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early-stage R&D project selection mechanisms.

Keywords. Delegation, Competitive Selection.

Contact: libgober.economics@gmail.com, peiranxi@usc.edu. We thank audiences at UC-Riverside, EC’ 26, Stony
Brook, and the Asia Meeting of the Econometric Society for helpful comments.



1. Introduction

This paper considers the following model. A principal must select one out of n possible agents,
where each agent has a type that is independently drawn from a single, commonly-known
distribution F . A decision is to be made once the agent is selected, interpreted as the choice of a
project from some exogenously fixed set of common projects. The utilities of the principal and the
selected agent are equal, and depend on the choice of project and the agent’s private type. The
utilities of unselected agents are zero. The principal commits to a mechanism dictating both the
selection of the agent and the project decision. Transfers are unavailable.

This setting inherits a combination of defining features of the delegation problem of Holmstrom
(1984) and the auction problem of Myerson (1981). Our model shares with the auction problem
the central task of selecting an agent among a set of competitors, where the “best” agent has
the highest type when distributed iid across participants. But the tool available to screen agents
is borrowed from Holmstrom (1984) rather than Myerson (1981). Instead of having transfers
available, the principal can screen agents by specifying the subsequent decision once the agent is
selected. With a fixed decision and transfers, the above environment resembles Myerson (1981),
and with one agent the environment resembles Holmstrom (1984).

One setting where this combination is salient is the provision of R&D funding to small busi-
nesses through Small Business Innovation Research (SBIR) programs run by eleven participating
federal agencies. These programs often announce a particular R&D need (e.g., a new drone tech-
nology), with participants then submitting a Phase I proposal in response to such announcements.
These proposals involve technical descriptions of what the proposer can likely deliver; in particular,
different proposers can offer different specific projects to fulfill the stated need. After evaluating
these proposals, the agency then competitively selects among the proposals.

Even though SBIR awards are monetary, transfers are inflexible and not used as a way to screen
agents as in auctions. Bhattacharya (2021) notes that Phase I contracts for the Navy feature very
little variation in award amount across projects,1 while Howell (2017) notes that the size of awards
provided by the Department of Energy SBIR program is negligible relative to funding available
from other sources. While we do think answering why transfers or more exotic securities are not
used in practice is worthwhile, we follow the delegation literature (Alonso and Matouschek, 2008;
Amador and Bagwell, 2013) in taking this as an institutional feature—one which applies to many
instances of grant allocation surveyed by Carnehl et al. (2025).

1Specifically, Bhattacharya (2021) states “the Navy awards approximately $80,000 for the base Phase I contract, with
little variation across competitors and project” and “Phase I contracts exhibit no variation and are institutionally set
across all SBIR programs.”
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Our goal is to study optimal allocation given the tension that the agent only cares about the
project if they are selected, while the principal would like to select the best agent and project.
To sharply isolate this conflict, we focus on a designer interested in efficiency. Thus, we take the
principal and the selected agent to have the same payoff, so that there is no exogenous bias.2 This
provides a point of departure from much of the delegation literature, where a typical application
might involve headquarters (as principal) deciding how to allocate capital to a division manager
(as agent), with the latter exogenously preferring more capital than the former. Efficiency is
the primary objective in a plethora of allocation problems, such as when a central authority
must decide which municipality to award a new public infrastructure project (say, a hospital or a
stadium). Those cases share our central conflict, and our work speaks to these problems as well.

Favoring the selection of higher-type agents in itself induces bias in project selection. If
the principal were facing a single agent, then implementing the ex-post efficient project would
be trivially incentive compatible—by definition, this project is the one the agent prefers most.
But if there are multiple agents and the principal tries to select the one who can implement the
most ambitious project, agents who propose their true ideal projects may lose to higher-type
agents. Claiming to be a higher type—and hence overpromising beyond what can reasonably be
delivered—is costly, because the ultimate selected project differs from the ideal one. But an agent
may prefer to implement a worse project if doing so means he gets something rather than nothing.
Efficient project choice is discouraged by using competition to ensure efficient agent choice. The
principal thus faces a tradeoff between competition steepness and project-selection bias.

This tradeoff yields the first feature of optimal mechanisms that we identify, handicapping—
namely, selecting a weaker agent over a stronger agent. This is a sharp contrast to many standard
auction models, where the type with the highest virtual value wins. It also sharply contrasts with
the version of our model where transfers are added (which we discuss explicitly in Section 6.2),
in which case one can think of the principal as auctioning off the right to implement a project.
Indeed, with the ability to use transfers in our setting, the principal would not handicap.

The trouble with seeking efficiency conditional on selection is that it induces too much
overpromising. How much overpromising an agent would be willing to engage in depends on
how costly this is relative to the risk of losing to a stronger agent. Furthermore, if the principal
seeks to always allocate to the best agent, a kind of unravelling occurs: stronger agents must

2There are many reasons why the “no exogenous bias” specification emerges in applications. Using SBIR to make this
point concrete, participants might expect that future surplus would be divided between the contractor and relevant
military division in fixed proportion (as in the structural model of Bhattacharya (2021)). The downstream surplus
and innovation goals would suggest both parties should have identical preferences over projects, conditional on
selection and the agent’s type. On top of this, a major stated goal of SBIR is to stimulate technological innovation
among participants—again suggesting that what is best for the agent should also be best for the principal.
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be assigned increasingly more ambitious projects to deter weaker agents from mimicking them.
These distortions accumulate, since distorting one type’s project requires distorting a higher type’s
project even more to discourage lying. Now, these distortions enable screening, but are also costly.
Once these costs accumulate enough, the benefits to competition can be insufficient to overcome
them and handicapping becomes optimal.

We show that when projects belong to a continuum, optimal mechanisms involve handicapping
at the top of the distribution, while project choice is distorted upward for almost every interior
type. As handicapping becomes more important for high types, project distortion eventually
declines; either project choice becomes efficient at the highest type, or project choice pools on a
terminal interval. How much the principal gains from competitive allocation in a given region of
the type space is distribution dependent, and hence so is the precise tradeoff between handicapping
and overpromising. But in simple examples, we find a particularly stark two-region structure, with
a lower interval featuring competitive allocation followed by a higher interval with handicapping.

The interaction between handicapping and overpromising is subtle. One reason is that hand-
icapping can initially exacerbate project distortion, because if some types have their selection
probabilities increase then it is more attractive for lower types to mimic them. To deter this, more
overpromising is necessary. Nevertheless, eventually handicapping enables project distortions to
decrease, and our formal results articulate precisely how such patterns emerge optimally. Putting
this together, the punchline is that handicapping and overpromising can be local complements but
global substitutes. At first handicapping necessitates more overpromising, but overall allows the
principal to limit the amount of overpromising necessary for the highest types.

We obtain a sharper, two-region form for optimal mechanisms when types follow a power
distribution—i.e., the CDF for each agent’s type θ is F (θ) = θα—with a lower interval featuring
competitive allocation (i.e., an agent with a type in that interval wins if and only if they are the
highest type) and a higher interval featuring handicapping; relative to the probability of being the
highest type, lower types in the handicapping interval are more likely to win and higher types are
less likely to win. When α ≥ 1, we find that there is no project distortion at the top at all. While
reminiscent of the classic result of Mussa and Rosen (1978), project efficiency at the top does not
imply overall efficiency, since the highest type is still sometimes passed over for a weaker agent.
At the top, all remaining inefficiency operates through agent selection.

We believe the message of this paper is practically important. Defense procurement in particu-
lar features many high-profile cases where arguably excessively ambitious projects were developed
after competitive allocation (e.g., the Joint Strike Fighter, the A-12 Avenger II, the YAL Airborne
laser, etc.). To be sure, in some cases the selection of excessively ambitious projects could be a
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sign of a design failure. However, our analysis suggests that it may also be an inevitable feature of
optimal design. In our setting, middle-strength agents are optimally favored over the strongest
agents to mitigate inefficiencies of overpromising, even if it is also inefficient to handicap as much
as would be required to eliminate overpromising entirely.

2. Related Literature

Our work follows the delegation literature started by Holmstrom (1984), considering a principal
interested in eliciting information from an agent, unable to use transfers but able to commit to
a decision rule as a function of agent reports. In the successively more general versions of this
problem studied by Alonso and Matouschek (2008), Amador and Bagwell (2013), or Ambrus and
Egorov (2017), the conflict takes the form of an exogenous bias between the principal and agent
regarding the preferred decision given the true agent type.

Our model, by contrast, generates bias endogenously through competition: If the principal
could guarantee an agent would be selected, then the agent would select the principal’s preferred
project. Ambrus et al. (2021) also considers a multi-agent version of a delegation model, but one
which looks quite different from ours. There, while agents obtain a benefit from being selected,
both are also biased exogenously and the principal’s decision influences both of them (even if not
selected). Rantakari (2014) studies competitive project selection, but where the principal cannot
commit and which hence corresponds to a cheap-talk benchmark.

On this point, our paper is also related to a few others on mechanism design for the purpose
of grant allocation, surveyed in Carnehl et al. (2025). The standard assumption in many of the
models surveyed is that the grantmaking authority does not extend to allowing transfers. Relative
to this literature, the main difference is that we allow for a small number of competitors, rather
than a large market setting. Hence our model is a better fit for settings such as SBIR rather than
the distribution of grants from a large funding pool. Models fitting in the former category are
proposed by Adda and Ottaviani (2024) and Augias and Perez-Richet (2023).

One key question our model addresses is whether it is optimal for the principal to select
projects deterministically, or whether randomization over projects is optimal. Note that this is
distinct from the question of whether it is optimal to select agents deterministically. This topic is
central to delegation models. The potential for the optimality of randomization in delegation was
identified in Kováč and Mylovanov (2009) as a way of discouraging agents from taking actions
in the direction of their bias without hurting the principal. We point out how competition also
provides scope for randomization over projects to be optimal, a point that we are not aware of
having been made explicitly in prior work. At the same time, we show that randomization over

5



projects does not occur in some natural specifications of the model.
On a technical level, our problem resembles several from the contest literature. Zhang (2024);

Olszewski and Siegel (2016, 2020); Li and Qiu (2024, 2026) study various versions of models where
the principal allocates a prize to agents, where each agent chooses effort as a function of their
private type. The linear specification in Section 6.1 is in particular inspired by Li and Qiu (2026). The
connection to contests can be seen by imagining distortions in project selection as corresponding
to “effort.” That said, an economically significant difference relative to this class of models is that
an agent who is not allocated a “reward” in our setting obtains payoff 0 without having to pay
a sunk cost of “effort.” Thus, the reward an agent obtains interacts multiplicatively—and hence
nonlinearly—with the project-selection distortions, rather than additively.

