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ABSTRACT

We propose an efficient boosting algorithm for multiclass classifica-
tion, called AdaBoost.Iter, that extends SAMME [14] and AdaBoost
[4]. The algorithm iteratively applies the weak learnability condi-
tion of SAMME to eliminate classes to find the correct classificiation.
The iterative weak learnability is a sufficient and necessary condi-
tion for boostability, but it is also easier to validate than the EOR
criterion of AdaBoost. MM [9]. We show that the training error
of AdaBoost.Iter vanishes at the exponential rate, while the gen-
eralization error converges to zero at the same rate as AdaBoost.
AdaBoost.Iter numerically outperforms SAMME and achieves per-
formance comparable to AdaBoost.MM on benchmark datasets.
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1 INTRODUCTION

AdaBoost [4] stands as a cornerstone in ensemble algorithm for bi-
nary classification, generating highly accurate classifiers efficiently
by aggregating multiple weak classifiers. A multiclass extension of
AdaBoost is critical for addressing a wider array of applications that
involve multiple classes. Inspired by [5], [14] developed a multi-
class extension of AdaBoost [4] called SAMME (Stagewise Additive
Modeling using a Multiclass Exponential loss function). SAMME
maintains the core structure of AdaBoost, applying the same cri-
terion for weak learnability as AdaBoost requiring that classifiers
slightly outperform random guesses.
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[9] demonstrated that the weak learnability criterion of SAMME
does not guarantee boostability in multiclass scenarios, failing to
guarantee that an ensemble of weak learners generates a strong
classifier in SAMME. [9] proposed Edge over Random (EOR) as a
stronger notion of weak learnability to recover the boostability and
developed a multiclass extension known as AdaBoost. MM.

EOR uses a non-linear scoring function to evaluate a weak
learner. In contrast, the scoring function for the original weak learn-
ability criterion of AdaBoost [4] and SAMME [14] is a linear func-
tion of the performance of weak learners. As a result, AdaBoost MM
does not become the original AdaBoost [4] if the number of classes
is two. As [14] pointed out, the different functional form of the
extended algorithm makes it difficult to interpret the extended
algorithm as an extension of the statistical view of AdaBoost.

This paper shows that we can achieve boostability by invoking
the same weak learnability criterion of SAMME iteratively. We
develop the iterative weak learnability condition and demonstrate
that the condition is necessary but also sufficient for boostability.
Building on iterative weak learnability condition, we propose an
efficient recursive ensemble algorithm, AdaBoost.Iter, retaining all
desirable properties of SAMME.

We depart from the conventional view of a boosting algorithm as
a process to produce a final classifier. Instead, we regard the boost-
ing algorithm as a recursive process to eliminate under-performing
classes, which allows us to extend AdaBoost to multiclass problems
while retaining the functional form. We show that the probability of
eliminating the correct class vanishes exponentially as the number
of data increases. Consequently, the training error vanishes expo-
nentially with the number of training samples. As AdaBoost.Iter re-
tains the same functional form as AdaBoost, we can follow the same
reasoning to obtain the generalization error bound that vanishes at
the rate of the square root of the number of training samples.

Because the scoring function of the iterative weak learnability is
linear, a linear classifier is a natural weak learner. We demonstrate
that the set of linear classifiers satisfies the iterative weak learn-
ability condition, ensuring the broad applicability of AdaBoost.Iter.
We develop a heuristic method which quickly identifies a linear
weak learner to construct the ensemble algorithm. Nevertheless,
AdaBoost.Iter works well with other weak learners such as deci-
sion trees. In numerical experiments on UCI benchmark datasets,
AdaBoost.Iter outperforms SAMME and achieves performance com-
parable to AdaBoost. MM.

The remainder of this paper is organized as follows. Section 2
illustrates the problem. Section 3 states the iterative weak learning
condition. In Section 4, we show that the iterative weak learnability
is necessary for boostability. In Section 5, we precisely describe
AdaBoost.Iter, built on the iterative weak learnability. Section 6
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shows the training error of AdaBoost.Iter vanishes at an exponen-
tial rate of the number of training data, and the generalization error
vanishes at a polynomial rate of the size of training samples. Com-
bining the two results, we conclude that AdaBoost.Iter generates a
strong classifier. Section 7 reports the numerical performance of
our algorithm. Section 8 concludes the paper.

2 PRELIMINARIES

Let X be an instance space, A = 1,...,|A| a set of classes, and y :
X — A the true classification function. A probability distribution
D is defined over the joint space of instances and labels, X x A.
Let S = {(x1,y(x1)), ..., (xN,y(xn))} denote a finite sample set of
size N > 1, where each sample is drawn independently according
to the distribution D. The empirical distribution derived from the
sample set S is denoted by S.

Let h : X — A be a weak classifier (or weak hypothesis) in the
sense that P (h(x) # y(x)) may be bounded away from 0. Let H be
the set of feasible weak classifiers.

Definition 2.1. An ensemble classifier F? : X — R is a linear
combination of weak classifiers:

Fo(x) = ) al[hye(x) = a] (1)
k

where h; € H and o > 0 are the weights assigned to each weak
classifier. The predicted class label for an instance x is given by

F%(x).
arg max [ (x)
Let T be the collection of all ensemble classifiers.

We are searching for a strong classifier F¢ that is an ensemble
of weak classifiers with a small probability of forecasting error

P(y(x) # argmax F4(x) |,
acA

where y(x) is the correct label of x € X. To construct a strong
classifier, the set of weak classifiers must be sufficiently rich so that
we can represent the true classifier y as a linear combination of
weak classifiers.

Definition 2.2. ([9], page 442) Let y(x) € A be the correct label
of x. A set H of weak classifiers is boostable, if 3{h;} c H and
Jay > 0 for k > 1 such that

FY®(x) > F*(x)  VYy(x)#a ®)

where F?(x) is defined according to (1).

We aim to find an algorithm constructing a strong classifier by
combining weak classifiers in H. Define s; € S as a realized sample
in period ¢, and O; = (s1,...,s;—1) as a history of realized samples
at the beginning of period t > 1. Define O = | J;51 O;.

Definition 2.3. T is an ensemble algorithm if

7:0—-T

so that V¢ > 1, VO, the classifier can be represented as a linear
combination of the forecasting performance of weak learners

t
7(0¢)(x) = arg max Z ol [hk (x) = a] Vx. (3)
k=

1
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Definition 2.4. Fix sample S. Let T > 1 be the training period.
The final classifier is the output 7(Or) at the end of training 7 over
S.

