LEARNING UNDERSPECIFIED MODELS
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ABSTRACT. This paper examines learning dynamics under non-parametric model uncer-
tainty. We choose the monopolistic profit maximization problem (Myerson (1981)) as
our laboratory. We consider a monopolist who chooses a learning algorithm to select a
price following a history, facing non-parametric model uncertainty about the probability
distribution of the buyer’s valuation and bearing the computational cost. We posit that
the monopolist has a lexicographic preference over profit and computational complexity
while seeking an € dominant algorithm that prescribes an € best response against any cu-
mulative distribution function of the buyer’s valuation for any small € > 0. We construct
a simplest € dominant algorithm among all dominant algorithms when the distribution
of the buyer’s valuation satisfies the increasing hazard rate property. Our algorithm
recursively estimates two parameters of the distribution, even if the actual distribution
is parameterized by many more variables. The monopolist chooses a misspecified model
to save computational cost while learning the true optimal decision uniformly over the
set of feasible distributions.

KEYWORDS. Learning, Non-parametric model uncertainty, Parametric forecast, Under-
specification, Algorithm, Dominant strategy, Uniform Learnability, Complexity Cost

1. INTRODUCTION

This paper considers a monopolist’s choice of a pricing algorithm, unsure of the func-
tional form of the actual distribution of the buyer’s valuations and seeking to minimize
the computational cost to find the optimal price. Our exercise involves an examination
of learning dynamics under non-parametric model uncertainty." We ask whether the mo-
nopolist can learn to charge an optimal price, and if so, what would be the “simplest”
algorithm to do so. We show that a learning algorithm that estimates a linear function
parameterized by two numbers can achieve the goal, even though the actual distribution
function of the buyer’s valuations could be highly non-linear.
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!'Throughout this paper, we use parametric uncertainty for the case where the model is determined by a
finite number of parameters, and the decision maker does not have objective knowledge about the para-
meters as in Battigalli, Cerreia-Vioglio, Maccheroni, Marinacci, and Sargent (2022). By non-parametric
uncertainty, we mean the uncertainty about an infinite number of parameters, such as the functional form
of a highly non-linear function. The formal definition is in Section 2.5.

1



2 IN-KOO CHO AND JONATHAN LIBGOBER

The literature has developed diverse approaches to formulating decision problems under
model uncertainty (e.g., Gilboa and Schmeidler (1989), Hansen and Sargent (2007), Mac-
cheroni, Marinacci, and Rustichini (2006), Klibanoff, Marinacci, and Mukerji (2005) and
Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio (2013)).> We follow the basic
framework of Battigalli, Francetich, Lanzani, and Marinacci (2019) and Cerreia-Vioglio,
Maccheroni, Marinacci, and Montrucchio (2013), where the formal foundations for learning
under model uncertainty are developed. Our paper focuses on model uncertainty caused
by underspecification. By underspecification, we mean that the objective restrictions on
the state space distribution are insufficient to pinpoint a specific functional form of the
distribution.

We consider a market where a monopolist faces a sequence of multiple short-run buyers
whose valuations are drawn from a cumulative distribution function F' independently over
time. We normalize the production cost to be 0. A standard approach treats F' as common
knowledge among all players. Instead, we assume that F' belongs to a set F" that is a
collection of cumulative distribution functions with a Lipschitz continuous density function
f = F'" with Lipschitz constant n > 0, satisfying the increasing hazard rate property.®> The
monopolist is endowed with objective knowledge that the actual distribution of the buyer’s
valuation belongs to F", but is not endowed with a prior probability distribution over F7.*

Since the monopolist does not know the actual cumulative distribution function of the
buyer’s valuations, he has to rely on the “estimated cumulative distribution function” of
the buyer’s valuation to find the optimal price. Suppose that the monopolist’s model of the
distribution function is an ¢-th order polynomial function of valuations such as Zf:o Bt
with a suitable restriction on the coefficients so that the polynomial is consistent with
the objective knowledge about F". For example, the polynomial must increase in v and
satisfy the increasing hazard rate property.

The monopolist estimates £+ 1 coefficients of an ¢-th order polynomial to construct an
estimated cumulative distribution function £ of the buyer’s valuations, from which the
monopolist calculates the price to be charged in period ¢t. Given the price, a short-run buyer
decides to buy at the posted price if the price is lower than his valuation. The monopolist
uses the price and the realized demand to update the estimated distribution function of
the valuations. We refer to a learning algorithm as the process that both determines the
functional form and estimates the coefficients. We ask whether the monopolist can learn
to charge the optimal price associated with the actual distribution function F.

The cumulative distribution function determining the buyer’s values may not be a poly-
nomial. Consequently, the monopolist can misspecify the functional form of the actual
distribution function. If the learning dynamics converge, the monopolist’s belief and the
market’s outcome must constitute a self-confirming equilibrium (Battigalli, Francetich,
Lanzani, and Marinacci (2019)). We aim to find a learning algorithm that converges to
a self-confirming equilibrium, whose outcome coincides with the actual profit-maximizing
price and quantity under non-parametric model uncertainty. In particular, we explore how

20One can view the bandit problem (e.g., Rothschild (1974)) as a decision problem under uncertainty.
3The assumptions imply that, for all F' in 7, a unique profit-maximizing price exists (Cole and Rough-
garden (2014)) and the slope of the marginal revenue curve of the monopolist is negative.

4By objective knowledge, we mean that the actual distribution must be drawn from F” (Cerreia-Vioglio,
Maccheroni, Marinacci, and Montrucchio (2013)).
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the decision maker chooses an algorithm if the monopolist bears the complexity cost of
the learning algorithm (Rubinstein (1986)). A higher-order polynomial is more flexible in
fitting the unknown distribution function but requires estimating more coefficients. The
choice of the learning algorithm is determined by balancing its accuracy and complexity.”

Inspired by Hansen and Sargent (2007) and Rubinstein (1986), we consider an algorithm
game: the zero-sum normal form game between the decision maker and the nature, where
the monopolist selects an algorithm. The objective function of the monopolist is the
expected discounted average profit. Facing an adversarial nature under model uncertainty,
the monopolist could opt for a robust solution by choosing a maxmin algorithm that
maximizes his objective function under the most pessimistic conjecture.

Instead, we search for an € dominant algorithm that induces an e best response uni-
formly against any cumulative distribution function in F7 for a small ¢ > 0. Because the
monopolist must be committed to an algorithm before receiving any information about
nature’s move, it is sensible to search for an ¢ dominant algorithm that leads to an € best
response, independently of new information the monopolist might receive in the future.’

Hansen and Sargent (2007) noted that when the decision maker searches for a robust
decision rule that works well against a worst-case, the decision maker intends “to construct
a rule that will work well across a set of models.”” However, the gap between the robust
solution and the optimal solution depends on details of the problems such as the size
of the set of the feasible models satisfying the objective constraint. Unless we impose a
tight bound on the set of feasible models, the gap can be large, and the robust solution
could become degenerate and uninteresting.® In contrast, e dominance imposes an upper
bound for the gap between the optimal solution and the algorithm’s forecast uniformly
over the set of feasible distributions of the buyer. Our solution is robust in the sense that
the algorithm prescribes a solution uniformly within a small neighborhood of an optimal
solution of the actual distribution.”

Absent complexity costs, an existing proposal from Cole and Roughgarden (2014) iden-
tifies an € dominant algorithm that non-parametrically estimates the actual distribution of
the buyer’s valuation. We search for an € dominant algorithm while minimizing complexity
costs, which we show can be achieved by an algorithm that estimates two parameters of a
linear function.

5As the monopolist is exposed to non-parametric model misspecification, our exercise is related to Esponda
and Pouzo (2016), which introduces a formal framework for studying learning under misspecified models.
Nyarko (1991) is the first paper on the learning dynamics with misspecified models. Lanzani (2023)
examines the learning dynamics under model uncertainty where the decision maker is aware of possible
model misspecification. While misspecification is assumed in these papers, the misspecified model is derived
as a consequence of optimization in our paper.

OIf the monopolist does not discount the future payoff, we can set ¢ = 0. The monopolist needs to be more
patient for a small ¢ > 0.

"https://julia.quantecon.org/dynamic_programming/robustness.html

8For example, the robust solution in the monopolist’s optimization problem under model uncertainty is to
charge a price of zero unless the set of feasible distributions is tightly restricted.

9By the same token, the solution is robust against small changes in the attitude toward uncertainty (Bat-
tigalli, Francetich, Lanzani, and Marinacci (2019)). However, we focus on the case where the monopolist
is uncertainty-neutral.
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An extensive set of feasible algorithms combined with the lexicographic preference over
an algorithm’s accuracy and complexity cost makes it challenging to find a dominant
algorithm of the monopolist in the game against nature. Instead of searching directly
for a dominant algorithm, we translate the profit maximization problem into the problem
of forecasting the optimal price and quantity to invoke analytic tools developed in the
machine learning literature.