This nonlinearity is one of the main defining technical features of our setting. Having said
that, we show that this nonlinearity can be avoided in the two-project case, in which case extreme
point methods can be used to solve for optimal mechanisms following the tradition of Kleiner
et al. (2021). But with richer project choice possibilities, new techniques are required, which we
provide by building on the approach of Amador and Bagwell (2013).

3. Model

A principal chooses a project to implement and an agent to implement it. Let I denote the set of
agents, and let |I| = n ≥ 2. Each agent i is characterized by a privately-known type θi ∈ Θ ⊆ R+,
drawn independently across agents. Except in Section 4.2.1 where |Θ| = 2, we assume θi is drawn
from a commonly known distribution F with a continuously differentiable density f > 0 on intΘ.

The set of possible projects to implement is common across agents and denoted by X , assumed
to be an ordered set—we interpret “higher projects” as more ambitious. If agent i is selected to
implement x ∈ X , both agent i and the principal obtain utility u(θi, x). Any unselected agent
obtains payoff 0, while the ex-post utility of the selected agent is restricted to be nonnegative as
well; that is, individual rationality must hold. The principal is capable of selecting at most one
project. The principal’s ex-post payoff is equal to the ex-post payoff of the selected agent. Let:

XFB(θ) = argmax
x̃

u(θ, x̃)

denote the set of utility-maximizing projects for type θ. We assume that, for some selection
xFB(θ) ∈ XFB(θ), u(θ, xFB(θ)) is strictly increasing in θ, with u(θ, xFB(θ)) ≥ 0; the latter
assumption is innocuous, as otherwise the agent would prefer not to be selected, as would the
principal. We also assume that u is weakly single-peaked in x fixing θ, and that the weak single-

6



crossing property is satisfied.
The principal can commit to an arbitrary proposal selection mechanism. Specifically, each

agent i selects a message mi from some message space Mi. As a function of (m1, . . . ,mn), the
principal specifies (a) a (randomization over the) selected agent, as well as (b) a (randomization
over the) project for that agent. Formally, a mechanism can be written as:

µ :
n∏

i=1

Mi → ∆((I ×X) ∪ {∅}).

That is, µ specifies a distribution over selected agents and implemented projects (as well as ∅,
reflecting nonselection). Any mechanism induces the following functions in the natural way:

xi :
n∏

i=1

Mi → ∆(X) and y :
n∏

i=1

Mi → ∆(I ∪ {∅}),

where y is the agent-selection mechanism, and xi is the project-selection mechanism for agent i.
(If agent i is selected with probability zero following a given message profile, xi may be defined
arbitrarily.)

To summarize, the timing of the interaction is as follows:

• First, the principal commits to a mechanism µ.

• Next, each agent i observes θi.

• Finally, agents simultaneously send messages. The mechanism then specifies the selected
agent and project.

We make a few additional, standard technical assumptions on the environment on top of
those above. We assume Θ and X are endowed with a Borel σ-algebra. We also assume that u is
continuous with respect to the product topology on Θ×X .

4. Preliminary Observations

4.1. Restricting Mechanisms

The revelation principle immediately implies that it suffices to restrict attention to the case where
(a) Mi = Θ and (b) each agent i truthfully reports their type θi. While this result is useful in
narrowing down the set of mechanisms needed to consider, it does not eliminate the need for
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randomization. This issue is common in many related exercises. For instance, in single-agent
delegation problems, an argument from Strausz (2003) implies it is without loss of optimality
to assume that mechanisms are deterministic. However, Strausz (2003) also notes that even this
conclusion fails in general for multi-agent delegation problems such as ours.

The following describes the simplifications we are able to derive without further restrictions:

Lemma 1. Without loss of optimality, the principal can restrict to mechanisms and equilibria
satisfying the following properties:

• (Revelation Principle) Each agent’s message space is equal to their type space,Mi = Θ, with
truthful reporting forming an equilibrium.

• (Symmetry)The mechanism and equilibrium are symmetric across agents, so that each agent’s
interim (project- and agent-selection) allocation rules are identical

• (Projects Chosen Individually) The project-selection rule for each agent depends only on
that agent’s own reportmi.

While the first two properties are familiar, the last one arises due to the details of the environment.
As we discuss below, deterministic project selection should not be taken for granted, just as
past work has noted that stochastic mechanisms may be optimal in some delegation problems.
In general, multiple possible implementations of optimal project selection will exist, and one
could imagine an implementation of the optimal mechanism that allows the project selection
probabilities to depend on the realized type reports of the other agents. Lemma 1 shows that this
is not necessary, and that the project-selection problem need not depend on other agents’ types.

The advantage of restricting mechanisms in this way is that it allows us to formulate a natural
program, which we then use to solve for optimal mechanisms. Let y(θ) denote the common interim
probability of selection following report θ, and let X(θ) ∈ ∆(X) denote the corresponding lottery
over projects conditional on selection. Then, we consider the principal as choosing interim
agent-selection and project-selection mechanisms, which yields

n

∫
y(θ)Ex∼X(θ)[u(θ, x)]dF (θ).

as the principal’s objective; in what follows, we drop the constant factor of n in this expression,
which does not change the maximizer. By Lemma 1, the restriction to assuming that the project
depends only on an individual’s report is without loss; for the agent-selection mechanism, we
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introduce a Border constraint, which ensures that there exists an ex-post implementation of the
interim agent-selection rule:

n

∫
S

y(s)dF (s) ≤ Pr(∃i : θi ∈ S), ∀S ⊆ Θ (Border)

There are two main reasons we focus on project-selection rules which depend on the agent’s
own type reports. First, this formulation lends itself more naturally to tractable descriptions of
project choice. Second, such mechanisms have practical appeal in that it is more straightforward to
describe how project selection is determined if this does not depend on other agent’s reports. We
suspect such mechanisms would be easier to communicate to participants compared to alternatives.

4.2. Illustrating Intuition with Binary Project Choice

We now describe simple cases where optimal mechanisms can be derived using simple or familiar
arguments. In both of these cases, we assume there are n = 2 agents, the principal can select at
most one proposal, and that X = {0, 1} with:

u(θ, 0) = 1 and u(θ, 1) = 2θ.

Notice that in this setting xFB(θ) = 0 for θ < 1/2 and xFB(θ) = 1 for θ > 1/2. We interpret
x = 0 as a “safe” option which yields known payoff to the principal, whereas x = 1 is a “risky”
option which is only worth implementing when the agent’s type is sufficiently favorable.

4.2.1. Binary Types

We first suppose thatΘ = {θL, θH}, where the probability that θ = θH is q and that θL < 1/2 < θH .
Doing so will allow us to illustrate why it may not be possible to always allocate to the higher-type.

Indeed, consider any mechanism where the principal (i) uses project-selection mechanism
xFB(θ), and (ii) allocates to θH over θL whenever both types are announced. Then given this
(symmetric) mechanism, incentive compatibility requires that θL does not want to mimic θH :

(1− q)/2 ≥ (1− q + q/2)2θL ⇒ 1− q

2(2− q)
≥ θL.

This inequality is never satisfied if θL > 1/4, even as q → 0—that is, even if the probability that
θ = θH is vanishingly small—while it is even harder to satisfy as q increases. While the agent
develops a less preferred project when announcing θH , doing so guarantees allocation if the
other agent truthfully announces θL, and prevents losing out in case the other agent truthfully
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announces θH . Under such a mechanism, the benefits of competition are eliminated: With one
agent the principal would at least be able to adapt the selected project to the agent’s type.

To avoid this situation, the principal can handicap θL reports: That is, offering to select such
an agent instead of one who announces θH , say with probability h—a handicap. Doing so enables
the incentive compatibility constraint to be potentially satisfied:

1− q

2
+ qh ≥ 2θL

(
(1− q)(1− h) +

q

2

)
(1)

If the first-best is not implementable—which occurs whenever (1) is violated when h = 0—the
optimal mechanism for the principal turns out to be to use project-selection mechanism xFB(θ),
but handicapping the agent-selection mechanism so that 1 holds with equality. Algebra then
reveals this implies h = 2θL(1−q)+qθL−(1−q)/2

q+2θL(1−q)
, which is less than 1 since q > qθL − (1− q)/2. One

can check that this mechanism strictly outperforms the mechanism when the principal has access
to only one agent, so that competition indeed is beneficial.

4.2.2. Continuous Types

We now show that when the set of types is Θ = [0, 1], it may be optimal for the principal to
distort not only the agent-selection mechanism but also project-selection. We describe the broad
argument in the main text, leaving added formal details to the appendix.

One potential challenge that arises in this more complicated environment is that there is a
nonlinear interaction between the project-selection mechanism and the agent-selection mechanism.
Letting x(θ) denote the probability an agent of type θ implements project 1 if selected and y(θ)
denote the probability that the agent is selected with type θ, we have the payoff of the principal is:∫ θ̄

θ

y(θ)(1 + x(θ)(2θ − 1))dF (θ)

The principal’s optimization problem involves maximizing this expression subject to incentive
compatibility and a Border feasibility constraint. The nonlinearity can be seen since x(θ)y(θ)
enters into this expression. Furthermore, while the objective is linear in each of x(θ) and y(θ)
separately, the Hessian with respect to (x(θ), y(θ)) has determinant−(2θ−1)2, and hence negative
for all θ ̸= 1/2. In other words, for each θ ̸= 1/2 the objective is saddle-shaped in the choice
variables, and is therefore neither convex nor concave.

This observation will in general suggest that the optimal solution need not be characterized
by a bang-bang solution, as in Myerson (1981); the convexity of the objective is crucial for
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applying the extreme-point method of Kleiner et al. (2021). However, the objective becomes
linear under a change of variables, where we instead consider the product of the agent-selection
and project-selection probabilities. Specifically, define yx(θ) to be the probability the agent of
type θ is selected to implement project x ∈ X = {0, 1}. Then, we have y1(θ) = x(θ)y(θ) and
y0(θ) = (1− x(θ))y(θ), so the optimization problem becomes

max
y0,y1 : Θ→[0,1]

∫ θ̄

θ

(y0(θ) + 2θy1(θ))dF (θ)

subject to y0(θ) + 2θy1(θ) =

∫ θ

θ

2y1(s)ds+ y0(θ) + 2θy1(θ), ∀θ ∈ Θ, (IC-local)

y1(θ) is increasing, (IC-global)∫
S

(y0(θ) + y1(θ))dF (s) ≤
1

2
Pr(∃i : θi ∈ S), ∀S ⊆ Θ. (Border)

Assume that the virtual value J(θ) := θ − 1−F (θ)
f(θ)

is increasing. An extreme-point argument
in the appendix shows that the optimal mechanism is characterized by a threshold θ∗ ∈ [0, 1]:

(y0(θ), y1(θ)) =

(ȳ0, 0), if θ < θ∗,

(0, ȳ1), if θ ≥ θ∗,

where ȳ0, ȳ1 ≥ 0 are given by

ȳ0 =
θ∗

1− F (θ∗) + 2θ∗F (θ∗)
≥ 0, ȳ1 =

1

2 [1− F (θ∗) + 2θ∗F (θ∗)]
≥ 0.