Definition 2.5. An ensemble algorithm 7 generates a strong fore-
cast if the forecasting error vanishes as the training gets longer
and the sample size becomes bigger: Ve > 0, 3m such that Vm > m,
3t such that if|S| > m,t > ¢, then Py (7(Or)(x) # y(x)) < € or
simply,

Jim lim Py (z(0)(x) # y(x)) = 0. ©)

3 ITERATIVE WEAK LEARNABILITY
Let us illustrate SAMME [14], denoted as 74:

(1) Initialize the sample weights dj(x) = 1/|S| as the uniform
distribution over S
(2) Fork=1toK:
(a) Fita weak classifier hy € H to training data using weights
W
(b) Compute error

ek = ), di(0)1 (e (x) # y(x))

(c) Calculate the weight!

log (

(d) Prepare for the next round

L da-?
VY

(Al =11 - ek)) 6

€k

_ Jdi(x) exp (=(Al = Dag) i hy(x) = y(x)
Wiy (x) = .
dy.(x) exp (a) if hg(x) # y(x).
_ W1 (%)
et ) = g et )
(3) Output

K
74(Ok)(x) = arg r;lé)‘(; asl(hs(x) = a) Vx €S

If|A| = 2, 74 becomes AdaBoost [12]. The description of the algo-
rithm is incomplete because if a3 < 0, the algorithm is not well
defined. For 74 to be meaningful when |A| = 2, by € H must
perform better than a random guess. Given a distribution d over S,

Z (Ilhx(x) = y(0)] = I (x) # y(x)]) d(x) > 0,
x€S

which implies a; > 0.

3.1 Weak Learnability

The weak learnability of AdaBoost and SAMME implies the exis-
tence of h that guarantees a uniformly better performance over a
random guess. Let A(S) be the set of all probability distributions
over S C X. We state the weak learning condition according to [14].

!The following formula is from equation (11) on page 353 of [14], which becomes the
coefficient of AdaBoost if|A| = 2. This formula differs slightly from (c) on page 351.
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Definition 3.1. A set H of classifiers is weakly learnable if 3p > 0
such that for every probability distribution {d(x)} over x € S, we
have:

min max Z (]I[h(x) =y(x)] -I[h(x) # y(x)]) d(x)

deA(S) hE“ers
2 —|A]
>
Al
[9] showed that while sufficient for binary classification (A| = 2),

(6) is too weak to guarantee boostability if|[A| > 2. Consider the
following example in [9]:

(©)

+p.

Example 3.2. S = {x1,x2}, A = {1,2,3}, y(x1) = L, y(x2) = 2.
H = {h1, hp} where hy(x1) = h1(x2) =1 and ha(x1) = ha(x2) = 2.

Since|A| = 3, weak learnability is satisfied if the performance of
a weak classifier is strictly better than —%. Let d = (d(x1),d(x2))
be a probability distribution over S. The performance score of H is

max [1 - 2d(x1), -1+ 2d(x1)| > 0

where equality holds if d(x1) = 0.5. H satisfies weak learnability
but not boostability, as any convex combination of hq and hy assigns
the same label to both instances, while y assigns different labels.

Example 3.2 reveals that the requirement to outperform a ran-
dom guess by small p > 0 becomes less restrictive when the number
of classes increases. Hence, some distributions can satisfy the in-
equality (6) when there are many classes but can fail on a smaller
subset of classes.

3.2 Iterative Weak Learnability

We strengthen weak learnability by requiring that (6) holds for
any subset of A with more than a single element. We show the
necessity of this condition in section 4. Let us consider a “decreasing”
sequence of subsets of A: A C --- € Aj C A where|Aj41| <|A;]
for € {1,...,I -1} and|A;| = 2. Define

7—{l={hX—>Al}ﬂ7’{
as the collection of all weak classifiers with classes from A; in H.

Definition 3.3. H is iteratively weakly learnable if VA; ¢ A with
|Aj] = 2 and y(x) € A; Vx € X, 3p; > 0 such that for every
distribution d over observations x € S and labels y(x),

 min max ZS (IA(x) = y(0)] ~I[h(x) # y(x)]) d(x)
‘ ™
> 2 - |Al| +pi
| A;] "

As|A;| decreases, the requirement for weak learnability of H;
becomes more stringent because the minimum performance cri-
terion (the right-hand side of (7)) increases. We require that the
subset A; contains the true label y(x). If the set A; does not con-
tain the true label, all classifiers in H; have equal performance in
(mis)classifying x.

In Example 3.2, H is weakly learnable but not iteratively weakly
learnable. To see this, note that if A; = {1,2} c A = {1,2,3},
then H = H;. Note ming<4(q) <1 max [l —2d(a),-1+ 2d(a)] =0.
However, weak learnability over A; requires minimum performance
to be strictly larger than 0.
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An example of the weak learners satisfying the iterative weak
learnability is the collection of linear classifiers. Suppose that x =

(x1,...,x1) has L features, and A = {a1,...,ax} is the set of K
labels is the set of labels. If h is a linear classifier, 3(aty, ..., a1 ) € RL,
a*t,a” € A such that
at if YL x>0
h(x)=3 S ®)
if Y arxp <0.

Let H° be the set of all linear classifiers.
ProOPOSITION 3.4. HO satisfies the iterative weak learnability.
PRrOOF. See [2]. O

The proof of Proposition 3.4 can apply to a collection of decision
trees to identify a sufficient condition that the collection of decision
trees is iteratively weakly learnable.

Definition 3.5. ([3]) A hypothesis class H is symmetric if, when-
ever f € H and ¢ : A — Ais a permutation, then ¢ o f € H.

LEMMA 3.6. Consider an environment where the image of y(x) has
|A" elements where A’ C A. Any symmetric hypothesis class performs
at least as well as l/lA’| random guessing.

PROOF. See Lemma A.1 in [2]. m]

We define a sufficient condition for the iterative weak learnabil-
ity.

Definition 3.7. Given A; C A, consider a collection H; of map-
pings h; : X — A;. We say that a hypothesis class H; is symmetric
on A; if, whenever f € H; and ¢ : A; — A, there exists some
g € H; such that (¢ o f)(x) = g(x) for all x € X.

Given a set of classifiers H;, where each h; € H; is a mapping
from X into A;, and given X C X, define the set of classifiers ;| %

to be the set of mappings hi : X — A; such that, for some h; € H;,
hi(x) = hi(x) for all x € X (ie., Hil; is obtained from H; by
restricting the domain of each classifier from X to X).

We say a hypothesis class H; is symmetric on A; when restricted
to X if, whenever fe 7-(i|)~{ and ¢ : A; — A,, there exists some
g € Hil;; such that (¢ o f)(x) = g(x) forall x € X.