We develop a uniform learnability condition inspired by the PAC (Probabilistically
Almost Correct) criterion (Shalev-Shwartz and Ben-David (2014)). An algorithm A uni-
formly learns the optimal price for the unknown distribution of the buyer’s valuation if,
given p > 0 error bound and 1 — A > 0 confidence requirement, there is a positive integer
T(1, A) so that after T'(u, \) period, algorithm A produces a forecast that is within pu
neighborhood of the actual optimal strategy with probability 1 — A uniformly over the
set of admissible distribution functions.!’ Since we have a well-developed set of tools to
investigate the learnability of an algorithm (e.g., Evans and Honkapohja (2001)), it is
significantly easier to check uniform learnability than the dominance of an algorithm.

We show that if an algorithm uniformly learns F7, the algorithm is an ¢ dominant
strategy as long as the discount factor of the monopolist is close to 1. We construct a
recursive algorithm that forecasts the optimal price based on the estimated linear demand
curve and then show that the algorithm uniformly learns 7. We show that any algorithm
simpler than the constructed algorithm cannot be an ¢ dominant algorithm.

Given a distribution of the buyer’s valuation, we can construct the expected market de-
mand for each price the monopolist charges. If the actual cumulative distribution function
of the buyer’s valuation satisfies a mild regularity condition, the seller’s expected revenue
is “locally quadratic” around the optimal price. Suppose a pair of price and quantity is the
market outcome maximizing the expected profit for a given demand curve. We can find
a linear demand curve where the same pair of price and quantity is the profit-maximizing
outcome. Even though a linear demand curve might be a misspecified model of an actual
demand curve, a linear demand is sufficiently flexible to “explain” why a given pair of
price and quantity is an optimal outcome. The algorithm recursively estimates the linear
demand curve that best explains the market outcome. Our solution concept requires us to
show “uniform” convergence over F", strengthening the conventional learnability result
(e.g., Evans and Honkapohja (2001)).

The monopolist’s goal is to learn about the profit-maximizing price and the maximum
profit, not the demand curve itself.'' In our exercise, the choice of the model specification
for the distribution function is a part of the profit-maximizing decision of the monopolist.
If the monopolist bears the computational cost, the chosen specification should be the
simplest among those that approximately guarantee the profit-maximizing price. The
monopolist chooses a simpler model of demand to save computational costs. A misspecified
model would represent the seller’s procedural rationality (Osborne and Rubinstein (1998)).

00yr convergence criterion does not require the data-generating process to be i.i.d. and allows the data-
generating process to be endogenous.

e are aiming for adequate learning rather than complete learning (Aghion, Bolton, Harris, and Jullien
(1991)). Nevertheless, we require that the algorithm achieve adequate learning uniformly over the set of
distributions of the valuations.
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We depart from Cole and Roughgarden (2014) by considering the algorithm’s complex-
ity. An essential advantage of the non-parametric estimation technique is to avoid mis-
specification. The downside is that the non-parametric estimation algorithm is complex
because the estimator requires a possibly unbounded number of parameters to represent
a highly non-linear demand curve. If the monopolistic seller incurs the cost of storing the
estimator in memory, he will search for an algorithm that uses a simpler specification of
the demand curve.

A two-parameter specification is generally a misspecification of the actual cumulative
distribution function of buyer valuations. The convergence result of Easley and Kiefer
(1988) does not apply, as Easley and Kiefer (1988) required the true parameter to lie
within the support of the prior belief over the parameter set. Battigalli, Francetich,
Lanzani, and Marinacci (2019) obtained convergence to self-confirming equilibrium while
allowing the decision maker to entertain a misspecified model under a strong form of
consistency between the conjectured models and the true data generating process, which
we do not impose. Under the additional assumption of own action independence, they
also obtain convergence to the objectively optimal behavior.'?

While the details of our complexity measure differ, our work is in the spirit of Olea,
Ortoleva, Pai, and Prat (2022) in measuring the complexity of the forecasting rule. Nev-
ertheless, the nature of data-generating processes in our paper differs fundamentally from
Olea, Ortoleva, Pai, and Prat (2022), where the data-generating process is exogenous. By
contrast, the data-generating process in our model is endogenous, as the monopolist sets
the price, which determines the quantity of goods demanded. Endogeneity of the data-
generating process requires an approach that differs substantially from Olea, Ortoleva,
Pai, and Prat (2022) to investigate the learning dynamics.'® In Olea, Ortoleva, Pai, and
Prat (2022), an elaborate model edges out a simpler model as the decision maker observes
more data. In contrast, our monopolistic seller chooses a simple model even in the long
run.

The rest of the paper is organized as follows. In Section 2, we formally describe the
problem and state the main result. Section 3 constructs our algorithm, which is simplest
among all algorithms that uniformly learn the optimal strategy. Section 4 provides an
informal description of the proof of the main result while placing the formal proof in the
appendix. Section 5 describes applying the same methodology to a general optimization
problem.

2. DESCRIPTION

2.1. Demand. There are N buyers, each of whom is indexed by i € {1,..., N} and is
endowed with reservation value v; € [v,7] with ¥ > v > 0. Let F(v;) be the cumulative
distribution function of valuation of buyer i.'* We assume that v; and v; are independent
for all + # j. Given a price p, buyer i purchases one unit of the good if p < v;. If the seller

12We are grateful for an anonymous referee for the observation.

13Cho and Kasa (2015) allows the decision maker to select a particular model specification in response to the
validation process, subject to the endogenous data-generating process. While Cho and Kasa (2015) imposes
a finite set of feasible specifications, this paper admits a significantly more general set of specifications.
1ZlSymmetry is assumed only to simplify notation.
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charges p, the (normalized) aggregate demand is

N
1
q= N;Hm >p) and Eq=1-F(p).

Define
e2=q— (1 - F(p)), (2.1)
where Eeo = 0. Note that the aggregate demand ¢ is a random variable. We interpret
1—F(p) as the expected quantity of sales at a price p, which we call the (expected) demand
curve.
We assume the cumulative distribution function F' satisfies the increasing hazard rate
and Lipschitz continuity property:

e (Increasing Hazard Rate.) Define

f()

FO— {F | f = F' is continuous and 1_7]7(@)

is increasing in v € (v, v)} )
o (Lipschitz.) For all n > 0, define
Fr={Fer | v €, [fv) - f())] < nlo -}

as the collection of all feasible distributions over the buyer’s valuations.

The objective knowledge of the monopolist is that the actual cumulative distribution
function F' is an element of F".
For F € F", define b*(F) as

b*(F) = argmpaxp(l — F(p)). (2.2)

The optimization problem has a unique solution b*(F") thanks to the increasing hazard rate
property. We collect useful properties into the following lemma, whose proof is omitted.

Lemma 2.1. (1) ¥n >0, F" is (sequentially) compact.
(2) ¥n > 0, there exists a compact set K in the interior of R? so that VF € F",
(b*(F),1 -= F(*(F))) € K.
(3) Ifn <1, then F1 C F7 . Up>0F" is a dense subset of FO.

2.2. Underspecification. Departing from the classic framework of Myerson (1981), we
endow the monopolist with objective knowledge that the actual distribution F' is an el-
ement of F" instead of a subjective belief over the buyer’s value implied by some fixed
distribution. In particular, the monopolist is not endowed with knowledge about the ac-
tual distribution F' itself, or a prior probability distribution over F"7. Since F" is not a
singleton, the seller’s model about the distribution of buyer’s valuations is underspecified.

2.3. Seller’s Problem. The monopolist learns the expected profit-maximizing price of
the actual distribution F' from the data. To incorporate the learning process by the mo-
nopolist, we consider a dynamic version of the static model, where the long-run monopolist
seller faces a sequence of short-run buyers with IID draws of their valuations in each period.

Time is discrete: ¢ = 1,2,3,.... In each period, N buyers enter the market, each
endowed with reservation value v; ; drawn independently over time according to cumulative
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distribution function F. Let vy = (vig,...,uny) be a profile of valuations of buyers in
period t.

Let I' be the game that the monopolist and N consumers play in each period. We admit
any monopoly market trading protocol where the monopolist charges a single delivery price
and can observe the quantity at the end of the one-period game TI'.

Assumption 2.2. Let (p;,q:) be the pair of price and quantity in period t > 1, where
q: 18 the number of goods sold at the price p;. At the end of the one-period game I', the
monopolist observes a pair (pt,qt) of the price and the realized demand in period t.

In period ¢, a buyer with valuation v;; obtains payoff v;; — p; if he accepts p;, and
otherwise, 0. At the end of period ¢, the buyer leaves the market and never returns. Thus,
it is optimal for a v;; buyer to purchase the good at p; if v;; —p; > 0. We assume that
every buyer follows the same decision rule.

2.4. Data. From F', we can construct the expected aggregate demand curve as 1 — F(p)
for p € [v,7]. The monopolist lacks a full description of the demand curve and has to
estimate the aggregate demand based on the history of outcomes. The details of the one-
period game I' profoundly influence the statistical procedure that the monopolist uses to
learn about the optimal price.