This translates to x(θ) = 1θ≥θ∗ and y(θ) = y1(θ) + y0(θ).

Hence, the problem reduces to optimizing over a threshold θ∗, which then pins down the
values of ȳ1 and ȳ0.

max
θ∗∈[0,1]

∫ θ̄

θ∗
(2θȳ1 − ȳ0) dF (θ) + ȳ0.

We also prove that any optimal threshold satisfies θ∗ < θFB = 1/2, so a range of types end up
developing the project that is more ambitious than the first-best benchmark.

When θ ∼ U [0, 1], the optimal threshold has a closed-form solution θ∗ =
√
2 − 1 ≈ 0.414.

As in the binary-type case, there is also a handicap: we compute ȳ1 = 1
28
(8 + 5

√
2) ≈ 0.538 and

ȳ0 =
1
14
(2 + 3

√
2) ≈ 0.446 < ȳ1. Indeed, if the principal were to always select x = 1 over x = 0,

then the winning probability for a type above θ∗ would be θ∗ + 1
2
(1− θ∗) =

√
2
2

≈ 0.707 because
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types below (above) θ∗ always choose to implement x = 0 (x = 1). Since this is greater than ȳ1 as
well, this means the corresponding allocation will sometimes choose the “weaker” project 0 over
the “stronger” project 1. Intuition for this finding coincides with that from the binary-type case.

However, since θ∗ < θFB = 1
2
, there is also a range of types who end up developing the

project that is worse for the principal given the agent’s type. This kind of inefficiency reflects
overpromising described previously. The intuition for this is straightforward: Suppose instead the
principal were to set θ∗ = 1

2
. Since an agent with θ = 1/2 is indifferent between projects, incentive

compatibility would require that x = 1 and x = 0 be allocated with equal probabilities; otherwise,
an agent with θ = θ∗ would strictly prefer whichever project yielded a higher (agent) selection
probability. While lowering the threshold introduces an inefficiency, it also allows the principal
to increase the allocation probability to x = 1 projects, which tend to yield higher utility. This
inefficiency is initially small when θ∗ is close to 1/2; as θ∗ decreases, the inefficiency increases. The
optimal value for θ∗ balances the inefficiency in project selection against the ability to discriminate
on projects. The conclusion is that the optimal mechanism may require both overpromising and
handicapping simultaneously, rather than just one or the other.

4.3. Allowing for a Richer Project Choice Space

The rest of this paper concerns cases where X = R+. We highlight two challenges that emerge
when seeking to accommodate richer possible specifications of X .

First, a key driver of tractability in the previous cases is that the project choice is a deterministic
function of the agent’s type θi. It turns out that this property does not hold in general: Optimality
in fact may strictly require the project to be randomly selected. Figure 1 illustrates this with a
simple generalization of the simple example from Section 4.2.1 to three projects. There, we plot the
probability that the agent is selected to develop each project in the computed optimal mechanism,
and note that there is one type for which project selection is stochastic conditional on being
allocated; no mechanism with deterministic project selection attains as high a payoff. Intuitively,
project selection and agent-selection probabilities must tradeoff the efficiency of developing an
agent’s preferred project with the need to ensure incentive compatibility, and deterministic project
selection might distort agent-selection too much relative to stochastic selection.

Second, above we illustrated that a change of variables is necessary in order to transform
the principal’s objective into one that is linear—a key driver of tractability in the line of work
following Kleiner et al. (2021). Notice, however, that this transformation requires one function
yx : Θ → [0, 1] for each x ∈ X . In the case where X is an interval, this implies the optimization
problem involves a continuum of functions, eliminating the tractability of this approach. For
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Figure 1: Optimal mechanism with X = {0, 1, 2}, Θ = {0, 1/6, 1/3, 1/2, 2/3, 5/6, 1}, u(0, θ) =
1, u(1, θ) = 3θ, u(2, θ) = 6θ − 2; all types are equally likely. This mechanism involves stochastic
project selection when θ = 1/2.

this reason, we consider a formulation of the problem that involves only choosing two functions,
which determine the interim allocations (i.e., agent selection and project selection). However, the
disadvantage of this approach is that we cannot eliminate the nonlinear interaction between the
endogenous variables, as identified in Section 4.2.2.

5. Rich Project Spaces

We now turn to the case where the space of projects is a continuum (X = R+) and Θ = [θ, θ̄],
where 0 ≤ θ < θ̄ <∞. While the analysis of the two-project case does provide some intuition for
why distorted project selection or handicapping emerge and the basic form it should take, each
tool is relatively limited in its scope. With two types, there is no project distortion at all. And
while there is project-distortion with more than two types, the fact that optimal mechanisms only
depend on which side of a threshold the agent lies on limits the extent to which each tool (project
distortion and handicapping) are used separately, since it is not possible to handicap some types
and distort others. A richer project space allows greater flexibility in how each feature is used.

Our main insight is that handicapping helps eliminate project distortion for high types, but
exacerbates it for “middle” types, implying that project distortion should be largest away from both
extremes. These insights assume that the first-best is not implementable. The following propo-
sition provides a simple necessary condition for first-best implementability; for the parametric
specifications we study below, this condition is sufficient as well:

Proposition 1. Suppose xFB(θ) = θ. First-best implementability implies that, for all θ ∈ (θ, θ),

(n− 1)u(θ, θ)f(θ)

F (θ)
≤ −ux(θ, θ), (2)
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where ux(θ, θ) is understood as a right-derivative.

To understand this condition, notice that the first-best agent selection rule involves type θ winning
with probability F (θ)n−1. For an interior type, incentive compatibility requires that an infinites-
imal upward report is not profitable. Under the first best, a type θ who reports θ̂ ≥ θ obtains
F (θ̂)n−1u(θ, θ̂). Hence we have:

0 ≥ d

dθ̂

[
F (θ̂n−1u(θ, θ̂)

] ∣∣∣∣
θ̂=θ+

= (n− 1)F (θ)n−2f(θ)u(θ, θ) + F (θ)n−1ux(θ, θ),

which is equivalent to (2). Defining the first-best selection probability to be yFB(θ), multiplying
both sides of (2) by θ

u(θ,θ)
, this condition becomes:

d log(yFB(θ))

d log θ
≤ −d log u(θ, x)

d log x

∣∣∣∣
x=θ

This inequality reflects a comparison between the elasticity of the first-best agent selection rule and
the first-best project selection rule. In other words, first-best implementability requires that the
elasticity of the loss from project-distortion is larger than the elasticity of the agent selection rule.
On the other hand, this necessary condition is quite strong and suggests first-best implementability
will often fail with continuous projects. For instance, when u(x, θ) is quadratic around θ, this
condition is violated for every interior type, so the first best is never implementable.

Intuitively, modifying the allocation rule at some type influences the incentive constraints for
other types: even if some type would prefer truth-telling under the first-best project and agent
selection rule, modifying this rule might induce such types to deviate. To identify the optimal
resolution of this tradeoff, our general characterizations build on the methodology of Amador and
Bagwell (2013). Specifically, in light of the restrictions above and assuming deterministic project
selection, we write the principal’s problem as:

max
x,y

∫ θ

θ

y(θ)u(x(θ), θ)dF (θ)

subject to y(θ)u(x(θ), θ) ≥ y(θ̂)u(x(θ̂), θ), ∀θ, θ̂ ∈ Θ

y(θ)u(x(θ), θ) ≥ 0, ∀θ ∈ Θ

n

∫
S

y(s)dF (s) ≤ Pr(∃i : θi ∈ S), ∀S ⊆ Θ
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This program lends itself to necessary conditions for optimality corresponding to the first-order
conditions for this program. Our next result uses these conditions to characterize optimal mecha-
nisms when the first best is not implementable.

Theorem 1 (Structure of Optimal Mechanisms). Suppose:

u(θ, x) = θx− 1

2
x2.

Then, there exists an optimal mechanism with deterministic project selection—i.e., x(θ) is deterministic
for all θ. Moreover, every optimal mechanism with deterministic project selection satisfies the following
properties

(i) Monotonicity and upward distortion. x(θ) ≥ θ for all θ ∈ Θ, with x(θ) > θ for every
θ ∈ (θ, θ̄). Both x(θ) and y(θ) are weakly increasing in θ.

(ii) Project choice is continuous in θ. Both x(θ) and y(θ) are continuous in θ.

(iii) Handicap region at the top: y′−(θ̄) = 0. If f(θ̄−) > 0, then y(θ̄) < 1, and there exists an
open neighborhood of θ̄ in which y(θ) < F n−1(θ) and the Border constraint is slack.

(iv) Decreasing project distortion at the top. Either x(θ̄) = θ̄, or x and y are constant on a
terminal interval. In the latter case, y(θ̄) < 1, and there exists a handicap region at the top.

(v) No disposal: The principal always selects an agent: D(θ) = 0. Moreover, y(θ) > 0 for all
θ > θ.

The first part of Theorem 1 says that the possibility of stochastic project selection is no longer
needed with a rich project space under quadratic utility, echoing results obtained in single-agent
settings by, for instance, Kartik et al. (2021). Rough intuition follows from the local envelope
condition, which yields:

U ′(θ) = y(θ)Ex̃∼X(θ)[x̃].

From inspection, it seems natural to hope that project randomization can be eliminated while
preserving the payoff-relevant moments that determine local incentives—simply match y(θ)Eθ[x̃]

with an allocation featuring deterministic project choice. The complication is that preserving local
incentive constraints alone need not preserve global incentive compatibility or feasibility.