Definition 3.8. We say a set of symmetric classifiers satisfies the
separation property given S if, for any A; C A, X € S and ap € A;,
the set of classifiers {h € H;|s | h(X) = ap} contains a hypothesis
class that is symmetric on A; when restricted to S\{x}. We say the
set of symmetric classifiers satisfies the separation property if this
holds for any training set S.

COROLLARY 3.9. Suppose the training set S is finite. If H is sym-
metric and further has the separation property given S in Definition
3.8, then H is iteratively weakly learnable.

Proor. Note that if H is iteratively weakly learnable, then so is
H > H,since a larger hypothesis class only increases the left-hand
side of (7). Suppose that the iterative weak learnability condition
is violated for some i € {2,...,|A|}. Then, we can find some D,
such that (7) fails for p; = % Since A(S) is compact, 3{D,} which
converges to some limit D*. Since H is symmetric, we cannot have
that (7) fails when p; = 0 by Lemma 3.6. Therefore,



KDD ’24, August 25-29, 2024, Barcelona, Spain

max Z (I[h(x) = y(x)] = I[h(x) # y(x)]) d*(x) = —14il )

heH; =5 | il
It suffices to find some h € H; which, for distribution d*, the
left-hand side is larger than the right-hand side of (9). Let S be the
support of d*, and let x4+ be an extreme point of $. By the separation
property and symmetry, there are classifiers that can classify x-
correctly while being symmetric on $\{xz}. Thus, by Lemma 3.6,
(7) is satisfied if we replace S by S\{x4-}, and replace d*(x) with
d*(x)/(1 = d*(xg+)). In particular the separation property implies
that the lower bound of l il
correctly classifying xg«. It follows that, for this classifier,

Z (I[hg+ (x) = y(x)] = L[hg: (x) # y(x)]) d" (x)

is achieved on S\{xd*} even while

x€eS
. —|Ai] . |Ai]
>d (Xd*)+ | | (1—d (xd*))> |A|l
1
contradicting (9). o

4 BOOSTABILITY

We prove that iterative weak learnability is necessary for boostabil-
ity. Recall the definitions of F{(x) in (1). Define scoring function

¥ (x) = (JAil - DFf (x) — Z F¥ (x)

a’'+a
where A; C A is the set of classes at the beginning of i-th iteration.
In each iteration, we eliminate class a € A; where

¥ (x) <0.
Note that if |A;| = 2,
F#(x) > 0 if and only if ¥{(x) >0
but the equivalent relationship fails if |A;| > 2.

Definition 4.1. ‘H; is boostable in i-th iteration or simply, boost-
able, if 3{a;+} such that

FF () > FO(x)  Vxa#yi(x). (10)
We introduce a weaker notion of boostability.
Definition 4.2. H; is weakly boostable, if 3{a; ;} such that
‘I’iyi(x) (x) >0 Vx. (11)

In the i-th iteration, we eliminate a class a with ‘I’l.“(x) < 0,
which is equivalent to eliminating a class a whose score F{(x) is
lower than the average of other classes since

¥¢(x) < 0 if and only if F%(x) < ——— Z F¥(x). (12)

a;ﬁa

(IAI

Once we reach|A;| = 2, the weak boostability becomes equivalent
to the boostability.

PROPOSITION 4.3. For any A; with|A;| > 2, boostability implies
weak boostability. If|A;| = 2, weak boostability implies boostability.
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Proor. Note that ‘I’iyi(x) (x) > 0 if and only if
A ¥ () — > F ) > 0.
a

Thus, H; is weakly boostable if and only if
Yi (x) a
B> Z FA(x).

acA

(13)

The weak boostability requires that the performance of the correct
label y;(x) is better than the average performance of all labels in
classifying x. If H; is boostable, (10) holds, which implies (13). If
|Ai| = 2, the equivalence of weak boostability and boostability
follows the definition. O

We extend the notion of weak boostability to the iterative setting,
where the set of classes A; becomes smaller as i becomes larger.

Definition 4.4. H; c H is iteratively weakly boostable if (11)
holds for all A” C A; whenever y;(x) € A’ Vx and the set of weak

learners is defined accordingly by restricting the range from A; to
A

We show that iterative weak learnability is necessary for iterative
weak boostability.

ProposITION 4.5. H is iteratively weakly learnable if H is itera-
tively weakly boostable.

Proor. Fix A; € -+ C A; C A with 2 < |Aj1| < |Aj| for
i € {1,...,I - 1}. We show that if H is not iteratively weakly
learnable, H is not iteratively weakly boostable. Suppose that 3i
such that H; is not iteratively weakly learnable: 3d* (x) such that
Vhi € 7‘1,',

D) =) = D) Whi(x) = a)|d"(x)
X a#y;i(x)
L 2-lAl
| Ai
For any A’ c A; with y;(x) € A’ Vx, the associate set H’ of
weak learners is a subset of Hj;. Thus, if (14) holds for A;, the same
inequality continues to hold for any A’ C A; with y;(x) € A’ Vx.
We can write (14) as Vh; € H;,

Pl = i) -1ail Y 10 = a)

a#y;(x)

(14)

(15)
- 2=l |40 <o,

A simple calculation shows that Vh; € H;,

il i () = i) = 1Ail Y. 1) = @) = (2= |4iD)

a#y;(x)
= 2|04l - DI () = i) = ) M) = a)|.
a#y;(x)
Thus, we can rewrite (15) as h; € H;,

23|04l = DIt = i) = Y i) = a)|d(x) <.

a#y;(x)
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For any sequence {«;;}, and for any {h;;} € H;,

0>2 Z a,-,,( Z [(|Ai| = DI(hie(x) = yi(x))
t x

= D) i) = a)]d*(x))

a#y;(x)

=23 04l = 1) Y el his () = yi(x)
X t

- Z Zai,tﬂ(hi,t(x)=a)]d*(x)

atyi(x) 1

- 22 [(|A,~| _ 1)Fiyi(x) (x) — Z Ff(X)]d*(x)
* a#y;(x)
_ ZZ‘I’iyi(x)(X)d*(x).

Therefore, 3x € X with d*(x) > 0 so that i (x) (x) <0, implying
that H; is not iteratively weakly boostable. O

5 ALGORITHM CONSTRUCTION

To show that the iterative weak learnability is sufficient for the
iterative weak boostability, we construct an algorithm, called Ad-
aBoost.Iter, that generates a strong classifier, using ¥{(x) as the
scoring function for the weak learners. AdaBoost.Iter iteratively
eliminates classes that perform worse than the average performance
of the classes until the number of classes becomes 2. If |A;| = 2,
AdaBoost.Iter becomes AdaBoost, generating a strong classifier.