Let us illustrate two examples of possible one-period game I". Both games are based on
the same monopoly market but generate substantially different outcomes ex-post.

Example 2.3. Suppose that T'cp, is the “textbook” static monopoly market (also known
as the posted price mechanism). At the beginning of period t, the monopolist estimates
the expected demand curve by Qt_l(p) where p is the price. The monopolist chooses py,
satisfying
pQi-1(pt) = pQi-1(p)  Vp=>0.

If pr < iy, buyer i purchases one unit of goods. If py > v; s, buyer i rejects this offer. Let
g be the actual number of buyers who purchase the good in period t. All buyers in period
t leave the game and never return. Since the buyer’s valuation is drawn each period, g
is a random wvariable. Using (pt,qt), the monopolist updates th to Qt according to a
forecasting rule A, for example, by minimizing the mean squared forecasting errors of the
quantity.

In Example 2.3, the seller observes only the actual sales amount in period ¢ (¢;) and
remembers the price p; he charges. Thus, the outcome at the end of period ¢ is (p, qt),
which is also the data that forecasting rule A uses to calculate Q.

Example 2.4. Suppose that U'cg is the revelation game (Cole and Roughgarden (2014))
of the monopoly market game in Example 2.3. At the beginning of period t, the monopolist
has the estimated aggregate distribution Fy 4 of buyers’ valuations based on data available
at the end of period t —1. The monopolist chooses p; that mazimizes the estimated expected
profit:
pe(1 = Fiei(p)) 2 p(1 — Fiea(p))  Vp >0,

The monopolist asks each buyer to report his type. Let v;; be the reported valuation of
buyer i in period t. The monopolist observes (01, ...,0n4+). If pr < Uiy, buyer i receives
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one unit of goods, paying p;. Otherwise, buyer i does mot receive the goods, paying 0. Let
q¢ be the actual number of buyers who purchase the good in period t. All buyers in period
t leave the game and never return. The monopolist’s payoff in period t is pq;.

The monopolist uses the following algorithm to update Ft,l, which we call Acr.'® The
monopolist randomly samples K(< N) elements from {014,...,0n+} and constructs an
empirical distribution F) from K samples of reported types. The monopolist updates the
estimated aggregate distribution according to

Bi(v) = B (v) + % (A) ~ Bia) v (2.3)

Example 2.4 highlights the difference between an outcome of the one-period game I'cr
and the data for an algorithm Acg. By the nature of the revelation game, the monopolist
observes

O = (0145, ONts DEs Gt) (2.4)
in period t. Forecasting rule Acgr uses only K(< N) elements from (01,...,0n4) to
update the estimated aggregate distribution F,_; to F}, while ignoring (p¢, ¢). Thus, the
data for Agpg is

Dt = (’IA}il’t, . ,’IA}Z'K’t)
which is a part of the statistical procedure, while the outcome (2.4) is a primitive of I'cg.

2.5. Algorithms. The outcome O, in period t is what a player can observe at the end of

period t. We regard Oy as an array of elements as in (2.4). Define dim O, as the number

of elements in Oy. Let Oy = (Oq,...,0;_1) be the history at the beginning of period ¢.

Define O as the collection of all histories, whose generic element is @; for some t > 1.'6
An algorithm is a mapping from a history of outcomes to the forecast:

A: 0O —= F1,

An algorithm is referred to as a statistical procedure or a forecasting rule.

By data, we mean the subset of the outcome that the statistical procedure uses as inputs
of an algorithm. Let D; be the data in period t, which is a “sub-array” of an outcome O,
in period t. Let dim D; be the number of components in D;. Being a “sub-array” of Oy,

The decision-maker can ignore some elements in the outcome, as in Example 2.4. In
Example 2.3, dim D; = 2 and in Example 2.4, dim Dy = K. Define Dy = (D1,...,Di_1)
and D as the collection of all feasible D; for all ¢ > 1, which we call the data structure of
an algorithm.

Definition 2.5. A is a recursive algorithm if there exists a function ® and a sequence of
states {4 }1>1 such that
A(Or41)
=& (A(Oy), Dy, 2
40 -etaen
where Oy is obtained by concatenating Oy to Oy and 4 is any state in period t used by
the algorithm, but not a part of the forecast, which can be a function of Oy.

15 A is the recursive version of the algorithm used in Cole and Roughgarden (2014) designed for the
revelation game.
1614 is a private history of the monopolist, as O; can include variables only the monopolist can observe.
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We require updating the internal state variable €; according to the fixed function ®.
Let dim €; be the number of elements in 2, treating €); as an array of variables.

By setting the image of A(O;) to be any probability distribution of the buyer’s valuation
and ; = O, we can represent any forecasting rule of the monopolist as a recursive
algorithm. To have a “workable” recursive algorithm, we need to restrict A(O;) to a low
dimensional family of probability distributions over buyer’s valuation while restricting €2,
to a lower dimensional state. This restriction captures the bounded rationality of the
monopolist, who economizes the computational resources by simplifying the forecasting
procedure while trying to maximize the expected profit.'”

To easily quantify the complexity of an algorithm, we opt for a parametric family of
specifications widely used in practice but also sufficiently general to approximate a large
class of functions. By a polynomial, we mean a real-valued function F from [v, 7] to [0, 1]
where there exists {£;}°, such that

Flv)=>_ g’ (2.5)
=0

By an ¢-th order polynomial, we mean (2.5) satisfying that for all ¢ > £+ 1, 8; = 0 so that
(2.5) can be written as

0
F(v)=)_Biv'. (2.6)
=0

Let X* be the collection of all /-th order polynomials. Under our definition, if ¢ < ¢, then
X! c X, Define

St = F1n X°.
as the collection of cumulative distribution functions in F" that can be represented as an
(-th order polynomial. Clearly, if £ < ¢/, S* ¢ S¥. Define

SN = F1 \ UZZOXK

as the collection of elements in F" that cannot be represented by an ¢-th order polynomial
for any finite ¢, requiring infinitely many coefficients to represent the function.'®
A forecasting rule is
A: 0 — F. (2.7)
Define dim A(QO;) as the number of coefficients that have to be estimated, and A(O;)(v)
as the value of the estimated cumulative distribution function at v € [v,7]. Recall that
Stn < F' for any non-negative integer £. If A : O — 8% A can be considered a

17Sargent (1993) treats such a restriction as an exogenous constraint of the computational capability of
a decision maker. Rubinstein (1986) and Osborne and Rubinstein (1998) treat the same restriction as a
choice of the monopolist who bears the computational cost. As a part of optimization, the monopolist
tries to reduce the computational cost, even though he is capable of much more complex calculations. This
paper generally follows the view of Osborne and Rubinstein (1998).

18The Stone Weierstrass Theorem (Theorem 7.26, Rudin (1976)) implies that any F € F” can be ap-
proximated by a uniformly convergent sequence of polynomials. Even though F' € F" can be uniformly
approximated by an ¢-th order polynomial, we do not assume that f = F’ is also uniformly approximated
by the derivative of the /-th order polynomial. Since the optimal solution depends on f = F’, the uniform
convergence to F' € F" does not guarantee convergence of the optimal solution.
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parametric forecasting rule, and if A : O — §°7 it can be called a non-parametric
forecasting rule.

Definition 2.6. A is the set of all recursive forecasting rules.

Based on the estimated distribution function A4(0;) following history O, the estimated
expected demand at p € [v,7] is

1— A(O:)(p). (2.8)
Define
#p(A(Or)) = argmax p (1—A(0)(p)) (2.9)

as the optimal price for the estimated demand curve (2.8) and
pq(A(Or)) =1 = A(On)(pp(A(Or)))

as the expected quantity at the optimal price for the estimated demand curve A(O;). Let
P(A(O1)) = (£p(A(Or)), 04 (A(O1))) (2.10)

be the pair of the point estimate of the optimal price and the expected demand at the
estimated optimal price generated by A conditioned on history O;.

2.6. Behavior Rule. We focus on a simple behavior rule of the monopolist in response
to forecast A(QO;). The actual price p; in period ¢ is

pe = ¢p(A(Or)) + €1t (2.11)
where €1 is a white noise with a small variance a% > 0. Quantity ¢; in period t is
q=1—F(p) + et (2.12)

Since €2 = q; — Eq, Eeay = 0 but ez is not i.i.d. random variable since its distribution
is affected by (g¢, pt).

For example, if the algorithm forecasts the distribution function of the buyer’s valuations
is a uniform distribution, the resulting demand curve is a linear function with coefficient
(BO,tuBI,t) so that for all pe [Q, @]7

_ Bog
2051

The actual distribution function of the buyer’s valuations is unknown but fixed, and so
is the actual expected demand curve. A natural way to measure the forecasting error
would be to compare (2.10) to the optimal outcome (b*(F'),1— F(b*(F"))) associated with
the actual expected demand curve 1 — F'(p), where b*(F') is the (static) profit-maximizing
price against the (unknown) actual expected demand curve 1 — F'(p).

