention problem. In this case the residual variance from these

terms is A\ e~ 2? + \_, which is:

2 2 1
a1 ; B+ - (1 e 1)y /(0% — 03)? + 4ot
The derivative is:

~2pg _ =200 2 _ 2 2.2
1+e l1—e 04 —0p+ 2057

2 2 (08— o) + dohonr?

But 0% — 0% + 20%r?| < /(04 — 0%)? + 40%0%r?; indeed, squaring both sides of this inequal-
ity reduces to 405(1 — r*)r* > 0. If 0% — 0% + 20%7? > 0, then the ratio lies between 0 and 1.

Therefore the derivative is bounded above by

1+ e 200

<1
2 )

since by assumption py > 0. If 04 — 0% + 20%7? < 0, then the ratio lies between —1 and 0, so

the derivative is bounded above by

14+e 20 1 —e 200
2 * 2

Thus, the derivative is bounded above by one, completing the proof. O

Proof of Proposition 8. For any optimal symmetric solution k4 = kg, say k., when the regime is
reg € {dec, mer} (decentralized and merged, respectively), with the same adaptation costs and

eigenvalues, write the organization’s loss as a function of reg and £, as:

re Fre -
Lreg(kreg) — jg 9 + f( : 9) (20_2 +Z)\;4 +)\JB> :
reg

Jj=1

for some fixed a, ¢, Note 3 L™ - (). Since by assumption kg is interior, the first order

ap,regakr
condition is satisfied:

ap,dec f,(kdec) 2 - A B o
_4k§ec+ . %2 +;Aj+Aj =0.
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So,

aLmer Qp,mer fl(kdec) 2 - A B Qp.dec — Apmer
ak |k:kdecz - 4k2 + 2 20- —|— ZAJ + A] = T 2 0.

dec =1 dec

Convexity of L™ (k) in k implies that the symmetric merged minimizer is weakly below k.,

strictly if o) mmer < Q) dec- -

Example Showing a Division’s Team Size can Increase under Mergers with Asymmetries Take f(k) =
1+ B(k—1) with 8 = 1/10, which I note involves the p = 0 team size being /5 ~ 2.236. Suppose
)\’14 =2 02=1,and )\119 = 1/2; in this example, I take all other eigenvalues to be 0, although this
is not essential.

Take p = 1/2, and solve for the optimal team size in the unmerged case. The first step,
in particular, is to verify that in this example that all attention is allocated to division A. This
immediately implies that division B’s optimal team size is /5. Given any such p* such that

w* < o, \{, the first-order condition implies that the optimal team size of division A is 4 / 13—0 *.

When p = 1/2, u* solves the entropy constraint 1/2 = % [log (%) + log (}%)] ,sopt =4/2/ex
0.85776. This corresponds to  ~ 0.1268, which is larger than 1/(4 - v/5)). Thus, not only does
this identify the solutions for team sizes—1.6909 for division A and \/5 for division B—but also
verifies that the solution involves division A receiving all attention.

Now consider the merged case with = 4/5. The individual division eigenvalues are ﬁ for

division A and ﬁ for division B, with the merged eigenvalues being:

11 1¢%@+M@@+%@A 11 14/25k% + 14kakp + 25k%

A = _ -
= Sk, Sks 2 0kakn Ska  8kp 2 0kakn

But \,, is decreasing in k4 and kp for all k4, kg > 1, so that the highest possible value for \,,
is 0.05. Similarly, \? /(4k,;) < 1/8. So consider the problem when A\, and \{'/(4k,) are in the
attention problem. The objective is:
DY 3
2p(ka, kp) + Am(ka, kp) + T g1+ Bka—1)) + 7 (1 + B(kp — 1))
B

Minimizing this numerically, I find that k4 ~ 1.7331 and kg ~ 2.00095. Thus, division A has
larger teams under the merger. Furthermore, at this solution, p ~ 0.160403 < 1/(2k,), so that
indeed both of these eigenvalues enter into headquarters’ attention problem. Since optimal team

sizes are bounded above by the no-information team size, /5, the inequalities that define the
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active set hold so that the above objective is the relevant one for the merged problem, implying

that this is the global optimum.