5.1 Overview

AdaBoost.Iter iterates over two loops: within an epoch (inner loop,
Algorithm 1) and across epochs (outer loop, Algorithm 2). The
length of each epoch is K > 1, which is a parameter we choose
to meet the performance requirement of the algorithm. Let k =
1,2,...,K denote the iteration index within each epoch and i =
1,2,... denote the epoch index. We use the subscript ; ;. to refer to
the k-th iteration of the i-th epoch.

Epoch i starts with the set of classes A; = {1,...,|A;|} where
A; € Awith A; = A which is the first|A;| positive integers. By the
end of epoch i, the algorithm identifies a class b;(x) € A; that will
be eliminated at the end of K-th round in epoch i, as we illustrated
in Section 5.2. Even though|A;;+1| =]A;| — 1, we need to construct
Ajy1 from A; \ {b;i(x)}, described in Section 5.3. The algorithm has
I number of epochs. The number of epochs depends on whether
we delete one or more classes from A in each epoch.

Define I = min{i | |A;| = 2} as the first epoch when the number
of classes is 2. By the end of epoch I, the algorithm stops and
produces the final classifier. The total number of iterations is thus
KI = K(JA| — 1) if one class is eliminated per epoch. We can also
consider eliminating multiple classes in each epoch.

5.2 Within Epoch i

See Algorithm 1 for the pseudo-code for the process within an
epoch. Define A; = A and y;(x) = y(x) as the correct label in
Aj; = A Epochi > 1 starts with A; c Aand y; : S — A; which is
the correct label in epoch i. Set k = 1, and set d; 1 (x) as the uniform
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distribution over S.

di1(x) = !

Vx € S.
IS]

The output of each stage consists of three key components: an
artificial probability distribution d; ;. (x) over S, a weak classifier
h; i in step k, and a positive weight a; ;.. Suppose that d; ;. (x) is
defined Vx € S. Choose weak learner h; ;. satisfying the iterative
weak learnability condition (7).

Define

€ik = Pay (hik() # i) (16)

as the probability that the optimal classifier h; . at step k misclassi-

fies x under d; ;.. If €; ;. = 0, then we stop the training and output

h; i as the final classifier, which perfectly forecasts y;(x).
Suppose that €; ;. > 0. Define

1
Uk = 20ad - 1)

log (17)

(Ail -1)(1 - €;x)
€ik '
Define for each x, and each pair (x, y;(x)),

die () Ak (x)

di,k+1 (x) = Zi
i,

where
A (x)
= exp (—sz‘,k [(Ai] = DI(h; g (x) = yi(x)) = L(hy g (x) # yi(x))])

and

Zik = Z di e () Aj g ().

x€S

Given d; k.11, we can recursively define h; j.1 and €; k4.
Define Va € A; = {1, ...,|Ail},

k
ng (x) = Z i sI(his(x) = a)
s=1

and
() = (Al = Dy (0 = 3 (). (18)
a’'#a
A simple calculation shows that Vx,
&
a € arg arlnea(i Fi (x) (19)
if and only if
o
a € arg (gleaf)lci Y (x). (20)

Since \sz (x) is alinear combination of I(h; s(x) = a), our algorithm
is an ensemble algorithm.

Since ¥ 4e 4, ‘I’fK(x) =0,da € A, ‘I’fK(x) < 0. Thus, if bj(x) €
A; satisfies

W) () < Wh(x)  Vae A,

ij;((x) (x) < 0 Vx. The algorithm removes b; (x) from A;.2

2If multiple minimizers exist, we choose one according to a fixed rule.
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5.3 Between Epochs

Note that b;(x) # b;(x") if x # x” in general and that a boosting
algorithm requires that each instance x € X is endowed with the
identical set of classes. Since the set of remaining classes after
elimination, A; \ {bi(x)}, can differ across different instances, we
need to construct A;+1 by “homogenizing” the set of classes across
different instances before epoch i + 1 starts.

See Algorithm 2 for the pseudo-code for the process between
the epochs. Algorithm 2 eliminates underperforming classes and
“homogenizes” the set of remaining classes, recursively generating
{Ai}, {Elim;(x) }x, {Sur;(x)}x, and A} (a) where i € {1,...,|A|-1}
defined as follows.

e Elim;(x) is the list of labels eliminated before epoch i. Nat-
urally, Elim;(x) = 0. Elim;(x) records which label is elimi-
nated and when the label is eliminated.

e Sur;(x) is the list of labels in A that have survived the elim-
ination process before epoch i. Define Sur;(x) = A Vx.
Clearly, Elim;(x) and Sur;(x) partitions A in every epoch i.

e The surviving labels are placed in the front, while the elim-
inated labels are stacked at the back of the list. If A (a) <
|Suri(x)i, then a € Sur;(x). Otherwise, a is eliminated before
epoch i.

Given b;(x), we update Elim;, Sur; and A; as follows.

Elimijy1(x) = Concat(b;(x), Elim;(x))
Surip1(x) = Sorted(Suri(x) \ {bi(x)})
Ayl = (1,...,|Suri+1(x)|) Vx.

Epoch i + 1 starts with each sample endowed with A;1 Vx. We
eliminate a single class in each epoch. By the construction, |A;+1| =
|[Aj] -1 and\EIimi+1(x)| :’Elimi(x)| + 1 for each x. 3

5.4 Final Classifier

Let us write the constructed algorithm TlIt(e , because the algorithm
is parameterized by the minimum length of each epoch K. We refer
to rllfer as AdaBoost.Iter when we compare it to other algorithms.

The final classifier is

|A]-1
K — i
Tirer (Ok1) (%) = arg raréaj‘( Z H(\Pi,K

i=1

The algorithm searches for a € A to maximize the right-hand side,
which survives the elimination process for all epochs. If|A| = 2,
I =1and r{; , is the AdaBoost algorithm. We shall select K to
satisfy the final classifier’s accuracy and confidence requirement.