The monopolist mostly follows the recommendation ¢,(A(O;)) of the algorithm but
experiments a little to learn more about the demand curve. Combining the algorithm and
the behavior rule, we have a mapping from a history O, at period ¢ to an action (i.e.,
price) in period ¢, following any history. As we fix the behavior rule as (2.11), we regard
A as a strategy of the long-run monopolist.

and o, (A(0) = 0.

1 — A(O)(p) = Bos + Brp, op(A(Oy)) =
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2.7. Complexity Measure. We measure the complexity of an algorithm by considering
three components: the number of parameters in the forecast of the algorithm, the number
of components of data used, and the number of state variables the algorithm has to update
internally to produce a forecast.'” Since A is a recursive algorithm, the input of A in period

tis (A(Oy), Dy, ). Define
dim(A(Oy), Dy, ) = dim(A(Oy)) + dim(Dy) + dim(€2;)

as the number of variables the algorithm needs to process in period . Our complexity
measure focuses on the state space size necessary for the algorithm’s operation in each
period t.

Definition 2.7. The complezity of A is
comp(A) = sup dim(A(Oy), Dy, Q).

t>1
2.8. Algorithm Game. To formalize how the monopolist chooses an algorithm, we for-
mulate the monopolist’s decision problem as a zero-sum game between the monopolist
and nature, called the algorithm game. The monopolist’s strategy space is A as defined in
Definition 2.6. Nature’s strategy space is F. After (A, F') € A x F" is selected, the con-
tinuation game is played between the algorithm and the sequence of short-run consumers
as in the machine game in Rubinstein (1986).%

Conditioned on (A, F') € A x F", the algorithm generates an estimated cumulative
distribution function A(Oy) for all O;. The monopolist calculates ¢,(A(O;)) according to
(2.9) and charges p; = ¢,(A(O;)) + €1+ The actual demand is ¢ = 1 — F(p;) + e2¢. Let
(pt, q¢) be the realized outcome at the end of period ¢, and write

U(A(Or), F) = peat

as the realized payoff of the monopolist in period ¢.
Define the expected discounted average payoff from (A, F) as®!

V(A, F) Zu F)st.

The monopolist’s preference over (A, F7) is the lexicographic ordering over the robustness
and the complexity cost. To highlight the impact of the complexity cost, we choose
the lexicographic preference over the average payoff and the complexity of an algorithm so
that the importance of the complexity cost is secondary to the long-run average discounted
payoff.

Given a subjective probability measure p over F", define the set of best responses as

B(p) = arg max/ V(A, F)du(F).
AeA JpeFn

9T his type of complexity measure is consistent with the complexity measure for a neural network (cf.
Rumelhart, McClelland, and the PDP Research Group (1986), Wasserman (1989) and Weisbuch (1990)).
201f nature’s strategy space consists of a single distribution F' € F", our model is reduced to Myerson
(1981).

2lThe expected utility representation of the preference is based on Cerreia-Vioglio, Maccheroni, Marinacci,
and Montrucchio (2013). The players are assumed to be uncertainty-neutral.
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Define
B=(B(n)
“w

as the set of dominant algorithms. The monopolist selects the simplest dominant algorithm

A € arg min comp.A.
AeB

For a small € > 0, define the set of € best responses as

V(A, F)du(F) > /

FeFn FeFn

BWQ:{AEA\ wijmm—evweA}

Define the set of ¢ dominant algorithms as
B =B (n)
“w

and a simplest € dominant algorithm as

A" € arg min compA.
AeB*

We state the main result of the paper. Recall that if A3 : O — F" is an algorithm,
©(Ad(Or)) = (pp(Aa(Or)), g (Aa(Or))) € R? is the forecast of the algorithm conditioned
on history Oy, where the first component ¢, (A4(O;)) is the forecast price, and the second
component ¢,(Aq(O;)) is the forecast expected quantity.

Theorem 2.8. (1) Y > 0, YA > 0, we can construct
Ay O — St

where dim(Aq(Oy)) = dim(Dy) = 2 YVt > 1 so that comp Ay =4 and 3T (u, \) such
that

P (3t > T(p, N),

P(Aa(0) — (V" (F),1 = F(b"(F)))| > 4u) <X VF e F"

where

1 1\ «0-w) 1
T(p,\)=0| — <log ) log — 2.13
(1.0 =0 | =5 (log - S (213)

forw e (0,1).
(2) If the monopolist discounts future payoffs, 30 € (0,1) such that V6 € (3,1), Aqg is
an € dominant algorithm so that

sup [b*(F)(1 — F(b*(F))) = V(A F)| <e.
FeFn

(3) If A: O — S is a simplest algorithm, then £ > 1.
Proof. See Appendix A. d
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The uniformity of T'(u, A\) over F7 is the substance of the first part of the theorem,
which proves the existence of an algorithm with complexity measure 4 that can forecast
the optimal price and expected demand accurately with high confidence by T'(u, A) periods
uniformly over F'.

The second part of the theorem shows that the constructed algorithm Ay is an € domi-
nant algorithm. Since Ay accurately forecasts the optimal price and quantity in the limit,
for all p > 0,

Jim P (|EU(A4(Oy), F) = b*(F)(1 = b*(F))| < p) = 1. (2.14)

Suppose the monopolist discounts the future payoff, but the discount factor § € (0,1) is
sufficiently close to 1. The expected discounted average payoff is close to the maximum
profit for an actual cumulative distribution function F' € F". The first part of the theorem
says that by T'(u, \) period, the algorithm’s forecast is within a small neighborhood of the
optimal price and quantity with a probability close to 1 uniformly over F". Thus, we can
choose § uniformly over F7 so that for all § > J, the discounted average expected payoff
is within e neighborhood of the maximum profit for any F € F7.

The last part of Theorem 2.8 says that the algorithm Ay is a simplest € dominant
algorithm. If £ = 1, then F € S is a uniform distribution that can be parameterized by
two numbers. Since the expected demand generated by the uniform distribution function
is a linear function, we can estimate the demand function by the slope and the intercept
of the linear function. We need at least 2 observations in each period to estimate the
two parameters, such as the pair (p, q;) of price and quantity. Thus, the algorithm’s
complexity is at least 4 if £ = 1. Ay has a complexity of 4, implying that it is one of the
simplest € dominant algorithms.

3. CONSTRUCTION

We now construct a recursive algorithm
.Ad 0= S Ln

with dim(Ag(O¢—1)) = dim(D;) = 2 and dim(2;) = 0 for all ¢ > 1 that satisfies Theorem
2.8.

Ag uses price and quantity as data. Dy = (q¢, p¢) is the pair of actual sales amount ¢, and
the price p; charged in period ¢. Recall that ¢; is a random variable with Eq; = 1 — F(py).
We can write

qt = 1-— F(pt) + 62,t- (315)
Eez; = 0 and Ee%,t < oo uniformly. Let

Ot = (01, .. 7Ot—1)

be the history at the beginning of period t. The monopolist assumes that the valuation
is drawn from a uniform distribution so that the aggregate demand is a linear function in
St

q=Po+ bip
and estimates (8o, 51). We write the estimator of (8o, 51) at the end of period ¢ as
(Bo.ts Bu,t)-
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Since F' € F", the optimal solution b*(F') must generate a positive profit. Thanks to the
uniform bound 7, there exists a compact set K in the interior of R? such that b*(F) € K
for all I € F". Thus, (8o, 1) must be such that the optimal price and the expected
quantity under the linear demand curve parameterized by (fp, $1) must be contained in
K.

Note that for all F' € F7, there exists * = (5, 8]) such that

1—-F@b"(F)) = % and b*(F) = —2566}
or equivalently,
Bs=2(1—F@O*(F)) and £} = —W (3.16)

To emphasize that 8* = (53, 57) is conditioned on F', we often write 5*(F') = (55(F), f1(F))
instead of 5*.

Since the pair (b*(F'),1 — F(b*(F))) of the optimal price and the expected demand at
the optimal price is in K, there exists a compact set B C (0, 00) x (—00,0) C R? such that
(Bo, B1) € B if the linear demand can support an actual optimal outcome. If (B, 51) € B,
then the monopolist can conclude that the estimated demand is wrong, based on what the
monopolist knows.