Proof of Proposition 9. In the model with training, a, is chosen to maximize —c(a)a? — (3()a, —

Wo(x))?, so that:

Wo(x).

Ay —

pBla)? + c(@)
Therefore, the baseline stochastic process is %Wo (x). Substituting in to ¢, (a, Wy(z), a):
=r(a)

(W) = £(k) - 2D )2

Therefore, o and & are chosen to maximize:

—%oﬂ - n% e — 3 %Am ha) — () S A
m=n-+1 m=1

Consider a constant-factor increase in the variance of Wy(x). The optimal value of k satisfies a
first-order condition that does not depend on . Thus, the comparative statics of team size depend
on (i) the cross-partial of the first order condition with respect to «, and (ii) how v changes a.
The first-order condition with respect to & is:
* 0 1

n% @)+ D A (@) = S (R)r(@) D A

m=n-+1 m=1

Differentiating with respect to « yields:

n§2h<@)-h/(@)+ 3 %)\mQh(a)-h’(a)— P () S A

The first-order condition delivers an expression for nfz +>-% | kiz)\m which we can substitute

in to the cross-partial:

I D Mgy a) — (R () S A ox 2 7

r0)
h(a)2 (Ck)h<&) ( )7

where proportionality holds since f'(k),> ~_, A,, > 0. Using that r(«)/h(a) = ¢(a)/F(), and

clearing the common denominator of /’(«) and 7’(«v), this expression has the same sign as:
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— 5 ((B(0)? + (@))€ (0) — (26(a)f (@) + ¢ (@))c(a)

Simplifying this expression yields the equation in the proposition statement.
Now consider how « changes with respect to v. Write headquarters’ objective as V' (k, a; 7y) =

—%ag — v - U(k, «); in particular, the first-order conditions can be written:

k] U =0, [o]:a+~U,=0

Then, differentiating the first-order conditions with respect to ~:

Uk Uka E (0
P)/Uak 1 + P)/Uaa Z_: _Ua .
UgrUa

o Ukk(1+7U&&)77UkaUak
determinant of the Hessian of V' divided by ~y; thus, assuming the second-order condition for a

. Note that the denominator is the

Thus, applying Cramer’s rule, fl—: =

strict local maximum, so that the Hessian is negative definite, it follows that 3—3 has a sign opposite
of U,.
I now show that necessary conditions hold when 3(«) = /1 + v and ¢(«) = 1 + a. Here,

r(a) =1/2 and h(a)? = m; thus:

so that Z—z > 0 by the above. Furthermore, inspecting the objective:

o 7”LILL* =+ Z::nJrl )\m nyj:l )‘m n,u* + Z:j:n+1 )\m

- 7”LILL* + Z::nJrl >\m

2k3(1 + ) 3 (k) Uaa =

)Ukoz -

2(1 + )3 42(1 +a)?

On the other hand, negative definiteness is equivalent to (i) Uy, > 0 and (i) Ugx(1 + YUpsa) —
yUZ, > 0; the former follows immediately from the previous, and the latter follows from noting
that U, > 0,y > 0 and:
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n* 4+ 500 A2 (npt Y )2
UkkUaa o U]?a > ( lu Zm_n+1 ) . ( /’l’ Em_n+1 ) > 0
4E4(1 4 «)? 16k4(1 + a)*
Thus, the necessary conditions for the comparative statics hold in this specification, completing

the proof. O]

Proof of Proposition 10. Write the objective as YU (k) — n%, where

U(k)z—(ﬁ (nu*+ Z )\m>~l—@ /\m>;

m=n-+1 m=

note U is strictly concave. Let kg = arg max;, U(k), i.e., the optimal team size absent link-formation
costs. For any v > 0, the optimal team size lies in [1, ko]: for k > ko, lowering k to ko raises
~U (k) and lowers the link-formation cost. On [1, ko), U is increasing, so for 4/ > ~ the difference
(v — v)U(k) is increasing in k; the objective therefore has increasing differences in (k, ) on the
relevant region, and hence the optimal team size is weakly increasing in y by Topkis (1998). If the
optimum at 7 is interior, it satisfies the first-order condition YU'(k*) = k/2 > 0. An increase to
7' > 7 requires U’ to fall to k/27" < r/27y at the new optimum, which remains interior since it is

weakly larger; strict concavity of U then implies the new team size is strictly larger. ]
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C. RELATING EIGENVALUE DECAY TO JAGGEDNESS

This appendix provides sufficient conditions under which, for a fixed eigenbasis, jaggedness is
decreasing in the decay rate of the covariance eigenvalues. The conclusion requires conditions
ensuring that higher-index eigenfunctions tend to vary more rapidly across nearby locations and

that this variation does not vanish locally.