3We choose to eliminate exactly one class in each iteration to simplify the illustration
of AdaBoost.Iter. We can improve the algorithm’s performance by eliminating more
than one class in each iteration. Although the procedure is defined for the training
sample, the algorithm is well defined for any x € X, including the testing samples.
Given sample S, {@;;} and {h;,} are determined. For each a € A;, ¥k (x) is
well defined for x € X, since the domain of h;; is X. Once ‘I’;‘K (x) is determined,
the housekeeping tasks depend solely on ¥ (x). We can identify {b;(x)}; for any
testing sample x € X in epoch i. We can recursively define A¥ (@) (along with Sur; (x)
and Elim; (x)) for given b; (x). Therefore, the algorithm produces an unambiguous
“out of sample” forecast for an arbitrary x € X, evenif x € X'\ S.
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Algorithm 1 Boost Phase

Input: Training set S = {(x1,y1),..., (s}, ys|)}, number of
iterations K, class labels A;
Output: Ensemble of weak learners {h; 1, . .
{aig, .., @ik}
Initialize the sample weights d; 1 (x) < 1/|S|
fork=1,...,Kdo
Fit a weak learner h; ;. to the training set using weights d;
Compute error

ik — ) dig(O)(hi (x) # yi(x))

., hj x }, their weights

Compute the weight of h;
1 (Al-Da-ap
STV ik
Update the weights of the training set
s s () o () exp {etg e [Thi () # 9 ()

=4l = DI (p) = wilp)]}

Compute
k
Fo(x) < > aijl(hi j(x) = a)
Jj=1

Y2 (x) — (JAi] - DFS (x) -

a'#a

FSk ()
Compute

uik(p) = Hal¥ (p) < 0}

end for

Algorithm 2 Elimination Phase

Input: Set of all classes A, training set S
Output: Final predictor TlIt<er(x)
A1 <« A,Sur; « A, and Elim; «— 0
while i < |[A| -1 do
Run Algorithm 1, and generate ‘I’gKi
bi(x) « max{a € Suri(x)|‘I’fK(x) < 0}
Suriy1(x) < Sur;(x) \ bi(x)
Elimis1(x) < [bi(x), Elim;(x)]
28,1 (x) 1+ Surir (x)[1] = a
Airr — [1,., A = 1]
i—i+1
end while
Af(x)
>

Final predictor rllfer(x) = argmaxg ),; I (‘I’i’ K

)
6 PERFORMANCE

Definition 6.1. Algorithm r is efficient if 3p > 0, 3K > 0 such
that Vk > K,

Ps (t(0) (%) # y(x)) < e Pk

AdaBoost.Iter is an efficient algorithm where the training error
vanishes exponentially.

V8. (1)
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THEOREM 6.2. Assume that|A| < oo a£d|S| < oo, and thﬂt?‘l is
iteratively weakly learnable. 3p > 0 and K such that VK > K,
P ok

Iter

-pK
(OxkD)(x) # y(x)) <la]e 2K,
PRrROOF. See Appendix A. O

We obtain bounds on the generalization error based on the classi-
fication margin. AdaBoost [12] stops at the end of a single epoch for
binary classification to produce the final classifier. [12] obtain a pair
of results on the generalization error:* one for the case of |H| < co
and one where || may be infinite but having finite VC-dimension.
We state the generalization error in epoch i in the same format
as [12]. To do this for the case where|H| = co, we use the Graph
dimension (as in [10]) in place of VC-dimension.’

THEOREM 6.3. Fix epoch i endowed with A; C A withy;(x) € A;.
Assume d* is a distribution over X X A; and let S be a sample of m
examples chosen independently at random according to D.

Assume that the set H; of weak learners is finite, and let § > 0.
Then with probability at least 1 — § over the random choice of the

training set S, ‘I’iylz(x) (x) satisfies the following bound:

Pp [ (x) < 0] < Ps[¥4) (x) < 0]

+0 \ﬁAﬂz + log(l/(s)),

m
for all 0 > +/(In|H;|)/(4m). Suppose that, instead of being finite, H;
has Graph dimension d;, with§ > 0 and m > d; > 1. Then, with
probability at least 1 — § over the random choice of the training set S,

log|H;| mo?
log
m?2 log|H;|

every such ‘I’iy;((x) (x) satisfies the following bound

Pp ¥4 (x) < 0] < Ps[¥% (x) < 6]

5

ol JIAL? dilog(m/d:) log(m6/di) _log(1/6)
mo? m

forall 0 > \/8d; In(em/d;)/m.
ProoFr. See Appendix B. O

Transforming the result from individual epochs into an overall
bound on the probability of misclassification is a straightforward
application of the union bound.

COROLLARY 6.4. Let D be a distribution over X X A and let S be
a sample of m examples chosen independently at random according
to D. Assume that the base classifier space H is finite, and let § > 0.
Then with probability at least 1 — § over the random choice of the
training set S,

g Yi(x) yi(x)
Pyp[3i, \Pi,Ki (x) <0] S|A|ie?11,z.i.x.,l} PS[‘I’.Ki (x) < 0]

I,
+0/|4] \ﬁA|2

4originally presented in [13]
5See also [1] and [7] for statements of this definition.

log|H|
mo?

m

mo? )

log(1/6)
log (long' + )
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for all 0 > /(In|H])/(4m).

Suppose that, instead of being finite, H has Graph dimension d,
withd > 0 and m > d > 1. Then, with probability at least 1 — § over
the random choice of the training set S,

Y (%) yi (x)
Pyp(3i, \Pi,K (x) <0] <|A| ie?llf.).(,l} Ps [‘I’LK (x) < 0]

s

2
ol \/|A| dlog(m:jg)zlog(mez/d) +10g(r;/5)

forall 8 > \/8dIn(em/d)/m.
7 EXPERIMENTAL RESULTS

To illustrate our algorithm’s performance and practical proper-
ties, we explore the numerical performance of AdaBoost.Iter in the
synthetic example in [14] and the benchmark datasets from the
University of California, Irvine (UCI) repository [8]. ¢

7.1 Synthetic Data

The first exercise replicates the synthetic data exercise depicted in
Figure 1 on page 351 in [14]. The feature vector, x, is drawn from
a ten-dimensional standard normal distribution for each instance.
The true class, y, of each instance is assigned according to:
. 10 .2 2
< 310 52
1 ifo< ZleJ < XlO,%’

o2 0 2 _ .2
if <2 oxi<
Yo < 2ijmy X Xo,2°

3 otherwise.

yi =42 (22)

where )(120’ » is the p quantile of 10 dimensional y? distirubtuion.
Instances are designed to be cast into a set of nested concentric
spheres. The training set consists of 3,000 instances, and the test
set has 10,000 instances.

On the synthetic dataset, we compare the performance of the
AdaBoost.Iter and AdaBoost. MM [9], as both algorithms are built
on the notion of weak learnability that is equivalent to boostability.
We implemented the weak learner algorithm for AdaBoost. MM
following the description in [9] while we use linear classifiers as
weak learners for AdaBoost.Iter. The choice of linear classifiers in
AdaBoost.Iter stems from the linear nature of our weak learnability
criterion. We identify a weak learner according to a heuristic weak
learner algorithm described in Algorithm 3. The heuristic method
finds a linear classifier satisfying (6) begins by lopping through all
possible 2-class combinations from the set of classes. The pair of
classes and the hyperplane with the highest classification accuracy
are selected.