Let Hg C S'7" be the collection of the uniform distributions generating the linear
expected demand curves, supporting the market outcomes in K: for all F' € F", there
exists (Bo, 1) satisfying (3.16). The monopolistic seller recursively estimates (3, 81) using
(a sort of) the least square estimation method while choosing the pricing rule based on
the estimated linear demand curve.?? Let (Bot—1,P1t—1) be the estimator at the end of
period t — 1. Given the estimated demand curve

q = Bot-1+ Brt-1p, (3.17)
the monopolist calculates the optimal price
Bot—1
by = ——" = o, (Ag(O
' 2B14-1 " (Aa(00)
but experiments with the market price by adding €; ; so that the actual price in period ¢
is
Bot—1
Dt=—o + €1t
261,6-1

where €1, is i.i.d. with Ee;; = 0 and Ee%t = 0’%. To be concrete, we choose €1, from a

uniform distribution over [—€,€].>* We regard € as the size of exploration by the decision
maker.
The algorithm forecasts the expected demand

Bo,t

Pq (-Ad(ot)) ~ 9

22The difference from the “orthodox” least square is R;—1 in (3.19).
23The details of the distribution of €1, do not affect the paper’s main conclusion, as long as €1,; has the
second moment o2 < co.
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Based on the estimated linear demand (3.17), the monopolist forecasts that the sales
quantity will be

_ bBoi

Bo,t—1 + Bii—1 T + ey 5 T B1i—1€1
but the actual demand in period ¢ is
Boi—1
qg=1—F|—->—+e€e | +e
28141
Thus, the forecasting error is
Bot—1 Bot—1
d(Bi—1,6) =1—F | ———+ €1+ | + €2+t — — Bli—1€1
2061,6—1 2

where 81 = (Bo,i—1,B1,—1) and € = (€14, €2).

Since the actual demand must be in the closed interval [0, 1], we first take care of the
cases of “corner solution” before moving to “interior solution.” If actual quantity ¢; is at
the boundary of [0, 1], we directly update (8ot—1,51,4—1)-

Fix a; > 0. If ¢ = 0, then the algorithm concludes that the forecast price was too high
and adjusts accordingly:

Bot = Boj—1 —a¢r and By = B1-1 <0

so that 5 5
_ a a
00 _ Pora o, @
20814 2814-1  2B14-1 28141

b1 =— < by,

Similarly, if ¢, = 1,
Bot = Bot—1+ar and By =141 <0

so that .
brs1 = by — 52— > bi.
t+1 ¢ i > by
If 0 < ¢ <1, then
Bo.t Bo,t—1 _1 1
7 ’ R - -1 3.18
[Bl,t B1,t-1 tacky _2%01»%4_61’15 d(B—1,€) ( )
where
1 _ Bogt—1
2B1,t—1

Ry = (3.19)

2
_ Bo,t—1 _ Bopt—1 2
2B1,6—1 2B1,6—1 o1
Since the monopolist designs the size of the experiments, the variance a% of €1 is a known

parameter.’* Since a; > 0 controls the amount of change of the estimator 3; — f;_1, we
call a; > 0 the gain function.

24The covariance matrix R:_1 is known to the seller because the seller knows the mean and the variance of
the price in period t. Therefore, the algorithm has to keep track of 2 estimators: So,¢, 81,:. The algorithm
differs from the recursive least square estimation algorithm, where the independent variable’s mean and
variance (i.e., price) must be estimated. The recursive least square estimation algorithm has to keep track
of 4 estimators: [o,¢, 51,: along with the prices’ mean and variance.
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We need to impose a bound on (5o, 51,¢+) to keep the estimator within a compact set.
Let B be a compact convex set that contains B in the interior of B so that the Hausdorff
distance between B and B is positive. If (8o, 81,+) & B, then the seller can conclude that
the estimator is out of the line and needs to adjust the estimator by pushing it back to
8.25

We modify the baseline updating scheme to construct the formal updating scheme for

(/Bo,tvlﬁl,t):
pe = | G(Br-1.€t) (3.20)
Bre|  |Bri— E-1 —2%){%_‘_617]5 -1, €t :

if the right-hand side is in B. Otherwise, (5o, 51,t) = (Bo, B1) € B for some fixed (5o, 1)
in the interior of B. To simplify notation, we write

Vi1 = (Bi-1,6) = Ry Y d(Bi—1,€t)- (3.21)

Bo,t—1
2B1,t—1 Tent

Treating the estimated demand curve

q = Bot—1+ Pri—1p

as the actual demand curve, the seller sets the price

Given p;, the quantity in period ¢
@ =1—F(pt) + ezt
is realized. Using (g, pt), the seller updates (5o.¢t—1,51,t—1) to (Bot, B1,t). We choose
1
(t+to)~

for some t9p > 0 and w € (0,1). We choose ¢y to meet the accuracy and confidence
requirement. We must choose w < 1 to satisfy the data complexity requirement on T'(p, \).

Let Ay be the recursive algorithm with decreasing gain function a; > 0 for all t > 1.
The output of Ay is the estimated expected demand:

1—Ai(O)(p) = Por+ Bitp  Vp € [v,T].

From A,, we can derive forecasts about the optimal price and the expected demand

ay = (3.22)

281417 2

Let Dy = (q¢,pt) be the data in period t. The constructed algorithm is recursive:
Aq(O) = p; is the output of the algorithm based on D; and Agz(O;—1). The input
complexity

(ep(Aa(Or)), q(Aa(Or))) = (—BO’H 5‘”*) (3.23)

dim(Ad(Otfl)) = 2 and dim(thl) =2 Vit > 1,

25This mapping is known as the projection facility in the literature of the stochastic approximation (Kush-
ner and Yin (1997)).
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and dim(€;) = 0, since the algorithm does not track any internal state variables. Thus,
comp(Ay) = 4.

4. HEURISTICS

We are interested in the asymptotic properties of the right tail {3;}2, of the sample
path of 3; from tx where tx — 0o as K — oo. Using the recursive nature of the algorithm,
we can write

ttg
Brstre = B = Y astbs
s=tx
where 1) is defined in (3.21), which implies
t+ti t+ty t+ti
Britre = Bix = Y asthe = Y @B 1ths+ Y as(ths — Eo1ths)  (4.24)
s=tx s=tg s=ti

where 15 is defined in (3.21). Our proof will analyze this expression in detail. Define

gs = ¢s - ]Esflws (425)

which is a martingale difference. Under our assumptions, £ is bounded.

4.1. Tracking the Mean. Following the same analytic method as in conventional learn-
ing models (Evans and Honkapohja (2001)), we can show convergence “pointwise” for F,
allowing the amount of data needed to achieve the desired level of accuracy to depend on
F. We examine the first term in (4.24) in the limit:

t+ti

i ! Z asEs—lws (426)

s=tg Gs s=tg

lim lim
K—oot—00

with By, = 3. Following the stochastic approximation technique (Kushner and Yin
(1997)),%° the evolution of B¢y, — B¢ can be approximated by the trajectory of
B=E[v:|be=0].

To derive the formula for the right-hand side, note that our algorithm is a simplified
version of the least square estimation algorithm. Let us fix (Bo¢, f1c) = (Bo,51) = B
and calculate the expected value of the estimator in the “next period” if the monopolist
chooses the estimator to minimize the forecasting error. Given (S, 81), the next period’s
quantity ¢’ and price p’ are

W, q) = (b+e€,1—F(b+e) with probability 0.5
Py = (b —¢1—-F (- e)) with probability 0.5.
where
_ B

b=
21

(4.27)

26The same method is widely used in the conventional learning literature (e.g., Marcet and Sargent (1989),
Evans and Honkapohja (2001)).



18 IN-KOO CHO AND JONATHAN LIBGOBER

is the best response recommended by the algorithm. To fit the observed data best, the mo-
nopolist chooses, on average, the new coefficients (/3), 51) passing through (b +e1—-F(b+
and (b—€,1— F(b—¢)). A simple calculation shows

By = 1=F(b)+0bf(d)

B = —f()
modulo linear approximation error at the order of 0. We choose € (or the size of o%)
to meet the accuracy requirement. Results from stochastic approximation theory?’ shows

that the asymptotic properties of the mean of (8o, 1) are dictated by the dynamic
properties of the associated ordinary differential equation (ODE)

Bo = By—Bo=1—F(b)+bf(b)— o (4.28)
B = Bl—pB=—f(b)— B

Since (4.27) holds in every period, we take the time derivative on both sides of the equality
to have

. 1 /. i
b= 55 (51 + 2660) .
After substituting 51 and Sy by (4.28), we have
f(b) [1 — F(b) ]
=—"—2|———F>=—-b]. 4.29
2, | 70 (429
Since the demand curve 1 — F(p) is strictly decreasing, 51 < 0. Thus, —% > 0. The

term inside the bracket has a unique solution b*(F'), the profit-maximizing price for (ac-
tual) distribution F. By the increasing hazard rate property, the term in the bracket is
strictly decreasing for b, which makes b*(F’) a stable stationary solution of (4.29). The
stochastic approximation implies that the least square learning algorithm converges to
b*(F') (Kushner and Yin (1997)).