The use of quadratic utility to establish optimality of deterministic mechanisms has precedents,
although we are not aware of a direct precedent for this argument in the delegation literature.
It is instructive to compare our result with Kartik et al. (2021), where each stochastic action
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is replaced by its deterministic mean. Under quadratic utility, this mean allocation satisfies a
relaxation of incentive compatibility allowing the stochastic problem to be bounded by an auxiliary
deterministic problem. A deterministic candidate that solves this relaxed problem and is itself
incentive compatible is therefore optimal even among stochastic mechanisms. Crucially, this
relaxation need not be tight, and stochastic mechanisms can strictly dominate all deterministic
mechanisms in their environment (see their Online Appendix E). By contrast, we show directly
that any feasible stochastic project-selection mechanism can be replaced by one with deterministic
project choice without reducing the principal’s payoff. Thus deterministic project selection is
without loss in our quadratic environment without additional restrictions on the type distribution,
unlike in the setting of Kartik et al. (2021).

The intuition for the other parts is simplest once we have deterministic selection in hand. The
necessary condition in Proposition 1 is violated for every interior type θ > 0, since ux(θ, θ) = 0.
Thus, some distortion must be utilized in the optimal mechanism. The first observation is that every
type necessarily involves project distortion, with the possible exception of the two endpoints. This
property is again a consequence of the fact that ux(θ, θ) = 0; allowing a small amount of project
distortion leads to a second-order loss, compared to the first-order benefit due to eliminating
handicapping and hence the ability to allocate to a mass of higher types, thus potentially also
relaxing the incentive constraints for these types.

This argument alludes to a challenge, namely that the costs of handicapping depend on where
most of the mass of types lies, and hence global properties of the distribution. In general this
makes the benefits of handicapping at a given type highly distribution dependent. However, we
can show that handicapping is always worthwhile at the top of the distribution. For these types,
project distortions are most costly, and excessive distortion makes the relative gain from higher
types small. Introducing handicapping allows the principal to cut down on project distortion and
make sure that the highest types, if selected, do not accumulate too much inefficient allocation.

The necessary conditions above can be used to construct candidate mechanisms, but they do
not by themselves establish global optimality. We now turn to the question of how to tell whether
a given mechanism is optimal. We follow the approach of Amador and Bagwell (2013) to close the
gap between the necessary conditions for optimality and complete verification of a mechanism as
optimal. The following result extends the certification approach of Amador and Bagwell (2013,
Proposition 1), and more recently Amador et al. (2026, Theorem 1), to the present setting:

Theorem 2 (Certification). Suppose that (x∗, y∗) is a feasible mechanism with x∗(θ) ≥ θ on Θ and
y∗(θ) > 0 on (θ, θ̄]. Then (x∗, y∗) is optimal if and only if there exist absolutely continuous functions
µ and Γ, a right-continuous function Λ of bounded variation, and γ ∈ L1(Θ) such that the following
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conditions hold:

(i) The costate and control equations hold almost everywhere:

Γ̇(θ) + f(θ) = γ(θ)

γ(θ)(θ − x∗(θ)) + Γ(θ) = −µ̇(θ),
1

2
γ(θ)x∗(θ)2 = −Λ(θ)f(θ).

(ii) Dual feasibility and complementary slackness for (IC-Mon) and (Border):

µ(θ) ≤ 0,

∫
(θ,θ̄]

µ(θ) dz∗(θ) = 0,

Λ is decreasing,
∫
(θ,θ̄]

D∗(θ) dΛ(θ) = 0.

(iii) Transversality conditions:

µ(θ) ≤ 0, µ(θ)z∗(θ) = 0, µ(θ̄) = 0,

Γ(θ) ≤ 0, Γ(θ)U∗(θ) = 0, Γ(θ̄) = 0,

Λ(θ) ≤ 0, Λ(θ)D∗(θ) = 0.

Remark 1. Since Λ(θ) ≤ 0 and Λ is nonincreasing, we have Λ(θ) ≤ 0 on Θ. The control equation
therefore implies γ(θ) ≥ 0 almost everywhere, or equivalently, Γ + F is nondecreasing. Thus, the
Lagrangian is concave in the transformed variables, and no additional concavity condition is needed
for sufficiency.

Theorem 2 provides the sufficiency result which complements the necessary conditions outlined
in Theorem 1. Specifically, it shows that a candidate satisfying the optimality equations is globally
optimal whenever the associated dual variables satisfy the appropriate stated conditions.

Methodologically, the main technical difference with the certification approach of Amador
and Bagwell (2013) and its subsequent extensions arises due to the presence of a Border feasibility
constraint: That is, while the project selection problem is analogous to their exercise, the agent-
selection problem is not. This feature implies that in our setting, the certificate must carry
an additional state D and associated dual object Λ, whose complementary-slackness behavior
distinguishes competitive and handicap regions. While technical, our view is that this step is an
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important component of the extension of the certification approach of Amador and Bagwell (2013)
to multi-agent settings.

It is also worth noting that our interest in the implications of the Border constraint is shared
with the influential work of Kleiner et al. (2021), who find that this amounts to imposing the
constraint that the allocation rule is majorized by the efficient allocation. This idea implies that the
optimal mechanism is deterministic in their case, whereas in our case, stochastic (agent-selection)
mechanisms are optimal.

The interpretation of the certificate is standard from duality-based optimization exercises.
Here, D(θ) measures the slack in the Border constraint, whereas z = xy relabels the allocation to
a single variable that enters the local incentive conditions. The function Λ and µ are the costates
associated with D and z, respectively. Since monotonicity of z = xy is the global IC restriction,
the conditions on µ capture the associated complementary-slackness. Monotonicity of Λ, together
with flatness whenever D > 0, encodes dual feasibility and complementary slackness for the
Border constraint. Lastly, as explained in the remark, conditions (i)–(iii) imply that Γ + F is
nondecreasing, which makes the Lagrangian concave in the transformed variables and establishes
global optimality.

Theorem 2 translates the exercise of verifying whether a given mechanism is optimal into
the search for multipliers satisfying the conditions above. While it does not by itself identify the
candidate mechanism in general, for parametric cases it can once we conjecture which constraints
bind. The theorem together with feasibility gives a system of differential equations and boundary
conditions; sllving this system determines both the candidate mechanism and the boundaries
between regions. The remaining conditions then verify the conjectured structure and certify global
optimality.

5.1. Optimal Mechanisms for the Power Distribution Class

One challenge of our environment relative to Amador and Bagwell (2013) and many single-agent
settings is that there is no a priori simple restriction on optimal mechanisms that we can identify—
in general the designer will need to fine-tune project distortion, and handicapping similarly
implies that agent selection may be interior and smoothly adjusting. Furthermore, the differential
equations identified by Theorem 2 in general lack a simple closed-form solution.

Nevertheless, obtain a sharper characterization of optimal mechanisms when F follows a
power distribution, i.e., F (θ) = θα with α > 0. In this case, solving the differential equation yields
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the optimal project selection in the competitive region:

x∗(θ) =

(
1 +

(n− 1)α

2 + (n− 1)α

)
θ

From this, we see that x∗(θ)− θ = α(n−1)
2+α(n−1)

θ ∈ (0, θ), so that the distortion in projects increases
as θ increases. As α → ∞, most of the mass becomes concentrated at the top of the distribution,
and we see that x∗(θ) → 2θ. But since u(2θ, θ) = 0, we see that the principal would obtain a
payoff of 0 if only utilizing a competitive region: randomly selecting one agent and implementing
xFB(θ) is an incentive compatible mechanism that outperforms this mechanism. At the other
extreme, x(θ) → θ as α → 0—thus in this limit, the distortion vanishes even if selecting only the
highest-type agent. Finally, increasing the number of participants has the same impact on project
selection as an increase in α.

The following result describes optimal mechanisms with this added restriction on the distribu-
tion over agent types:

Theorem 3 (Power distributions). Assume F (θ) = θα on [0, 1], with α > 0. Every optimal
deterministic mechanism (x∗(θ), y∗(θ)) has a competitive–handicap structure: there exists θ0 ∈ [0, 1)

that partitions the type space into two intervals.

1. Competitive region [0, θ0]: on this interval, D∗(θ) = 0,

x∗(θ) =

(
1 +

α(n− 1)

α(n− 1) + 2

)
θ ≥ θ, y∗(θ) = F (θ)n−1,

with x(θ) > θ for all θ ∈ (0, θ0]. The competitive region is empty if θ0 = 0.

2. Handicap region [θ0, 1]: on the interior of this interval, D∗(θ) > 0, x∗(θ) > θ, and y∗

single-crosses F n−1 from above at some θ1 ∈ (θ0, 1).

Moreover, x and y are increasing and can only be constant on a terminal interval [θp, 1] for some
θp > θ0. In particular,

• If α ≥ 1, then both x∗ and y∗ are strictly increasing on [0, 1], and x∗(1) = 1.

• If α ≥ ᾱn :=
3+
√

9+ 8
n−1

2
, then the competitive region is empty.

Figure 2 illustrates a semi-analytical solution for the optimal mechanism outlined in Theorem 3,
assuming that θ ∼ U [0, 1] and n = 2. The (lower) competitive region features an agent-selection
rule of y(θ) = θ. We see there is a point θ0 below which the highest type is selected, and above
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Figure 2: Semi-analytical solution for the optimal (x∗(θ), y∗(θ)) when θ ∼ U [0, 1] and n = 2.

which lower types are handicapped over higher types; calculating this value explicitly can be done
following Theorem 2.

A notable feature is that we obtain a version of a “no-project-distortion at the top” with this
setup. Of course, the agent-selection rule is not fully efficient, as even the highest type would lose
allocation over a lower type with positive probability. Thus, this finding differs notably from those
obtained in traditional Mussa and Rosen (1978) or Myerson (1981) problems—in particular, the
highest type need not win with probability 1, in contrast to the auction problem. The theorem
establishes this structure throughout the power family.

Theorem 3 shows that there is a tradeoff between implementing the efficient project and
selecting the preferred agent: Having a given type implement a more efficient project comes at the
expense of being able to discriminate between nearby types. To see why this follows, notice that
local IC in the handicapping region can be written:

(x∗(θ)− θ)x∗′(θ)y∗(θ) = y∗′(θ)u(x∗(θ), θ).

If the principal wanted to utilize efficient project selection, then since ux(xFB(θ), θ) = 0 and
u(xFB(θ), θ) > 0, local incentive compatibility requires y′(θ) = 0—in other words, efficiency in
projects requires the principal not discriminate on type locally.

This condition also makes explicit the local complementarity between handicapping and
overpromising highlighted in the introduction. In the uniform n = 2 solution, when handicapping
begins, y′(θ) rises above its competitive benchmark, while x(θ) and y(θ) initially coincide with
the competitive levels. By local IC, x′(θ) must increase as well. Intuitively, making nearby higher
types more likely to be selected makes them more attractive to mimic, so that more overpromising
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is needed to maintain incentive compatibility. Eventually, however, handicapping allows project
distortion to decline all the way to zero at the top. Thus, this solution illustrates the claim that
handicapping and overpromising are initially local complements, despite being global substitutes.