Because the iterative weak learnability is weaker than EOR of
AdaBoost.MM, the selected linear classifiers by the heuristic weak
learner algorithm in AdaBoost.Iter might reduce the forecasting
error less than those in AdaBoost. MM. However, it is much faster to
identify a weak learner in AdaBoost.Iter than AdaBoost. MM, thanks
to the linear scoring function of the iterative weak learnability.
Even though the final classifier of AdaBoost.Iter may entail more

®In all of these experiments. We conducted experiments on a MacBook Pro equipped
with a 2.4 GHz 8-core Intel Core i9 processor, 16 GB of DDR4 RAM running at 2400
MHz, and a 512 GB SSD for storage.
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Algorithm 3 Heuristc weak learner algorithm

Generate a list, L = {I;}, of all 2-class combination out of A
for [j in L do

Resample, {gp,i(p}, from {yp,Xp} with replacement by
weight {dp}

Run OLS regression on subsample of {gp,Xp} where g, € [;

~ o~ \—1 .

Compute OLS coefficient f; = (X;,Xp) X}, Up, and rate of
correct prediction

ﬁtj — de (yp == lj)l]l (Xﬁ] > 0) +lj,21[ (Xﬁj < 0))

p

end for
J « argmax; fit;
Fit « ﬁt]
BBy
if Fit < ZTT!]M then

J < argmax; Zp dpl(yp € {;})

B—-p
end if

weak classifiers than that of AdaBoost. MM, AdaBoost.Iter saves
significant time in identifying a suitable weak learner to produce
a strong classifier much faster, sometimes as much as seven times
faster than AdaBoost.MM.

We compare the AdaBoost.Iter and AdaBoost.MM in terms of
(1) the error rate of algorithms given the computational runtime,
(2) the computation runtime, and the number of weak learners
ensembled to reach some threshold of training error rate.

Table 1: Computation runtime and the number of weak learn-
ers for reaching different training error thresholds on a
synthetic dataset. Linear classifiers are used as weak clas-
sifiers for AdaBoost.Iter and depth-three trees are used for
AdaBoost.MM.

Error AdaBoost.Iter AdaBoost. MM

Threshold(%) Runtime (s)

10 47.7 733.5

5 98.5 1586.8
481.9 4589.3

# of Weak Learners

10 3500 164

5 5500 243
13700 421

Table 1 records the number of weak learners, the runtime, and
the testing errors when the training error reaches a predetermined
level. Since both algorithms are boostable, the training errors con-
verge to 0. Table 1 shows that AdaBoost.It takes significantly less
time than AdaBoost.MM to identify a linear classifier to construct a
final classifier because AdaBoost.Iter uses a simple linear rule to cal-
culate the score. As a result, AdaBoost.Iter needs many more weak
learners but takes less time to produce the final classifier. In this
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synthetic example, AdaBoost.Iter can be trained to achieve the de-
sired forecast accuracy between 6.5% and 10.5% of AdaBoost. MM’s
runtime.

o b,

ol —
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

W5
0 1000 2000 300 4000 5000 6000 7000 8000 9000
mputational untime (second) c o

‘omputational untime (second)

Figure 1: Comparing AdaBoost.Iter with AdaBoost.MM. Spec-
ifications of the data generation are the same as those used
to generate Figure 1 in [14]. The linear classifiers are used
as weak classifiers for AdaBoost.Iter and the depth of three
trees are used as weak classifiers for AdaBoost. MM.

The left panels in Figure 1 report how the training errors vanish
with respect to the runtime (upper left panel) and the number of
weak learners (lower left panel). Even though AdaBoost. MM re-
quires fewer weak learners to construct a final classifier, it takes
a considerably longer time to identify an optimal weak learner
(average 8.8 vs. 0.06 seconds per weak learner), contributing to a
significantly longer runtime of AdaBoost.MM than AdaBoost.Iter
(7750 vs. 1554 seconds). Note that the testing errors of both algo-
rithms are stabilized. The right panels in Figure 1 show how the
testing errors decrease with respect to the run time (upper right
panel) and the number of weak learners (lower right panel).

7.2 UCI Data

This section summarizes the performance of AdaBoost.Iter, Ad-
aBoost. MM, SAMME, and Gradient Boosting [6] on UCI datasets.
We used 9 datasets summarized in Table 2. When the training and
testing set split is not available, 20% of the examples were randomly
selected as the testing set. The algorithms are trained on the train-
ing set, and their performance is evaluated on the test set. We use
the same weak learner, the decision tree stump, to compare the four
algorithms fairly. The implementation of SAMME and Gradient
Boosting is from the scikit-learn package [11].

Table 3 lists the testing errors across the chosen UCI datasets and
standard deviations in brackets derived via Bootstrap. The results
in Table 3 show that AdaBoost.Iter and AdaBoost. MM consistently
outperforms SAMME on all datasets. AdaBoost.Iter performs best
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Table 2: Summary of benchmark datasets

Dataset Train size Test size Features Classes
Landsat Satellite 4435 2000 36 6
Image Segmentation 210 2100 19 7
Letter 16000 4000 16 26
Pen Digit 7494 3498 16 10
Poker 25010 1000 10 10
Optical Digit 4496 1124 64 10
Vehicle 676 170 18 4
Ecoli 268 68 7 8
Vertebral 248 62 6 3

on 3 out of 9 datasets (Landsat Satellite, Letter, and Vehicle), while
AdaBoost.MM performs best on 5 datasets (Image Segmentation,
Pen Digit, Poker, Optical Digit, and Ecoli). However, except for
Image Segmentation and Poker, the differences in performance
between the two algorithms are relatively small, with overlapping
standard deviations.

8 CONCLUSION

The weak learnability of SAMME is too weak to learn the true
classifier except for binary classification, as pointed out by [9].
Our innovation is to invoke weak learnability iteratively while
eliminating “poorly” performing classes until|A;| becomes binary.
We achieve boostability by combining the weak learnability with
the iterative elimination process. As rllfer is built on the framework
of SAMME, the algorithm inherits the same statistical foundation
as SAMME and is a direct extension to the AdaBoost algorithm for

multiclass classification problems.
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Table 3: Testing errors and standard deviations for different algorithms on benchmark datasets. The decision tree stumps are
used as weak classifiers.