4.2. Uniform Convergence. We must do additional work to prove uniform convergence
over F. We must verify that we can choose a uniform bound for the number of ob-
servations to achieve the desired level of accuracy and that the required number of ob-
servations increases at a polynomial rate as the accuracy requirement tightens. Since
PO (F) ey — g,

F(o*(F))
l—F(b)_ :1—F(b)_ B l—F(b*(F))_ .
OO < G (F)> |

By the increasing hazard rate property,

1-F®) , (1=FO(F) . (b
O < o () b(”)S (b=5"(F))

if b > b*(F), in which case we can show that there exists ¢ > 0 such that?®
b< —c(b—b*(F)) <O0.

27See Kushner and Yin (1997) for details.
281f we make a stronger assumption that inf, f(p) > 0 uniformly, the proof is straightforward.
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Similarly, if b < b*(F'), then
b> —c(b—b*(F)) >0
for any F' € F".

Since b*(F) < [v,7] for all F € F", the initial condition of the ordinary differential
equation can be selected from a compact set. The distance |b— b*(F))| vanishes uniformly
at the order of e™". Note that the right hand side of (4.26) determines how “quickly”
|b — b*(F'))| can vanish. If we choose smaller as > 0, it takes more observations to move
b to b*(F). In particular, the number of data points increases exponentially if as ~ %,
as in most conventional least square learning algorithms. We need as to be larger than
1/s so that the required amount of data increases at a polynomial rate while ensuring
convergence with probability 1. To this end, we choose as ~ 1/s* where 0 < w < 1
(Dupuis and Kushner (1989)).

It might not be obvious where we use the assumption that the density function f = F” is
uniformly Lipschitz continuous. We can prove “pointwise” convergence to b*(F') using only
the continuity of density function f = F’ combined with the projection facility. However,
the number of time steps necessary for (4.29) to converge to a small neighborhood of
b*(F') depends upon the speed of b converging to b*(F'), which in turn depends on f = F”.

M‘, becomes larger, we need more data to

i ‘ p—p

approximate the sample path of b; by the trajectory of the ordinary differential equation
(4.29). In order to prove uniform convergence, we must ensure that (4.29) approximates
the sample path accurately uniformly over F". If the rate of change of the density function
f = F’ is uniformly bounded, we can find a uniform bound on the amount of data that

guarantees the desired level of accuracy of the approximation.?’

As the rate of changes of f, sup,

4.3. Confidence Bound. To calculate the uniform confidence bound, we need to examine

the distribution of
t+t

D ags (4.30)
S:tK
where & is defined as (4.25). To simplify notation, let us assume for a moment tx = 0.
To satisfy the uniform confidence requirement, we need to find p > 0 such that

1 t+tK
P 3t>Tk, it Z asls| > p | < e FTx

ZSth as s=tx

holds uniformly for F' € F". This part of the exercise calculates the tail portion of the
probability distribution of (4.30). For a fixed F, the existence of p > 0 can be proved
by the large deviation properties (Dembo and Zeitouni (1998)) of a recursive algorithm
(Dupuis and Kushner (1989)). Our exercise is more challenging because we are searching
for p > 0 uniformly over the set of feasible distributions.

The algorithm of Cole and Roughgarden (2014) uses the buyers’ valuation, drawn in-
dependently from the same distribution. In that case, we could invoke the large deviation
property of the IID sample average, such as Hoeffding’s inequality, to prove that the tail
probability vanishes at the exponential rate uniformly over F".

29Gee Section A.4.
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Our algorithm uses (g, pt), which is not IID (or even a martingale). The data-generating
process is endogenous, making the stochastic process (g, p;) non-stationary. As a result, &
is not IID but a bounded martingale difference. We need the full power of the concentration
theorem to invoke the Azuma-Hoeffding-Bennett inequality (Dembo and Zeitouni (1998))
to calculate the uniform exponential rate for all feasible distributions of buyer’s valuation,*"
which proves that our algorithm is efficient (Shalev-Shwartz and Ben-David (2014)).

5. CONCLUDING REMARKS

The basic idea of our analysis is to approximate locally a general concave objective
function by a quadratic function. The linear quadratic approximation has been widely
used in macroeconomics literature (e.g., Benigno and Woodford (2012)) to solve a broad
class of optimization problems. Our innovation over the existing literature is to find a
mild condition under which the decision maker can find the optimal solution even if he
has only imprecise objective knowledge about the objective function. If so, we construct
a simplest algorithm to find the optimal solution with a reasonable amount of data. We
can identify the key restrictions to show how to apply our analytic method to a general
problem.

Let us illustrate a simple generic optimization problem where the decision maker has to
choose an optimal solution p¢ from a convex compact subset of R, possibly in a randomized
fashion. Define

Yv:KxX—=>R

as the outcome function of interest where X is the state space endowed with a probability
distribution. The decision maker can observe the realized value of 1 (p,x) ex-post but
does not know the functional form of . In the monopoly problem, v is determined by
the demand curve, and W is the profit function. In a dynamic macroeconomic model, ¥
can be a state transition rule in equilibrium (Marimon and Scott (1999)).

The goal of the decision-maker is to find an optimal solution p® that solves

I;lgEW(lb(p)?p)-

We assume that W and 1 are smooth functions to invoke the first-order analysis. We
often impose additional conditions to ensure the existence of a unique interior solution.

(1) 3¢ € K such that the first-order condition holds.

EWﬂl),(be) + Wy =0 (5.31)
(2) At b, the second order condition holds with a strict inequality.
EW11(¢/)2 + Wl’l/}” + ng(’l// +1)<0 (5.32)

We use the virtual utility function (Myerson (1981)) to write down the first-order condition
in a static monopoly problem. In a dynamic problem, (5.31) appears as the Euler equation
(Marimon and Scott (1999)). If (5.31) and (5.32) hold, we say that the first-order approach
is valid.

30Fudenberg, Lanzani, and Strack (2023) obtained the uniform upper bound of the confidence in the
Bayesian learning dynamics where the data generating process is exogenous. In our case, the data gener-
ating process is endogenous.
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Let us write the optimal solution

b(y) = arg max EW (4 (p), p)-

obtained by solving (5.31). The increasing hazard rate property of the distribution of
buyer’s valuation is a classic condition to satisfy (5.31) and (5.32). Suppose W is the
value function in a dynamic optimization problem. In that case, we have conditions under
which the optimal solution can be derived from the Euler equation corresponding to (5.31).
However, the details of the conditions are specific to the problems at hand.

The decision maker knows W, but a complete specification of outcome function
is unknown to the decision maker. Because v is generally non-linear, its calculation is
challenging. Because the data-generating process is endogenous, we cannot use the law of
large numbers to infer 1.

The monopolist in our exercise behaves like a computational economist. We often
replace ¢ with more computationally manageable functions (called base functions) such as
polynomials, although the selection of function classes is tailored to the specific task. The
fundamental difference is that the choice of base functions in our exercise is potentially
endogenously determined by the sequence of outcomes rather than exogenously by the
modeler. The remaining question concerns the conditions under which the decision maker
can learn (or calculate) v to learn the equilibrium outcome. For illustration, let S* be the
collection of ¢-st order polynomial. Let 8 = (fy,...,S¢) be the coefficients of a function
in S°.

Let ¥ be the set of all outcome functions that satisfy (5.31) and (5.32) that validate
the first-order approach. Similarly, for all @ > 0, define ¥® as a subset of ¥ where for all
1 € U® satisfies a stronger form of (5.32)

EWi(¢)? + Wiy” + Wis(¥/ +1) < —a (5.33)

called « regularity following Cole and Roughgarden (2014).

The decision maker chooses a manageable class of functions for i to calculate the
optimal choice. Since the decision maker knows W, he can verify whether S¢ N ¥® #£ (.
The choice of ¥® must satisfy two conditions. Let fg(p) be a generic element of Stnwe
and B = (Bo, ..., B is a profile of coefficients.

Definition 5.1. If S* N U #£ 0, we say that S* validates the first-order approach. Let
b(fs) = argmax EW (f5(p, x),p)
peEK

be the optimal decision induced by fg. If for allb(1), 3fs € S*NY* such that b(v) = b(f5),
we say that S* emulates the true outcome function.

Define ¢* as the smallest integer where S*° validates the first-order approach and em-
ulates the true outcome function. Since the decision maker only knows ¢ € W, he has to
find the “correct” 3 satisfying b(1)) = b(fz). We are searching for a condition on S*" and
an algorithm that leads to the “correct” S.

Suppose that fg satisfies the following condition:

Op(p) _ 0fs(p)

Vi € U35 € ST N, U(p) = fo(p) and == = =5 = (5.34)
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That is, fg is sufficiently flexible to match the 0-th and 1-st derivatives of ¢ (p). If ¥ is a
demand curve, a linear demand curve can match the actual demand and the slope at p.
If 9 is a deterministic function, having a smooth function with two parameters to match
the first two derivatives of 1 (p) suffices.

Let B;—1 be the least square estimator at the beginning of period ¢. The decision-maker
solves

bt(fﬁt—l) = arg rp}leai?EW(fﬂt—1 (p),p)

and chooses

pe =be(fp,_,) + e
where ¢; is an i.i.d. white noise with small variance, added to allow the decision maker
to experiment. The outcome at the end of period ¢ includes (p;, ¥ (p;)), which is used to
update B;_1 to B; solving

min > Z — fa(pk))?

recursively.