6. Discussions and Conclusion

6.1. Other Utility Functions

A natural question in light of our results is how the functional form influences optimal mechanisms.
Here we consider an otherwise similar benchmark but where the utility function is:

u(x, θ) = θ − η |θ −max{x, θ}| = θ − ηmax{x− θ, 0}.

Here, the cost of distorting above θ is linear, rather than quadratic. For the most part, the linear
specification inherits the same basic structure as the quadratic, but with one key substantive
difference: the marginal cost of distortion above θ is positive at x = θ for linear preferences,
whereas it is 0 for quadratic. Outside of the case where x = θ, the utility functions appear
qualitatively similar, and so one would expect to have similar patterns as the quadratic specification
in this range. As we show in this section, this distinction creates a sharper tradeoff between
project distortion and handicapping, but the linear specification otherwise inherits the same key
features of optimal mechanisms.

Nevertheless, the first-best need not be implementable. We have:

Proposition 2. With linear utility, the first-best is not implementable if there exists some interior θ
such that (n− 1) θf(θ)

F (θ)
> η.

The inequality in Proposition 2 emerges from considering the derivative of type θ’s utility when
reporting θ̂, evaluated at θ̂ = θ. Thus, for distributions for which θf(θ)/F (θ) is sufficiently small
near the bottom, efficient project choice can be locally incentive compatible for low types.

This observation points to an immediate contrast with the quadratic case. To speak to this
most directly, our main result compares optimal mechanisms for the case where F = θα.

Definition 1. Define the following regions:

1. Competitive (C): x(θ) > θ and y(θ) = F (θ)n−1.

2. Handicap: in a handicap regionΘh, we have
∫ θ̄

θ
(F (s)n−1−y∗(s))dF (s) > 0, and

∫
Θh
(F (s)n−1−

y∗(s))dF (s) = 0. Furthermore, handicap regions can be of two kinds:
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Figure 3: Example for n = 2, F (θ) = θα with α ∈ (0, 1) where optimal mechanism has C-P-H
structure

• Pooling handicap (P): x and y are constant and x(θ) > θ.

• Pure handicap (H): x(θ) = θ.

The following result says that all kinds of intervals might emerge in optimal mechanisms:

Proposition 3. Suppose F (θ) = θα, and η < (n−1)α (as the reverse inequality implies the first-best
is implementable).

• If α ≥ 1, the optimal mechanism is pure handicap everywhere: x∗(θ) = θ and y∗(θ) = α+η
nα
θη .

• If α < 1, the optimal mechanism features a low competitive interval, followed by a pooling
handicap interval and potentially a pure handicap interval. Furthermore,

– The competitive region and the pooling handicap region are nonempty.

– The pure handicap region is empty when η is sufficiently small.

Proposition 3 illustrates that the “handicapping at the top” property extends to the linear case.
This is intuitive, as the force favoring handicapping for high types in the quadratic case—the desire
to avoid excessive project distortion—remains present under linear utility. The dichotomy between
α ≥ 1 and α < 1 reflects the idea that handicapping is preferred at the top of the distribution;
when enough mass is at the top of the distribution, handicap throughout becomes optimal.

However, a notable difference is the introduction of two kinds of handicap regions: One where
there is no project distortion, and one where project selection is constant. Figure 3 illustrates
this possibility. In the case illustrated in Figure 3, x(θ) increases at a rate greater than 1 in the
competitive region, but then jumps up to the left endpoint of the pure handicap interval. When
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both kinds of handicap regions are nonempty, as in Figure 3, this implies that there is an interval of
projects that are never selected in the optimal mechanism. Instead, there are two non-overlapping
intervals of projects, the lower involving agents selecting inefficiently ambitious projects but the
higher involving efficient project selection.

Intuitively, the jump emerges due to the need to stitch together the pure handicapping and
competitive regions. At the bottom, the differential equations for IC determine how project
selection is distorted while agents are selected competitively. At the top, the differential equation
instead governs how agent-selection changes, with y(θ) proportional to θη; its scale and the region
boundaries are pinned down jointly by the junction and Border conditions. Importantly, the linear
specification also creates a sharp separation between the two forms of handicapping. Within a
handicap region, if agent selection varies with type, project choice must be efficient; if project
choice remains distorted, both project and agent selection must instead be constant.

The competitive and pure-handicap regions cannot be joined directly. Since project choice is
distorted in the competitive region, continuity of interim utility would require the agent-selection
probability to jump downward when project choice switches immediately to x(θ) = θ, violating the
monotonicity of y(θ) required by incentive compatibility. To avoid this, both x(θ) and y(θ) jump
upward at the first boundary, in a way that leaves the cutoff type indifferent. The mechanism then
holds both constant until the type catches up with the pooled project, after which project choice
can be efficient. This contrasts with the quadratic case, where project distortion is continuous in θ.
The resulting pooling region therefore acts as a bridge between competitive screening through
project distortion and pure handicapping with efficient project choice.

6.2. Allowing for Transfers

While we argued in the introduction that the no-transfer benchmark was more natural for our
applications of interest, a natural theoretical question is how the solutions we have outlined would
change if transfers were available. One implication of the presence of transfers is that the principal
and the selected agent are not as sharply aligned as in the no-transfers case: A payment made by
the agent can raise the principal’s utility but lower the agent’s utility.

This section describes the solution to our model in this case—specifically, where we enrich
the main model from Section 3 to let the principal choose a payment t(θ) from the agent to
the principal, in addition to selecting an agent-project pair as previously specified. All other
assumptions of the model are maintained as well.

We obtain a sharp reversal of the main characterizations when transfers are available:
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Proposition 4. Suppose the principal has access to transfers, and assume J(θ) := θ − 1−F (θ)
f(θ)

is
increasing:

1. With two projects, project selection is distorted downward (i.e., the threshold for the risky project
θ∗ > 1/2 is higher than the efficient level).

2. With a continuum of projects, project selection is distorted downward (i.e., x∗(θ) ≤ θ for all
θ ∈ Θ, with strict inequality for all θ < θ̄), and the agent selection is competitive above a
threshold: y∗(θ) = F (θ)n−1 · 1θ≥θ∗0

, where θ∗0 = sup{θ : θ + J(θ) ≤ 0}.

Comparing to our prior results, we see that in the two-project case, the principal has types
with x∗(θ) = 1 instead select project 0 when transfers are present, whereas without transfers,
types with x∗(θ) = 0 select project 1. While a striking reversal, this result is consistent with
traditional rent-extraction intuition: The agent obtains no information rent when x(θ) = 0, since
the agent’s utility is known in this case so the principal can extract it fully. For higher θ, this
project selection is inefficient, and so the principal will only ask to develop the better project if
the efficiency gains are sufficiently large relative to the information rent the agent would need to
be provided to reveal information truthfully.

The two-project case also qualifies the intuition that the allocation problem can be thought
of as simply auctioning off the rights to implement the project, thus essentially translating the
problem to one of agent-selection only. The problem with this logic is that distorting the project
influences the agent’s information rent, which is precisely why it may be optimal to distort the
project selection to be different from the agent’s preferred choice. Indeed, with a continuum of
projects we again obtain downward distortion rather than upward distortion of project selection. In
contrast to both the no-transfers case and the two-project case, transfers may lead the principal to
optimally exclude low types by not allocating with a continuum of projects. This force is familiar;
the lowest project delivers a payoff of 0 to both the principal and the agent, while the principal
only chooses to allocate if the efficiency gain is large enough relative to the information rent that
would need to be provided. Still, if allocation occurs, then the strongest type wins. Hence we
see that the main properties of our model—upward distortion and handicapping—are indeed a
consequence of the lack of transfers.

6.3. Conclusion

The model we have proposed has been deliberately simple, in order to capture how competition
creates bias in settings where projects are awarded competitively and transfers are absent. These
situations are ubiquitous, but fall outside the scope of models previously studied in the delegation
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literature. In particular, focusing on the case of no-exogenous-bias allows us to make the noncom-
petitive benchmark immediate: If the principal could guarantee the agent would be selected, the
efficient project would be chosen.

Instead, the overarching principle that our results delineated was that optimal mechanisms
may require both project distortion as well as handicapping. We have sought to delineate the
boundaries of where each tool is used and why. Hence, the observation that excessively ambitious
projects are selected in practice may very well be consistent with optimality, as a way of effectively
screening agents. At the same time, it may be necessary to select weaker agents over stronger
ones, a stark contrast to the conclusion of analogous models with transfers. Our analysis does
rely upon commitment from the principal, and particular institutional details may influence the
feasibility of such a mechanism. Along these lines, we also abstract from proposal costs and
other payoffs to unsuccessful agents, in order to isolate the competition-driven screening channel
clearly. Still, the message remains that an ill-designed mechanism that always incentivizes agents
to overclaim could even be worse than simply dispensing with competition entirely.

Despite the simplicity of the model, the analysis is complicated by the fact that it features a
nonlinear interaction between the choice variables, which cannot be separated easily. This feature
is a stark contrast with the auctions case, where the approach from Myerson (1981) involves
optimizing over allocations alone and then solving for transfers. The resulting agent-selection
rule that emerges leads to a loss of the simplicity that one inherits from other delegation settings
with fixed exogenous bias. Our analysis is also in contrast to the delegation case pioneered by
Holmstrom (1984) due to the agent-selection problem. Thus, one technical contribution of our
work is showing how Lagrangian methods can be applied to characterize solutions of competitive
project selection problems. We hope that these methods will be useful in future analyses of
problems similar to those studied in this paper.
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A. Proofs of Preliminary Results in Section 4

Proof of Lemma 1. The argument behind the sufficiency of direct revelation mechanisms and
truthtelling equilibria is standard since the principal has commitment.

For symmetry, suppose we have a direct revelation mechanism µ which is asymmetric and
optimal. Then since agents are symmetric and identical, for any permutation π : I → I , the
mechanism µ̃π which coincides with mechanisms µ but replaces agent i ∈ I with agent π(i) is
also an optimal mechanism. Finally, letting Π denote the set of all permutations, the mechanism
which asks agents to report their types truthfully and then implements µ̃π with probability 1

|Π| is
symmetric and obtains the same payoff as µ, since each realization delivers the same payoff to the
principal.