Dataset

AdaBoost.Iter

AdaBoost. MM

SAMME

Gradient Boosting

Landsat Satellite

Image Segmentation

Letter

Pen Digit
Poker
Optical Digit
Vehicle

Ecoli
Vertebral

0.1040 (0.0070)
0.0824 (0.0061)
0.1003 (0.0050)
0.0392 (0.0033)
0.4560 (0.0160)
0.0258 (0.0048)
0.1941 (0.0271)
0.1471 (0.0404)
0.1452 (0.0382)

0.1135 (0.0077)
0.0529 (0.0048)
0.1230 (0.0055)
0.0369 (0.0030)
0.4020 (0.0151)
0.0222 (0.0040)
0.2118 (0.0269)
0.1324 (0.0393)
0.1452 (0.0418)

0.2185 (0.0088)
0.1038 (0.0062)
0.4928 (0.0072)
0.2642 (0.0073)
0.5390 (0.0157)
0.0934 (0.0092)
0.3588 (0.0348)
0.2353 (0.0499)
0.2097 (0.0530)

0.1255 (0.0087)
0.0662 (0.0048)
0.1250 (0.0062)
0.0486 (0.0034)
0.5060 (0.0150)
0.0338 (0.0056)
0.2412 (0.0330)
0.1765 (0.0389)
0.1774 (0.0487)
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A PROOF OF THEOREM 6.2

Uniform Bound for I.
We claim I < min(|A][,|S|). Let us focus on the first epoch: i = 1.
Recall that Vd; i, h; i is maximizing

D7 (A1 (x) = y1(0)] = 11 (x) # y1()]) de ().

x€S
Let y1(S) be the collection of all true labels. If 3x € S such that
hi(x) =a € A\ y(S), then h; cannot be an optimal weak classifier.
To see this, suppose that a € A\ y (S) such that hi(x) = a. The
decision maker can increase the performance by replacing a by
a* € y;i(S). Thus, ¥k, hy ¢ (S) C y1(S).

Recall that Ya € A;,

k
Fe(x) = ) aisl(hig(x) = a)
s=1
and
k(x)—Za,s (Ail I(his(x) = a) = 1)

Thus,

PRI

M* aM

k
D ais 1Al 1(his () = @) - 1]
s=1

s [lAil -1Ail] =0

Il
—
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We have Vk, Va ¢ y1(S) C A,

(0 = Zals (41 1(h15(x) = @) = 1) Zau <o.

Everya € A \ y (S) is eliminated by the end of the first epoch.
Since |y (S)| <|S|, the number of remaining labels after the first
epoch is no more than min(|A|,|S|). Within Epoch. We show that

if the minimum length K of an epoch is sufficiently large, then
3b;(x) € A; such that ‘}'b (%) (x) < 0 Vx. We calculate the lower
bound of the probab1hty Ep, > 0 such that the probability is
bounded from below by 1 — e~ PiK

Iterative weak learnability implies that Vi, 3y;, Vd; i, 3h; ;. € H;
so that

3 (lhi) = 3 00) - Hhe() # 0l ) = 22y
x€eS g
LEmmA A1,

P (\P,z"l.(x) (x) < 0) < e Pik,

Proor. Note that
P (\Py"(x) < 0)
ik =

By, 1 (%% (x) < )

A

< Eg, exp (‘Wf;i(x) (x)) . (23)

From the updating formula of d; .,

i (0) exp [~04i] = DFYS™ () + Sy, (o) F ()
H]; 1Zis

] Gl

= .z (24)

By summing over x, we have

k
Z di1(x) exp [—‘Piy]i(x) (x)] = H Zis.
X ’ s=1
Note Vk > 1, Vs{1,...,k},
Zi,s

di y1(x)

di s (x)e” (Ail=Dais 4
his (x)=yi (x)

di,s (x) e%is
his (x)#yi (x)

1
- Ei,s) 2

_1 1
(Al - 17l (1

+(|A|—1)2(|A| N(1-¢; )z<|A| 1>e AT = ¢ (eis).

One can easily show that ¢(¢) is a str1ctly concave function of
€ [0, 1], satisfying

® (1 - |AL1|) =1 (25)
Since H; is weakly learnable, Jy; > 0 such that
Oﬁekﬁl—L—yi<l—L.
A A
Since ¢ is strictly concave, o' () >0Ve<1— |A_| Thus, 37; > 0
such that Ve <1 - A | - i
¢(ex) Sﬁo(l_L_Yi):l_)?i <L
Ail
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Thus,
Zig=0(ix) <olyi) <1-1i
for some y; > 0. Thus,

k
1 . 1 _ .
dijert () = dia () | | Zie < (51 = 70" = e
s=1
where
pi=—log(1-7i) >0 (26)
from which the conclusion of Lemma A.1 follows. ]
By the definition of \I’l“ , Vx, Vi, k,

Z we (x) =0. 27)

acA;
By (27), Vx, if ‘P]g(x) (x) > 0, then Ja,(x) € A; such that

\Pf;‘c(") (x) < 0.
Lemma A.1 implies

a;(x) # yi(x)
with probably at least 1 — e K _Thereofre, ‘I’;’/I"((x) (x) > 0 almost
surely as K — 0. If|A| = 2, then (27) implies that exactly one label
is associated with a positive value of ‘I’l", k (x). Thus, searching for
a with ‘I’i‘”K (x) > 0 is the right way to identify a correct label. If
|A] > 2, then \Pi‘fK (x) > 0 does not imply that a = y; (x). However, if
‘I’fK(x) < 0, then Lemma A.1 implies that a # y;(x) almost surely,
as K — oo. The idea of Tllfe , is to eliminate a with \I‘fk(x) < 0in

each epoch i, until we have a single element left.

Across Epochs. We construct A;;1 by eliminating some elements
from A; and permuting the remaining elements according to ;.
With probability 1 — e PK, the true label survives the elimination
from A;, and is included in A;41, permuted according to nl?‘ .

Since we eliminate at least one element from A;, the total number
of epochs cannot be larger than|A|. Let I be the epoch when Ay has
two elements so that by the end of epoch I, only a single element
of Ay survives. With probability

I
[ Ja-er®),
i=1
the remaining label yj(x) is the true label. By definition,

yr(x) = A7 (y1(x)) = 27 (y(x)).
Since y; is the composite function of bijective functions, it is a
bijection. We can identify the original label associated with yr(x)
by
y(x) = () (yr(x)).
Define
p= % min p; > 0.