Because the data-generating process is endogenous, we need conditions to ensure that
B¢ converges. The conditions for the convergence of the estimation process tend to be
specific to the problems (cf. Marcet and Sargent (1989)). Still, we can state a general
result in the limit.

Proposition 5.2. Suppose that (5.34) condition holds for ¥* N St for some a > 0. If
Br — B, b(fs,) — b(v) uniformly over N S

Proof. The proof is essentially identical with the proof of Theorem 2.8. We sketch how
each condition is used to derive the result. The estimator for £ is obtained by solving

minE(¢(p) - f5(p))?

recursively. The first-order condition is

BW() - J) 52 =
Since py = b(fs,_,) + €,
V() — I (pe) = ¢(bt)+¢/(bt)€t+%¢"( 1)er <fﬁt L (be) + £,y (D) + fﬂt (br)e >+O(€t)

Since f € S N ¥ can emulate 1), the optimal solution ; must satisfy
E[¢(be) — f5,(br)] = 0 and E[' (b) — f/,it (b)] = 0.
Since the first-order approach is valid, b¢ = b(¢) is a unique solution of
EW3 (1 (b%), 0°)9" (b°) + Wa (3 (b%), b°) = 0.

Similarly, fz, € S¢ NP validates the first-order approach so that b} = b(fs,) is the unique
solution of

EW: (f3,(07), 00) 1 (0F) + Wa(f, (b7), b}) = 0.
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Since fg, matches the 0-th and 1-st derivatives of ¢, f; — B implies b(fg) = b(¢)). The
convergence can be made uniform over S N ¥ for a fixed a > 0. O

APPENDIX A. PROOF OF THEOREM 2.8

A.1. Outline of Proof. We first translate the problem to the forecasting problem. Instead of calculating
the long-run discounted average payoff, let us consider a forecasting problem where the monopolist’s
algorithm forecasts the pair (b*(F'),1 — F(b*(F))) of the profit-maximizing price and the expected demand
at the profit-maximizing price at the unknown F'. Inspired by PAC learnability in computer science, let
us consider a uniform learnability condition.

Definition A.1. A uniformly learns F" if VA € (0,1), Yu > 0, 3T (, \) such that
P (3t > T 0). (2ol A(O0). o (A()) — (5 (F). 1~ b*(F))] > 1) < A (A.35)
where
- 1 1
for some p > 0.

The substance of the definition is the uniformity of 7'(i1, \) over F". That is, by T'(u, A) time steps, the
forecast of A must be within p neighborhood of the actual profit maximizing outcome uniformly for any
FeFn.

If we show that A uniformly learns F”, the ¢ dominance of A can be established easily, proving the
second part of the theorem.

Proposition A.2. Suppose that A uniformly learns F" and that the monopolist discounts future payoffs.
Then, Ve > 0, 39 such that V6 € (4,1), A is an € dominant algorithm.

froof. For fixed A > 0 less than 1 and small u > 0, we know the existence of p > 0. Thus, we can choose
T so that _
e PT =\

and therefore,
_log A

—
T increases at the logarithmic speed with respect to 1/, which is independent of F' € F™.

It remains to show that the expected discounted average payoff converges uniformly to b*(F)(1 —

F(b*(F))) as the discount factor converges to 1. Fix e > 0. We can then choose y# > 0 and of > 0 such
that

T:

Epige > b*(F)(1 — F(b*(F))) — % vt > T.
For a given p > 0, choose T accordingly. We have
E(1—68)Y peas'™" —b"(F)(1 - F(b"(F)))
t=1
T oS}
= |E(L=0) | (pear = b"(F)(1 = FO" (F))S ™" = D (pear = b"(F)(1 = F(b"(F)))s" ™"
t=1 t=T+1
< (1= ()1 - FE(F) +67 5
< €
if § — 1, since T is independent of §. 0

We prove that algorithm A4 constructed in Section 3 uniformly learns F”7 from section A.2. Then,
section A.6 proves that any simpler algorithm cannot be an ¢ dominant algorithm.
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A.2. Preliminaries. The projection facility is only used to ensure the tightness of the set of the sample
paths. It does not alter the asymptotic properties, such as the stability and the large deviation properties
of the algorithm (Dupuis and Kushner (1989)). Thanks to the projection facility, we can assume that
(Bo,t, B1,t) is contained in a compact convex set. For the remainder of the paper, we suppress the projection
facility to simplify the exposition when we examine the asymptotic properties of the algorithm.

Following Kushner and Yin (1997), we construct the (fictitious) time from the gain function a; = m
where to is selected to satisfy the accuracy requirement. Since 0 < w < 1, >272, a; = oo. Thus, V7 > 0,
there is a unique K such that

T
K=inf{T|> a>r}.
t=1

Define a mapping

m:Ry —{1,2,3,...}
where

m(r) =K

as defined above. We refer to Ry as the fictitious time, the clock time, or simply, the time. We call
{1,2,3,...} as the number of periods, rounds or time steps. Given a discrete process {8:}, define a
continuous time process 3(7) for 7 > 0 through the linear interpolation of the sample path of the discrete
time process {8:}. The next step is to construct the left shift process, obtained from 3(t) by re-setting the
time clock to 0 at each integer time K: VK € {1,2,...} and 7 > 0,

B (1) = B(K + 7).

We have a sequence of {BK } continuous sample paths. Define
B(r) = lim "(r)
K—oo

pointwise by taking a convergent subsequence of {8%}. The existence of a convergent subsequence is
implied by the assumptions we imposed on S as in Kushner and Yin (1997).
For a fixed F' € F", we are interested in

. _ * >

where 8*(F) is defined in (3.16). For ¢ > 1, we can write the recursive formula as

Bt = Bt—1 + arp(Be—1,pt, €1)

where 1 is defined by (3.21). Since the updating term is determined by the old estimate fB:—1, the price in
period ¢ and the realized quantity, where the last two variables are subject to two shocks (€1, €2,¢). Let

1/J(ﬂt—1,pt7 Et) = Et—lw(ﬁt—l,pu Et) + &
where &; is the martingale difference. Since 8: € B which is compact, & is uniformly bounded: 3¢ > 0
such that
€] < €.
Define
bi—1(Bi—1) = Ee_19p(Bi—1, s, €t).
The functional form of bt*{ is not affected byﬁt — 1 and is a Lipschitz continuous functioniof Bi—1. To
simplify notation, we write b(8:—1) in place of bs—1(B:¢—1), dropping the time subscript from b;—1. We can
write the recursive formula as
B = Bi—1 + at [B(Bt—l) +€t] .

Define 8*(F) = (85(F), Bi(F')) as the intercept and the slope of a linear demand curve that generates

the optimal price b*(F') and the expected quantity 1 — F'(b*(F’)), that solves

1 () = B ana g () = 1)

The Lipschitz continuity and the increasing hazard rate property guarantee the unique existence of 5*(F).
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We can write
m(K+T) m(K+1)

ﬁK(O)+ Z atg(ﬁt—l)+ Z aée — B (F)

t=tp t=tp

ﬁKan+3ATaﬁw»ds—ﬁ*uw (A.37)

ﬁm(K+‘r) - /8*(F)

m(K+T1

) T
+ Z atg(ﬁtq)—/o b(B(s))ds (A.38)

m(K+T1

)
=+ Z atft (A39)

t=tp

We examine (A.37), (A.38), and (A.39) one by one.

A.3. Convergence and Stability. Following Kushner and Yin (1997), we can write

Mﬂzmm+ﬂﬁm@ms

which is written concisely as

B =b(B).
To simplify notation, we write
Bo,t—1
by =——— Vi >1
’ 2B1,e—1 -

and b(7) as the continuous process constructed from b; via linear interpolation V7 > 0. If the context
makes the meaning clear, we drop 7 to write b instead of b(r). The same convention applies to all other
variables, such as o+ and (1.