For the last part, consider an arbitrary mechanism µ, and note that for each θ−i, µ induces
a distribution over (i) the event that agent i is selected, and (ii) the implemented project if i is
selected. Let yi denote an indicator variable that is 1 if agent i is selected, and let νi

θ̂i,θ−i
(·) denote

the distribution over X conditional on agent i being selected when the message profile is (θ̂i, θ−i).
Let:

pi(θ̂i, θ−i) := P[yi = 1 | θ̂i, θ−i].

For all θ̂i where Eθ−i
[pi(θ̂i, θ−i)] > 0, define:

πi
θ̂i
(·) :=

Eθ−i
[pi(θ̂i, θ−i)ν

i
θ̂i,θ−i

(·)]

Eθ−i
[pi(θ̂i, θ−i)]

,

while if pi(θ̂i, θ−i) = 0 for almost every θ−i, define πi
θ̂i
(·) to be an arbitrary probability measure

over X . Note that πi
θ̂i
(·) is a probability measure over X—indeed, since νi

θ̂i,θ−i
(·) is a probability

measure over X , we have πi
θ̂i
(X) = 1 and πi

θ̂i
(A) ≥ 0 for all measurable A ⊆ X .

Define a new mechanism µ̃ which, following a message profile (θ̂1, . . . , θ̂n), (i) uses the same
agent-selection rule as µ, and (ii) has the agent implement a project drawn according to πi

θ̂i
. Note

that by construction of πi
θ̂i

, this distribution does not depend on θ−i, so that the project-selection
rule only depends on θ̂i. Thus, to complete the proof of the Lemma, we need only show that this
leaves the expected utilities unchanged.

So consider the agent’s payoff in the original mechanism, assuming all other agents report
their types truthfully. Conditional on θ−i, the agent’s expected utility when reporting θ̂i with true
type θi under µ is:

pi(θ̂i, θ−i)Ex∼νi
θ̂i,θ−i

[u(θi, x)], (3)
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while under µ̃ the expected utility in this event is:

pi(θ̂i, θ−i)
Eθ−i

[pi(θ̂i, θ−i)Ex∼νi
θ̂i,θ−i

[u(θi, x)]]

Eθ−i
[pi(θ̂i, θ−i)]

. (4)

Now, the expectation of (3) is equal to the expectation over (4)—letting ū(θ̂i, θ−i) = Ex∼νi
θ̂i,θ−i

[u(θi, x)],
we have:

Eθ−i

[
pi(θ̂i, θ−i)

Eθ−i
[pi(θ̂i, θ−i)ū(θ̂i, θ−i)]

Eθ−i
[pi(θ̂i, θ−i)]

]
= Eθ−i

[
pi(θ̂i, θ−i)

] Eθ−i
[pi(θ̂i, θ−i)ū(θ̂i, θ−i)]

Eθ−i
[pi(θ̂i, θ−i)]

= Eθ−i
[pi(θ̂i, θ−i)ū(θ̂i, θ−i)].

Thus, the expected payoff of agent i is unchanged for every true type-reported type pair. Thus,
all incentive compatibility constraints are preserved, as is the interim expected utility of agent
i—and, since the principal’s payoff is determined by taking the sum over the agents’ payoffs,
the principal’s objective is unchanged as well. Thus, µ̃ satisfies the properties claimed by the
Lemma.

A.1. Proof of Section 4.2.2

Proof of Section 4.2.2. Let W (y1, y2) =
∫ θ̄

θ
(y0(θ) + 2θy1(θ))dF (θ) denote the objective function.

We study a relaxed problem in which (Border) is replaced by the single constraint∫ θ̄

θ

(y0(θ) + y1(θ))dF (s) ≤
1

2
(Border’)

and the upper bound constraints y0(θ), y1(θ) ≤ 1 are dropped. Thus, the relaxed feasible set is

F =
{
(y1, y2) : Θ → R2

+ | (y0, y1) satisfies (IC-local), (IC-global), and (Border’)
}
.

In Lemma 2, we show that F is the closed convex hull of its extreme points, and that every
nonzero extreme point of F is a threshold allocation of the form

(y0(θ), y1(θ)) =

(ȳ0, 0), if θ < θ∗,

(0, ȳ1), if θ ≥ θ∗,
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where ȳ0, ȳ1 ≥ 0 are constant, and θ∗ ∈ [0, 1]. In other words, types below θ∗ are selected with
probability ȳ0 always implement project x = 0 if selected, while types above θ∗ are selected with
probability ȳ1 and always implement project x = 1 if selected.

Moreover, for a nonzero extreme point, (IC-local) holds, and (Border’) must bind, which implies

ȳ0 = 2θ∗ȳ1 (IC-local) and ȳ0F (θ
∗) + ȳ1 (1− F (θ∗)) =

1

2
(Border’).

For every θ∗ ∈ [0, 1], these conditions uniquely determine ȳ0 and ȳ1:

ȳ0(θ
∗) =

θ∗

1− F (θ∗) + 2θ∗F (θ∗)
≥ 0, ȳ1(θ

∗) =
1

2 [1− F (θ∗) + 2θ∗F (θ∗)]
≥ 0

Because the objective W is linear in (y0, y1) and F is the closed convex hull of its extreme
points, we have

sup
(y0,y1)∈F

W (y0, y1) = sup
(y0,y1)∈ext(F)

W = max
θ∗∈[0,1]

∫ θ̄

θ∗
(2θȳ1(θ

∗)− ȳ0(θ
∗)) dF (θ) + ȳ0(θ

∗). [R]

Therefore, using the extreme-point argument and the threshold characterization, the relaxed
problem reduces to a single-variable unidimensional optimization problem. Claim 4 shows that
the optimal threshold θ∗ satisfies θ∗ < 1/2.

If an optimal solution to the relaxed problem also satisfies the original (Border) constraint,
then it is feasible and hence optimal for the original problem.3 Claim 5 shows that the optimal
solution satisfies F (θ∗) ≤ 2θ∗

1−2θ∗
and thus satisfies the original (Border) constraint. Hence, the

threshold allocation characterized above is also optimal for the original problem.

Lemma 2. Let C be the cone of nonnegative IC allocations and define

Q(y0, y1) :=

∫ 1

0

(
y0(θ) + y1(θ)

)
dF (θ), F := {(y0, y1) ∈ C : Q(y0, y1) ≤ 1

2
}.

For t ∈ [0, 1], define et(θ) := (2t1{θ < t},1{θ ≥ t}) and yt = (yt0, y
t
1), where

yt0(θ) :=
t

Q(et)
1{θ < t}, yt1(θ) :=

1

2Q(et)
1{θ ≥ t}.

3The original constraints y0(θ), y1(θ) ≤ 1 are implied by the original (Border) constraint. To see this, note that
(Border) implies y0(θ) + y1(θ) ≤ 1; because y0, y1 ≥ 0, it follows that y0(θ), y1(θ) ≤ 1.
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Then the extreme points of F are (0, 0) and {yt : t ∈ [0, 1]}.

Proof of Lemma 2. Every nonnegative IC allocation admits the layer representation

(y0, y1) = (r, 0) +

∫ m

0

eτ(s) ds, r = y0(1), m = y1(1), τ(s) = inf{θ : y1(θ) ≥ s}.

Since (r, 0) = (r/2)e1 almost everywhere, every element of C is a positive mixture of the threshold
allocations et.

We first characterize the extreme rays of C. If the layer representation uses more than one
cutoff, choose c such that a positive amount of layers have cutoffs below c and a positive amount
have cutoffs at or above c. Let z be the sum of the former layers and w the sum of the latter. Then
y = z + w, where z, w ∈ C are nonzero and nonproportional: below c, the second component
of w vanishes, while the second component of z is positive on some interval. Thus y does not
generate an extreme ray. Consequently, every extreme ray of C is generated by some et.

Conversely, suppose et = z + w with z, w ∈ C. Since the second component of et vanishes
below t and its first component vanishes above t, nonnegativity forces the same to hold for z and
w. In their layer representations, the first condition rules out cutoffs below t, while the second
rules out cutoffs above t. Hence only cutoff t can occur, so z = aet and w = bet for some a, b ≥ 0.
Therefore,

{R+et : t ∈ [0, 1]}

is exactly the set of extreme rays of C.
Now let

S := {y ∈ C : Q(y) = 1/2}.

Since Q(y) > 0 for every nonzero y ∈ C, each nonzero ray of C intersects S exactly once. Thus
S is a convex base of C. By the standard correspondence between extreme rays of a cone and
extreme points of a convex base (Barvinok, 2002, Lem. 8.4, p. 66), the extreme points of S are its
intersections with the rays R+et.

The point on R+et satisfying Q = 1/2 is atet, where at = 1/[2Q(et)]. Its components are(
t

Q(et)
1{θ < t}, 1

2Q(et)
1{θ ≥ t}

)
= yt(θ).

Hence
ext(S) = {yt : t ∈ [0, 1]}.

We next relate extreme points of S to extreme points of F . Suppose first that y ∈ S is extreme
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in S and that
y = λz + (1− λ)w, z, w ∈ F , 0 < λ < 1.

By linearity of Q,
1

2
= Q(y) = λQ(z) + (1− λ)Q(w).

Since Q(z), Q(w) ≤ 1/2 and both weights are positive, this equality is possible only if

Q(z) = Q(w) =
1

2
.

Thus z, w ∈ S . Because y is extreme in S , it follows that z = w = y. Hence y is also extreme in F .
Conversely, if y ∈ S is extreme in F , then it is automatically extreme in S , because S ⊆ F .

Therefore,
ext(F) ∩ S = ext(S).

If y ∈ F is nonzero and Q(y) < 1/2 (i.e., y /∈ S), then

y =
(
1− 2Q(y)

)
(0, 0) + 2Q(y)

y

2Q(y)
,

y

2Q(y)
∈ S.

Because 0 < 2Q(y) < 1, this is a nontrivial convex combination of two distinct points in F , so y
is not extreme.

Finally, (0, 0) is extreme because a convex combination of nonnegative allocations can equal
(0, 0) only if both allocations are (0, 0). Therefore,

ext(F) = {(0, 0)} ∪ ext(S).

Claim 4. Any solution to problem [R] satisfies θ∗ < 1/2.

Proof of Claim 4. Write t = θ∗ and define d(t) = 1− F (t) + 2tF (t) > 0. Since 2θȳ1(t)− ȳ0(t) =
θ−t
d(t)

, the objective function can be written as

W (t) =
1

d(t)

∫ θ̄

t

(θ − t)dF (θ) +
t

d(t)
.