E[(W (z + h) — W (x))’] = (memh gbk(x))Zk)

Mg

Mi(Pr(x + h) — di()),

e
Il

1

where the second line uses that the 7 sequence is IID standard normal. Take as given that there
is some B > 0 and p > 1 such that:

and some ¢, C, > 0 such that:

|0x(2 + h) = ¢i(2)] < C, - min{1, hkT};

for all k£ and sufficiently small h. Thus:

k* (h)
E[(W(z + h) — W (z))?/h*] < B Z h2E2aP 4 Z k| /ne, (24)
k=k*(h
where k* is the largest k such that hk? < 1. Thus,
k* (h)
: 21.2q—p P « . 2 /1«
lim Z h2E2aP 4 Z kP /he < oo:hr}r;sypE[(W(x%—h) W (x))?/h%] < o

k=k*+1

I pause to highlight the part of this argument that illustrates why a might vary in general: ignoring
the £ > k* + 1 terms—or, more precisely, assuming a finite-dimensional eigenbasis— the right
hand side of (24) is finite for @ = 2. However, while \;, — 0, typically |¢ (z)| becomes large as
k — oco. Thus, as h — 0 and k*(h) — oo, these “higher-frequency” terms may still contribute
nontrivially to the overall sum. Roughly speaking, dividing by 7 instead of h* for o < 2 ensures
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that these contributions have diminished impact.
Substituting in for k£*(h):

[h=1/4]

lim Zh2k2”+ Z kP | ke

k=[h—1/4]

I consider each sum separately; for simplicity, assume that h~'/9 is an integer, as this does not

influence the argument. For the second, I note for some Cj:

00 00 hfl/q -1 1-p
Z kP < / 27 Pdr = % < O, - hlp=D/a,
k—h—1/q h—1/a—1 p—1

For the first term, first assume that (p — 1) /¢ < 2, and note that for some C;:

h—1/4a

h—1/a
Z R2E20P < ]2 (1 _|_/ x2q_pd$) < Ok B(P—2a=1)/q _ Clh(p—l)/q
1

k=1

Putting this together:

-1/q

: 21.2q—p p o pl/qa
lim th; +;/k /h® < lim(Cy + Co)h

where the right-hand side is finite whenever o < (p — 1)/q. Thus, provided (p — 1)/q < 2, the
lim sup is finite for every o < (p — 1)/g, so that a*(x) > (p — 1)/q. The reverse inequality—that
the ratio diverges for every > (p — 1)/qg, so that o*(z) < (p — 1)/g—follows from the matching
lower-bound argument below. When (p — 1)/q = 2, identical steps show that:

h—1/a
> PR < Cih®log(1/h).
For (p—1)/q > 2:
h—1/4

Z h2E2P < |2 (1 + / :qu_pdm> < O)h2.
k=1 1

Thus, in these cases, for any o < 2, the right hand side of (24) is finite. (In the boundary case where
(p —1)/q = 2, this term diverges for o = 2 but converges for all smaller a; when (p — 1)/q > 2,

this term converges).

This argument provides the basic intuition for why eigenvalue decay is related to jaggedness—if
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eigenvalues decay more slowly, then the more “erratic” eigenfunctions have more weight, which
demands a smaller « for the overall limit to converge. The reason this cannot be made into
a full proof in general is that it is typically not possible to have a matching lower bound on
|ok(z + h) — ¢r(z)|. For instance, it may be that this is 0 infinitely often at some z, even though
q is the smallest value such that the upper bound holds. However, it is possible to provide such a
lower-bound in examples.