We examine the properties of the ordinary differential equation (ODE):

;_ . 1 1
B=Bv=RTE|_, . |61
where
|1 by
R= by bi + o7
and

O(Bi—1,6t) =1 —F (bt +€1¢) + €24 — Bo,t—1 — P1,e—1bt — B1t—1€1,t.
By the definition of b,
Bo + 20816 =0
at every moment. Thus,
Bo + 26,0+ 2B1b = 0.
After substituting 50 and Bl, we have
; f(b) {1—F(b) ]
b=—"—"%|—=-—-b| =R(b A.40
6 |70 (0) (A.40)
modulo linear approximation errors O(e).
Following the convergence theorem in Kushner and Yin (1997), we conclude that b; converges to b*(F)
in probability: Vi > 0, VA > 0, 3T (u, A, F') such that
P (3t >T(u, A\ F), [br —b"(F)| > p) <A
To show the uniform convergence over F' € F", we have to show that the number of periods to achieve the

desired level of accuracy is uniform over F' € F" and that the desired confidence level can be achieved at
the exponential speed uniformly over F'.
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We can show that for any initial value b(0) € [v, ],
|b(7) = b"(F)] < €™ [b(0) = b"(F)| < e (v~ v).
Let 7(u) be the first time when the trajectory of (A.40) enters the p neighborhood of b*(F),
|b(T) = b"(F)| < p.
Recall that (1 — F(b*(F)),b*(F)) € K VF € F and K is a compact subset in the interior of RZ. Thus,

T(p) = sup T(p) < 00 (A.41)
(B0(0),81(0))€B
and
7(p) ~ —logp (A.42)
as 1t — 0. Let us choose 7 = 7(u).
By definition,
m(K+T)
S L ar
tUJ
t=tg
where the left-hand side is approximated by
m(K+7(1)
/ —ds
tx s¥
A simple calculation shows that
1
1\ T—w
m(K +7(u)) ~0O (10g ﬁ) (A.43)

1
which implies that the number of time steps to make real time of 7(u) increase at the rate of (log i) e
A.4. Riemann Residual. Fix p > 0 and 7 = 7(u) defined in (A.41). Let us consider (A.38)

m(K+7)

Rie,riF)= > ab(fion) [ 550

t=tx
which is the Riemann residual. Since f is uniformly Lipschitz over F, b(f) is uniformly Lipschitz: 35’ > 0
such that

58) 58| < 18-  vFeF,

For each subinterval of size a: < 1/t%, the difference between the discrete value and the integration is at

’
most 22—%( Thus,

/

.
R(tx,r,F) < 1wty = 170

- 2% 2t
Note that the right-hand side is independent of F. Thus, Yu > 0, define
1_ (A.44)
ti T
so that VF' € F,
Rtg, 7, F) < p. (A.45)

Thus,
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or equivalently,
1

1 1]«

txk =0 [f log f} . (A.46)
T

We choose to = tx defined by (A.46) to satisfy the accuracy requirement.

A.5. Lower Bound of Confidence. Next, we examine (A.39). Let a; = 75 where 0 < w < 1. Fix K so

that tx satisfies (A.44). Following Dupuis and Kushner (1989), define the H-functional ¥(8, ) € R? x R?,
Yw € (0,1),

T—=0K—=oc0 T

ar a(@f(n—pR©)
H?(B,a) = lim lim —1ogE | e 25 |87 (0)=p8].

If the limit is not well defined, we can replace lim by limsup, as in Dupuis and Kushner (1989). Let
H! (8, @) be the H-functional corresponding to a; = 1/t. A simple calculation shows that

H'(B,0) = H*(8,0)  Vw € (0,1).

Dupuis and Kushner (1989) shows that if the two stochastic processes have the same H functional, the
two stochastic processes have the same rate function h. Instead of calculating the H functional for B
associated with a; = 1/(t + to)“, we calculate the H function for ; associated with a: = 1/t. If a; = 1/t,
then (; is a simple average of the past forecasting errors, which makes it straightforward to apply the
concentration inequalities in Chapter 2.4 in Dembo and Zeitouni (1998).

To make the paper self-contained, we write the proof closely following the notation of Dembo and
Zeitouni (1998), assuming a; = 1/t. Define
_ &

€
By the definition, |Y;| < 1 and E[Y; | I;—1] = 0. Thus, E[Yf | It—1] < 1, where I;_; is the information
available at the end of period ¢ — 1. Define S; = 22:1 Y.

Following Dembo and Zeitouni (1998), we first prove following inequality for all a; € [0,1] and A > 0:

A 2\ Aay —Xat
(e +26 ) Ze +2€ (A.47)

Y;

Lemma A.3.

Proof. Taking log of both sides, we have it suffices to show:

A —A
ay log <6~F26> Z log(e)\at + e*)\at) _ 10g(2)

We note that the inequality holds with equality at a; = 0 and a; = 1. The left-hand side is linear in
at, whereas the second derivative of the right-hand side is non-negative. Therefore, at any a¢ € [0, 1], we
have the right-hand side of the inequality (which is convex) lower than the left-hand side of the inequality
(which is linear), proving the lemma. |

We follow the proof of Corollary 2.4.7 from (Dembo and Zeitouni 1998).5* We have

B[] < (m;A) . (A.48)

Following the proof of Corollary 2.4.7 from from (Dembo and Zeitouni 1998), we have

t
A —A
F (% 5] > u) < e MR < e (2) '

The first inequality follows from the exponential Chebyshev inequality. The second inequality follows from
(A.48).

31Set v = 1, and applying the previous inequality.
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Again following (Dembo and Zeitouni 1998), choose u < 1 and set A = %log (if—“) After a tedious

"
calculation,
P(Fisiza) s, (A.49)
where H is the relative entropy of the binomial distribution:
1—
H(p | po) = plog 2= + (1 - p) log +— (A.50)
Po — Do

for p,po € (0,1). Set h=H (H'T“ | %) The conclusion follows from the observation that the right-hand

side of (A.49) holds uniformly over F' € F".

We choose the gain function a; > 0 to satisfy the accuracy g and confidence requirement 1 — A in
(A.35). The data complexity required to achieve the accuracy requirement p and the confidence bound
1 — X reveals how the accuracy bound p and the confidence bound 1 — A\ determines the requirement
number of observations. We approximate the evolution of the optimal price forecast b; by a trajectory of
an ordinary differential equation. We show that the optimal price forecast converges to the actual optimal
price at the rate of e™“" for some constant ¢ > 0 and 7 > 0 where 7 is the clock time.

As we decrease p > 0, the neighborhood of the optimal price b*(F') decreases. A higher accuracy bound
affects the required number of data in two different channels. First, it takes more time for b; to enter
the smaller neighborhood from an initial condition. The algorithm learns efficiently so that the distance
between the forecast and the actual optimal price vanishes exponentially. The real time to enter the
neighborhood increases at the logarithmic rate of log 1.

The data complexity is measured in terms of the number of time steps instead of the real time length.

If a; = m is larger (i.e., smaller w € (0,1)), B¢ response more quickly to the forecasting error and b,
evolves faster. The amount of real time 7 over ¢ time steps can be approximated by
1 tr+t + 1
T~ log — ~ Z as ~ / —ds~0 (tlfw) . (A.51)
Ko tre S

Since 7 increases at the logarithmic rate of log%7 the number of time steps increases at the rate of
1
(log ;)=
We incur the approximation error as we approximate the discrete process {b:} by a continuous time
process. If w is small, a; becomes larger. The sample path of the discrete time process becomes more
“jagged.” To smooth out the process, we need to make a; smaller by choosing to larger. As we tighten

the accuracy bound, we choose a larger to to reduce the approximation error. A tedious calculation shows
that

1

to~0O (llogl>w . (A.52)
T

By combining (A.51) and (A.52), we obtain the terms involving p. If we choose w = 1 as in the conventional
least square learning algorithm (e.g.,Marcet and Sargent (1989)), the number of time steps required to
achieve the desired accuracy and confidence increases exponentially. To keep the data complexity increasing
at a polynomial rate, we must choose w < 1. To ensure convergence with probability 1, we should keep
w > 0 to invoke the convergence result of Dupuis and Kushner (1989).

The distribution of the price and quantity forecast converges to the actual optimal outcome, and the
probability of the tail portion of the distribution vanishes at an exponential rate (Dupuis and Kushner
(1989)). As 1 — p increases, the demand for the algorithm to reach the higher confidence level increases at
log % Following the same logic to translate the real-time to the number of time steps, we conclude that

1
the time steps increase at the rate of (log +)T=+.

A.6. Last Part. It remains to show that S™” is the simplest class of forecasts that can support an e
dominant algorithm for § sufficiently close to 1. Suppose that 34 : @ — S®" which is an ¢ dominant
algorithm. Since an € dominant algorithm can achieve b*(F)(1 — F(b*(F))) — €, its forecast of the pair of
price and quantity must be close to (b*(F),1 — F(b*(F))) uniformly over F' € F".
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Thus, Ve an € dominant algorithm must forecast the profit maximizing outcome accurately within e
bound uniformly: Ve, 3T, n, u > 0 such that V¢t > T, VF € F"

[ (00 (A(O1)), 94 (A(O1))) — (b (F),1 = F(b"(F)))| <n
with probability 1 — u such that
|on(AON)Pa(AOD) — b (F)(1 - F(b" (F)| <¢ Wt >T.
Since A(O;) € §%7, the forecast distribution is degenerate, concentrated at v* € [v,7]. Thus,
ep(A(O:) = v" and ¢q(A(O:) = 1.

Choose any F' € F7 where 1—F(b*(F)) < 1—n such as the uniform distribution over [v,7]. The algorithm’s
forecast does not converge to the true profit maximizing outcome with probability 1, contradicting the
hypothesis that the algorithm is an € dominant algorithm.
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