Then, for a sufficiently large K,

ﬁ(l - e Pik)
i=1

1 —|A| e—Kmini Pi—1— e—K(min,— pﬁ%longl)

\%

-pK

\%

1—e
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The final classifier misclassifies x € S if and only if the correct class
y(x) is eliminated in some epoch i, i.e., Wi (%)} K(x) < 0. Thus,
the probability of making a wrong forecast is

Py (31‘, \Iff;'((") (x) < 0). (28)
Since I =|A| — 1 by Theorem 6.2, (28) is bounded by
yi(x) -pK
Al _max Pp (xyK (x) < o) <|Ale B (29)

B PROOF OF THEOREM 6.3

The proof follows the same logic as the proof of Theorem 5.1 on
page 98 of [12], originally due to [13], using the same notation
whenever possible. We must change the notation to accommodate
multiple classes (|A| > 2). We also note necessary modifications for
our Theorem 6.3.

In each epoch, we essentially solve the binary labeling problem
and can invoke Theorem 5.1 and 5.5 of [12] without any substantive
changes other than scaling the bound. Some minor modifications
are needed to apply them to our multiclass setting, as the notions of
margin and VC-dimension used in the above Theorem are specific
to the binary class problem. Nevertheless, we can consider the
“projection” onto binary class problems for every multiclass problem,
where we only consider whether a classifier is correct or incorrect.

Preliminaries. Fix epoch i. Recall that

k
() = ) ais [Ail Ihis(x) = a) - 1]
s=1

Define
9is(x) =|Ail I(his(x) = a) - 1,
Qs
Pis = ———
Zic/:l Qj s’
and

k
P (x) = > Bisgls(x).
s=1
We are calculating the upper bound of the probability of making a
wrong decision in epoch i: the probability of eliminating y;(x) in
epoch i, or
P (lpiylg(") (x) < o)
at the end of epoch i, where K is the duration of epoch i. It is
not incorrect that ¢, (x) > 0 for some a # y;(x), as long as
ik
: : yi(x)
[12], focusing on the sign of ¥/~ (x).
Recall that H; is the collection of feasible weak classifiers, whose
generic element is h; : X — A;. Define the set of function from
S X A; — [-1,]A;| — 1] as follows:

Gi = {g7(x) | 3n; € Hi, g} (x) =|Ai| L(hi(x) = a) — 1} .
Note that gbl“K (x) is a convex combination of elements in G;. Fix n
and a € Aj;, define

(x) > 0. We can drop y € {+1, -1} from the statements in

n
1
Ain = flan X ;Zgzj(x) Igzl,...,gﬁn €Gi,a€A;
j=
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Given a collection of n randomly selected elements from G;, say
g~?1, .. ,j?n, where

K
Ege; = Z‘Bi’sgzs(x) Vje{1,...,n}.
s=1
Let
. 1<
ﬁ#h;;ﬁﬁl

as a sample average of {g,...., g7, }. Notice that, ifgffj(x) is de-

rived from g¢_(x) with probability distribution {f; s }§= 1> then
. K
Ef2,() = D Bisgls(x) = Y (x) (30)
s=1

Define

_ no?
2
Bino =2e 44il° and €;, =

\/m(n(n + D2H|" /9)
2m '
We can prove the following intermediate results, each of which
corresponds to a lemma in [12] stated for the case of |A| = 2 and
I=17
~Yi i 0
Pf?:-f(X) ) Ufl,yn(x) (x) _fl!,/n(X) (x)‘ > 3
FYi i 0
Py o [ 0 - 4 o> 5

< Binp, (Lemma 5.2)

< Pinp(Lemma 5.3)

s 0 s 0
Py [fi’yn(x) (x) < 3 <Pg [fi’yn(x) (x) < 5 + €i,n(Lemma 5.4)
For the case where|H;| = co with VC-dimension d;, the inequalities
are the same, except for the last one (Lemma 5.4) where €; , changes
to

5

— \/32[ln(n(n +1)2) + dinln(em/d;) +In(8/5)]
Ln — m
which is proved in their Lemma 5.6, where d; is VC-dimension of
H;.

Restatement of Lemma 5.2. We show VYn > 1
rYi i 0
Pt [fi%; © 0 -y )| =

This probability distribution is taken over J;iyr;(x). Notice that an
()

< ﬁi,n,9~

arbitrary distribution over flyr:
an arbitrary distribution of the weights {f; ; };?:1. Hence

(x)

can be generated by first choosing

P i)
in

corresponds to a choice of flyr: generated according to probability

distribution {S; }fz %
Ef4 ) (x) = B j (i (0).2) = p i) ()

"The number at the end of each line is the corresponding lemma in [12]

Vje{l,...,n}.
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Furthermore, since g;,j € [—1,|A;|-1], we have |f+|(gi’j+1) € [0,1].
Hoeffding’s inequality therefore implies

s . 0
P [fy ® 00 -y )| 2

Z —_—
2|A|

)= ageisco

Pﬁyi(x)
< 2e—2n(92/(4{Ai|2)) = Ze_n(gz/(zlAilz)) = Bino

as desired.

Restatement of Lemma 5.3. We show that the same probability
bound obtains when replacing P i) with P i for an arbitrary
probability distribution over {(x,lgi (%)) }xes ﬁrallirs. When (x, y;(x))
is drawn according to an arbitrary distribution instead of being
fixed as in Section B. The argument is identical to Lemma 5.3 in [12].
We include this argument for reference since our notation is slightly
different. The argument uses the fact that, for random variables
X and Y and any event a defined on them, we have Px y[a] =

Ex[Py/[alx]].

: FYi 0
P s [0 00 = o) |

:ES

i(x Fyi(x 0
P “w,.%’,;( OB AN 5]]

< ﬂi,nﬁ' (31)

Identical arguments from [12] use this observation to show:

. ~u; 0
P [V (0 < 0] <. o [f,.f;;(") (x) < 2| +Bino:

and
o 0 .
Py o [ fo < 5] <P [y (0 < 0] + fino.

Restatement of Lemma 5.4. This part follows immediately from
[12]. Leaving the €; , constant unchanged, we have with probability

1 -4, a sample S is drawn such that for all n > 1, fiyr;-(x) € Ain,
and 6 > 0,

Fi (x) 0]
f;’,n (x) <5

| ¥
d 2|

+ €in

~u; 0
<Pg [f;z;(x)(x) < E

Restatement of Lemma 5.6. For the case of |H| = oo, the same
observation applies in the sense that we also obtain the bound

~y: 0
<Pg [f;}ill(x) (x) < 5

The proof in [12] involves the VC-dimension of the set H of
weak classifiers. In our case, the interest is in the set of binary
classifiers derived from H where, given an observation x, labels
equal to y;(x) are assigned +1. All others are assigned —1. This
is precisely the graph dimension of ¥, and hence the same proof
carries over, using €; , involving the graph dimension of H in place
of the VC.

Pd* + Ei,n~

[ zy:(x) 0]
f;’,n (x) < 5
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