A sufficient condition that ensures that the bound is tight is that (i) p also lower-bounds the
decay rate of the eigenvalues, i.e., \; > B - k™7 and (ii) for some 0 < a < b < c0:®

bh—1/4

S (Glz+h) — y(@))? > bV
k=ah—1/4
I first show that these conditions do indeed imply the lower bound is tight, which in turn shows
that o* () = min{2, ’%1}; in particular, a*(z) < 2 holds provided ¢} (x) # 0 for some k, since

(Ge(e+h)—on(@)> 1
h2 ho—

under this case s — 00 as h — 0 for any o > 2. And indeed,

bh—1/4
E(W(z+h) =W(@)1 > > Mlow(x +h) — ¢i())”
k=ah—1/4
bh—1/4
> B((bh 7)) > (¢rlr + h) — di())?
k=ah—1/4

> Qxhp/thl/q _ th(pfl)/q'

Thus, for any o > (p — 1)/¢:

E[(W(x +h) — W(x))*]
ha

— 0Q.

E[(W(HZ)—W(J»‘))Z}

Since jaggedness is defined using the supremum over « such that lim sup,,_,, <

00, combining the upper and lower bounds yields:

* = min p;l
a*(z) = min{2, p }-

As a result, since the eigenbasis and hence ¢ is fixed, faster eigenvalue decay weakly increases
a*(x) and hence cannot increase jaggedness. This change is strict whenever 1 < p < 1 4 2¢;

taking p < 1 violates the assumption that the integrated variance is finite, while o*(x) = 2 for

% As above, assume h=1/4is an integer to save on notation.
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all p > 1 + 2q. To show that this condition is indeed not vacuous, I verify it for the eigenbasis

corresponding to Brownian motion:

dr(x) = V2sin ((k — 1/2)7x) .

Using that sin(z) — sin(y) = 2 cos((z + y)/2) sin((z — y)/2):

or(z 4+ h) — dp(z) = 2v/2cos((k — 1/2)w(z + h/2))sin ((k — 1/2)7h/2).
Letting « = 1/3 and b = 2/3 for h sufficiently small, (k — 1/2)7h/2 € [n/8,7/3]. Since

sin((k — 1/2)wh/2) is bounded away from 0 in this region, there exists a constant ¢, such that
sin ((k — 1/2)7h/2)* > ¢

For the cos term, note that for any = € (0, 1) there exists a h, sufficiently small such that
whenever h < h,, x + h/2 € [h,,(1 — h,)]. Let n = wh,/4. Suppose that, at some k for
some m |(k —1/2)7(z 4+ h/2) — mm — /2| < 7. Note that the increment between successive
(k —1/2)7(x + h/2) terms lies in [4n,  — 47]. Thus, if |(k — 1/2)7(z + h/2) — mm — 7/2] < n,
then there cannot be any m/’ such that |(k + 1/2)7(z + h/2) — m'm — 7/2| < n; indeed, this
would imply that (k — 1/2)7(x + h/2) is in an interval of width 27 centered at (m + 1/2)m, while
(k +1/2)7(x + h/2) is at least h,7 > 21 larger. Thus, (k + 1/2)7(x + h/2) cannot be within 7
of mm + 7 /2. However, to be in the next 27-length interval around /2 modulo 7, it would need
to be at least m — 27 larger (noting that this is exactly what the increase would need to be if at the
right endpoint of the region, then taking it to the left endpoint of the next region). However, it is

no larger than m — 47, so that this is impossible. It follows that in the sum:

Zcos k—1/2)w(z+ h/2))?,

at least one of every two consecutive terms is at least 77 away from 7/2 mod 7, so that they are at
least sin(n)2. So, setting k = [a/h] and k = |b/h], putting this together, conclude that

S et ) - ) 2 86 S T E T ) > e,
a/h<k<b/h
which is the required condition for ¢ = 1. Thus, for the Brownian eigenbasis, and eigenvalues
bounded above and below by constant multiples of 1/k”, o*(z) = min{2,p — 1} for z € (0, 1).
In particular, slower decay strictly increases jaggedness for 1 < p < 3, with the same caveat that

jaggedness is fixed for p > 3.
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