We first show that every maximizer satisfies t∗ < 1/2. Define

K(t) :=

∫ 1

t

(2θ − 1) dF (θ).
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A direct calculation gives

W (t) =
1

2
+
K(t)

2d(t)
, W ′(t) =

K ′(t)d(t)−K(t)d′(t)

2d(t)2
.

For all t ≥ 1/2, we have

K(t) ≥ 0, K ′(t) = −(2t−1)f(t) ≤ 0, d′(t) = 2F (t)+(2t−1)f(t) ≥ 0, d(t) > 0.

Thus, W ′(t) < 0 for all t > 1/2. Moreover,

W ′
(
1

2

)
= −K(1/2)F (1/2)

d(1/2)2
< 0.

Hence, the maximizer must satisfy t∗ < 1
2
.

Claim 5. If J(θ) = θ− 1−F (θ)
f(θ)

is increasing, every solution θ∗ to problem [R] satisfies F (θ∗) ≤ 2θ∗

1−2θ∗
.

Proof of Claim 5. By Claim 4, every optimal threshold satisfies θ∗ < 1/2. If θ∗ = 0, atomlessness
gives F (θ∗) = 0, and the result follows. Hence θ∗ ∈ (0, 1/2), so the first-order condition applies.

We first record two consequences of the monotonicity of J . For every t ∈ (0, 1), integration
by parts gives

−t[1− F (t)] =

∫ t

0

J(θ) dF (θ) ≤ F (t)J(t), and hence F (t)[1− F (t)]

f(t)
≤ t.

Moreover, for u ≥ t, the inequality J(u) ≥ J(t) implies

1− F (u)

f(u)
≤ u− t+

1− F (t)

f(t)
.

Using the hazard representation and then integrating over u yields

1− F (u)

1− F (t)
≤ 1− F (t)

1− F (t) + (u− t)f(t)
, E[θ − t | θ ≥ t] ≤ 1− F (t)

f(t)
log

(
1 +

(1− t)f(t)

1− F (t)

)
.

The reduced objective at threshold t is

W (t) =

t+

∫ 1

t

(θ − t) dF (θ)

1− F (t) + 2tF (t)
.
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Its numerator and denominator have derivatives F (t) and 2F (t)− (1−2t)f(t), respectively. After
simplifying the first-order condition at θ∗, we obtain

E[θ − θ∗ | θ ≥ θ∗]

(
2F (θ∗)[1− F (θ∗)]

f(θ∗)
− (1− 2θ∗)[1− F (θ∗)]

)
= (1− 2θ∗)

(
θ∗ +

F (θ∗)[1− F (θ∗)]

f(θ∗)

)
.

The right-hand side is positive, so the coefficient multiplying the conditional expectation is positive.
The first regularity bound also shows that the expression in braces on the right strictly exceeds
that coefficient: their difference is

θ∗ − F (θ∗)[1− F (θ∗)]

f(θ∗)
+ (1− 2θ∗)[1− F (θ∗)] > 0.

Consequently,
E[θ − θ∗ | θ ≥ θ∗] > 1− 2θ∗. (5)

Suppose instead that
F (θ∗) >

2θ∗

1− 2θ∗
.

Because F (θ∗) ≤ 1, this implies θ∗ < 1/4. The first regularity bound then gives

1− F (θ∗)

f(θ∗)
≤ θ∗

F (θ∗)
<

1− 2θ∗

2
.

For fixed t < 1, the function x 7→ x log(1 + (1 − t)/x) is strictly increasing on x > 0. The
tail-mean bound therefore implies

E[θ − θ∗ | θ ≥ θ∗] <
1− 2θ∗

2
log

(
3− 4θ∗

1− 2θ∗

)
< (1− 2θ∗) log 2 < 1− 2θ∗,

where the second inequality follows from θ∗ < 1/4. This contradicts (5) and proves the claim.

B. Initial Simplifications of Section 5’s Reduced Form

Lemma 3 (Incentive Compatibility). A direct mechanism (x(θ), y(θ)) is incentive-compatible if
and only if it satisfies

• U(θ) ≡ y(θ)
(
θx(θ)− 1

2
x(θ)2

)
=
∫ θ

θ
x(s)y(s)ds+ U(θ) (IC-Env);

• x(θ)y(θ) is increasing (IC-Mon).
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Note that (IC-Env) implies that if x, y are differentiable, then

(x(θ)− θ)x′(θ)y(θ) = y′(θ)

(
θx(θ)− 1

2
x(θ)2

)
(IC-FOC)

Lemma 4 (Feasibility). Assume there are n ≥ 2 agents and one project. Then, y(θ) is feasible if and
only if it satisfies the following Border’s constraint:

n

∫
S

y(θ) dF (θ) ≤ Pr(∃i : θi ∈ S) = 1− (1− F (S))n, for every measurable S ⊆ Θ,

where F (S) :=
∫
S
dF (θ). A necessary condition is that

∫ θ̄

θ

y(s)dF (s) ≤
∫ θ̄

θ

F (s)n−1dF (s), for all θ ∈ Θ. (MPS)

which is also sufficient if y is increasing.

The proofs of Lemmas 3 and 4 are standard and hence omitted.

Lemma 5. If y is increasing and satisfies (MPS), then y(θ) < 1 for all θ ∈ [θ, θ̄).

Proof. Suppose toward a contradiction that y(θ0) ≥ 1 for some θ0 < θ̄. Then, monotonicity of y
implies that y(θ) ≥ 1 on [θ0, θ̄], which violates (MPS) because

D(θ0) =

∫ θ̄

θ0

(F (s)n−1 − y(s))dF (s) ≤
∫ θ̄

θ0

(F (s)n−1 − 1)dF (s) < 0.

Lemma 6 (Monotonicity). Let I ⊆ Θ be an interval on which 0 < x(θ) < 2θ. If (x(θ), y(θ)) is
incentive compatible, then

1. x is increasing on every subinterval of I on which y > 0;

2. y is increasing (decreasing) on every subinterval of I on which x(θ) ≥ θ (x(θ) ≤ θ);

3. y is constant on every subinterval of I on which x is constant, or on which x(θ) = θ.

Proof. When x and y are differentiable, the conclusions follow directly from (IC-FOC):

(x(θ)− θ)x′(θ)y(θ) = y′(θ)

(
θx(θ)− 1

2
x(θ)2

)
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The general case is proved using the Lebesgue–Stieltjes measures dx, dy, and dz, which accommo-
dates nondifferentiabilities, jumps, and singular-continuous parts.

Let z(θ) = x(θ)y(θ), and take the right-continuous representative of z. Incentive compatibility
gives

dz ≥ 0, U = θz − xz

2
, dU = z dθ.

Since z is monotone, it is locally of bounded variation. Moreover, the identity xz = 2(θz − U)

shows that xz is right-continuous and locally of bounded variation. On every compact subinterval
on which y > 0, the function z = xy is bounded away from zero. Hence x = (xz)/z is right-
continuous and locally of bounded variation there, so its Lebesgue–Stieltjes measure is well
defined. It follows that

d(xz) = 2θ dz. (6)

The product rule for right-continuous BV functions gives

d(xz) = x− dz + z dx.

Hence
z dx = (2θ − x−) dz. (7)

(1) Consider a subinterval I1 on which y > 0. Then z = xy > 0. Moreover, x(s) < 2s implies

x−(θ) ≤ 2θ.

Since dz ≥ 0, equation (7) gives dx ≥ 0. Therefore x is weakly increasing.
(2) On I1 on which y > 0, x is now weakly increasing and strictly positive, so y = z/x is

locally BV. Applying the product rule to z = xy gives

dz = x− dy + y dx.

Multiplying by x and using xy = z and (7), we obtain

x−x dy = (x− + x− 2θ) dz. (8)

This identity also includes jumps.
On a subinterval on which x(θ) ≥ θ, we have x−(θ) ≥ θ. Thus

x− + x− 2θ ≥ 0,
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and equation (8) gives dy ≥ 0 on I1. Because z is nonnegative and weakly increasing, the set
{θ ∈ I : z(θ) = 0} is an initial interval, and y = 0 on this interval. Hence, y is weakly increasing
on the entire subinterval.

On a subinterval on which x(θ) ≤ θ, we instead have

x− + x− 2θ ≤ 0,

so equation (8) gives dy ≤ 0 on I1. Because the interval I1 (on which y > 0) cannot begin after
the set {θ ∈ I : y(θ) = 0}, y is weakly decreasing on the entire subinterval.

(3) Finally, suppose that x is constant on a subinterval. Then dx = 0, so equation (7) gives

(2θ − x) dz = 0.

Because x < 2θ, we have dz = 0. Since x > 0, y = z/x is constant. If x(θ) = θ, then y is both
increasing and decreasing by (2) and is therefore constant.

Lemma 7 (Continuity equivalence). Let (x, y) be incentive compatible. Suppose that x and y are
right-continuous and of bounded variation and that x(θ) ≥ θ.Then, at every θ0 ∈ (θ, θ̄] such that
x(θ0)y(θ0) > 0, the following statements hold:

• If x(θ)y(θ) is continuous at θ0, then both x and y are continuous at θ0.

• If x(θ)y(θ) has a jump at θ0, then y has an upward jump at θ0, and either x has a jump at θ0
or x(θ0) = 2θ0.

Proof. Let z = xy. Incentive compatibility gives

dz ≥ 0, U = θz − xz

2
, dU = z dθ.

Consequently,
d(xz) = 2θ dz. (9)

Write x− and y− for the left traces. The product rule for right-continuous BV functions gives

d(xz) = x− dz + z dx.

Combining this with (9) yields
z dx = (2θ − x−) dz. (10)
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Similarly, since
dz = x− dy + y dx,

multiplying by x and using xy = z and (10) gives

x−x dy = (x− + x− 2θ) dz. (11)

At θ0, let ∆x, ∆y, and ∆z be the jumps of x, y, and z at θ0. The atomic parts of (10) and (11)
are

z(θ0)∆x =
(
2θ0 − x(θ−0 )

)
∆z, (12)

x(θ−0 )x(θ0)∆y =
(
x(θ−0 ) + x(θ0)− 2θ0

)
∆z. (13)

Suppose first that z is continuous at θ0. Then ∆z = 0, so (12) and z(θ0) > 0 imply ∆x = 0.
Thus x is continuous at θ0. Because z and x are continuous there and x(θ0) > 0, y = z/x is also
continuous at θ0.

Now suppose that z has a jump at θ0. Since dz ≥ 0, we have ∆z > 0. Moreover,

x(θ−0 ) ≥ θ0, x(θ0) ≥ θ0.

Equation (13) therefore implies ∆y ≥ 0. If ∆y = 0, then

x(θ−0 ) + x(θ0) = 2θ0.

The two preceding lower bounds force

x(θ−0 ) = x(θ0) = θ0.

Hence neither x nor y would jump, contradicting ∆z ̸= 0. Therefore ∆y > 0, so y has an upward
jump.

Finally, if x does not jump, then ∆x = 0, and (12), together with ∆z > 0, gives

x(θ0) = x(θ−0 ) = 2θ0.

Thus either x jumps or x(θ0) = 2θ0.
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C. Setting upThe Optimal Control Problem

C.1. Relaxation of the problem

We study a relaxed problem by (1) relaxing (Border) to its necessary condition∫ θ̄

θ

y(s)dF (s) ≤
∫ θ̄

θ

F (s)n−1dF (s), (MPS)

and (2) relaxing y(θ) ≤ 1 to y(θ) ≤ 1.
Let U(θ) = y(θ)

(
θx− 1

2
x2
)

denote the indirect utility of type θ. The relaxed problem is

max
x,y : Θ→R+

∫ θ̄

θ

U(θ)dF (θ) [R*]

subject to U(θ) =

∫ θ

θ

x(s)y(s)ds+ U(θ) (IC-Env)

x(θ)y(θ) is increasing (IC-Mon)

U(θ) ≥ 0 (IR)∫ θ̄

θ

y(s)dF (s) ≤
∫ θ̄

θ

F (s)n−1dF (s) (MPS)

y(θ) ≤ 1

We use canonical representatives under which x, y are right-continuous on intΘ and left-
continuous at θ̄.4 First, we show that the solution to this problem exists.

Lemma 8 (Existence). Problem [R*] admits an optimal solution.

Define z(θ) = x(θ)y(θ). We can write

U(θ) = y(θ)

(
θx− 1

2
x2
)

= θz − z2

2y
,

where we define z2/y to be 0 if z = 0 and y = 0.
The following lemma shows that (IR) and y ≥ 0 never binds except possibly at the lower bound

θ. Intuitively, since the principal maximizes welfare, she will always want to induce a strictly
positive U(θ) for all interior types.
4Due to the constraint y(θ) ≤ 1, which is needed to establish existence, we do not assume that y is right-continuous
at θ at this point. However, the optimal solution will satisfy y(θ) < 1, so later we can assume right-continuity at θ
without loss of generality.
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Lemma 9 (Positive allocation). Every optimal solution of relaxed problem [R*] satisfies

U(θ) > 0, y(θ) > 0, 0 < x(θ) < 2θ

for every θ ∈ (θ, θ̄].

Proof. The envelope and monotonicity conditions give

U(θ) = U(θ) +

∫ θ

θ

z(s) ds.

Thus U is absolutely continuous, nondecreasing, and convex.
The optimal value is strictly positive. Indeed, the allocation

x(θ) = θ, y(θ) =
1

n
, z(θ) =

θ

n
, U(θ) =

θ2

2n

satisfies incentive compatibility and individual rationality: z is increasing, U ′ = z, and the
algebraic IC condition holds. It also satisfies every upper-tail constraint because∫ θ̄

θ

1

n
dF (s) =

1− F (θ)

n
≤ 1− F (θ)n

n
=

∫ θ̄

θ

F (s)n−1 dF (s).

Its objective is strictly positive, so an optimum cannot have U ≡ 0.
Suppose that U vanishes at an interior type, and define

θ0 = sup{θ ∈ Θ : U(θ) = 0}.

Then
θ < θ0 < θ̄, U(θ0) = 0, U(θ) > 0 for every θ > θ0.

In particular, θ0 > 0 and F (θ0) > 0. Choose θ2 > θ0 sufficiently close to θ0 that

θ2 < 2θ0, ε =
2U(θ2)

θ22
<
F (θ0)

n−1

n
.

Such a choice is possible because U(θ2) → U(θ0) = 0 as θ2 ↓ θ0, whereas F (θ0)n−1/n > 0.
Define (

x̃(θ), ỹ(θ), z̃(θ), Ũ(θ)
)
=


(
θ, ε, εθ,

εθ2

2

)
, θ < θ2,(

x(θ), y(θ), z(θ), U(θ)
)
, θ ≥ θ2.
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The choice of ε makes Ũ continuous at θ2. Hence the algebraic and envelope conditions continue
to hold. Moreover,

z̃(θ−2 ) = εθ2 =
2

θ2

∫ θ2

θ0

z(s) ds ≤ 2(θ2 − θ0)

θ2
z(θ2) < z(θ2),

where the final inequality follows from θ2 < 2θ0. Therefore z̃ is nondecreasing. No monotonicity
of ỹ is required by the upper-tail relaxation.

For θ ≥ θ2, the upper-tail constraints are unchanged. For θ < θ2,

D̃(θ) = D(θ2) +
F (θ2)

n − F (θ)n

n
− ε
(
F (θ2)− F (θ)

)
≥ D(θ2) +

(
F (θ2)− F (θ)

)(F (θ2)n−1

n
− ε

)
≥ 0.

The first inequality follows from

F (θ2)
n − F (θ)n =

(
F (θ2)− F (θ)

) n−1∑
j=0

F (θ2)
n−1−jF (θ)j ≥

(
F (θ2)− F (θ)

)
F (θ2)

n−1.

The second follows from
F (θ2) ≥ F (θ0), ε <

F (θ0)
n−1

n
.

Thus all upper-tail constraints remain satisfied.

For θ ≤ θ0, nonnegativity and monotonicity of U imply

U(θ) = 0 ≤ Ũ(θ).

For θ ∈ [θ0, θ2], convexity gives

U(θ) ≤ θ − θ0
θ2 − θ0

U(θ2), Ũ(θ) =
θ2

θ22
U(θ2).

Furthermore,
θ2

θ22
− θ − θ0
θ2 − θ0

=
(θ2 − θ) [θ0θ2 − (θ2 − θ0)θ]

θ22(θ2 − θ0)
≥ 0,

where the inequality follows from θ2 < 2θ0. Hence Ũ ≥ U everywhere, with strict inequality on
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a positive-F -measure interval below θ0. Therefore∫ θ̄

θ

Ũ(θ) dF (θ) >

∫ θ̄

θ

U(θ) dF (θ),

contradicting optimality.
It follows that U(θ) > 0 at every interior type. If U(θ̄) = 0, monotonicity and nonnegativity

would imply U ≡ 0, which has already been ruled out. Hence U(θ̄) > 0 as well.
Finally,

U(θ) = y(θ)x(θ)

(
θ − x(θ)

2

)
> 0

and x, y ≥ 0 imply
y(θ) > 0, 0 < x(θ) < 2θ

for every θ ∈ (θ, θ̄].

Lemma 10 (Uniform bounds). Let (x, y) be feasible for Problem [R*]. Without loss of generality, set
x(θ) = y(θ) = 0 whenever z(θ) = 0. Then,

0 ≤ x(θ) ≤ 2θ ≤ 2θ̄, 0 ≤ z(θ) ≤ 2θ̄, 0 ≤ U(θ) ≤ 2θ̄2, for all θ ∈ Θ.

Proof. Because z = xy ≥ 0, (IC-Env) and (IR) imply

U(θ) = U(θ) +

∫ θ

θ

z(s) ds ≥ 0.

If z(θ) > 0, then x(θ), y(θ) > 0, and hence

0 ≤ U(θ) = y(θ)x(θ)

(
θ − x(θ)

2

)
implies x(θ) ≤ 2θ. If z(θ) = 0, the stated normalization gives x(θ) = 0. Thus

0 ≤ x(θ) ≤ 2θ ≤ 2θ̄

throughout Θ.
Fix θ < θ̄. If z(θ) = 0, the desired bound is immediate. Suppose instead that z(θ) > 0. Since z

is nondecreasing, for every s ≥ θ,
z(s) ≥ z(θ) > 0.
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The preceding bound on x therefore gives

y(s) =
z(s)

x(s)
≥ z(θ)

2θ̄
.

Integrating and applying (MPS) yields

z(θ)

2θ̄
[1− F (θ)] ≤

∫ θ̄

θ

y(s) dF (s) ≤
∫ θ̄

θ

F (s)n−1 dF (s) =
1− F (θ)n

n
.

Therefore,

z(θ) ≤ 2θ̄

n

1− F (θ)n

1− F (θ)
=

2θ̄

n

n−1∑
j=0

F (θ)j ≤ 2θ̄.

Monotonicity then gives z(θ̄−) ≤ 2θ̄. Since F is atomless, choosing the canonical value z(θ̄) =
z(θ̄−) does not change the objective or any tail integral.

It remains to bound U . At the lower endpoint, y(θ) ≤ 1 and

θx− x2

2
≤ θ2

2
,

so
0 ≤ U(θ) ≤ θ2

2
.

Using (IC-Env) and the bound on z,

U(θ) ≤ θ2

2
+ 2θ̄(θ − θ) ≤ 2θ̄2,

where the last inequality uses 0 ≤ θ ≤ θ ≤ θ̄.

C.2. Setup of the Hamiltonian

Define U(θ) =
∫ θ

θ
z(s)ds+ U , and D(θ) =

∫ θ̄

θ
(F (s)n−1 − y(s))dF (s). Rewrite the constraints as

Ḋ = (y − F n−1)f, D ≥ 0 (MPS)

U = θz − z2

2y

U̇ = z, z is increasing (dz ≥ 0)

U(θ), z(θ) ≥ 0; D(θ) ≥ 0, D(θ̄) = 0
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Define the (augmented) Hamiltonian by

H = Uf + Λ(y − F n−1)f + Γz + γ

(
θz − z2

2y
− U

)
where (D,U, z) are the states, with costates (Λ,Γ, µ).

Our formulation does not use ż as a control variable. Thus, we allow for an arbitrary (right-
continuous and increasing) function z of bounded variation, which may contain jump discontinu-
ities. Furthermore, the pure state constraint D ≥ 0 is not represented by a pointwise Lagrangian
term λD with Λ̇ = −λ a.e., allowing for a general Λ.5 The following proposition establishes
necessary conditions for optimality in the spirit of Pontryagin’s maximum principle.

Proposition 5 (Pontryagin necessary conditions for optimality). Let (x, y) be an optimal solution
to problem [R*]. Then there exist absolutely continuous functions µ,Γ: Θ → R, a right-continuous
function Λ: Θ → R of bounded variation, which can be assumed wlog to be left-continuous at θ̄, and
γ ∈ L1

+(Θ) such that:

(i) The costate and stationarity conditions hold almost everywhere:

−∂H
∂z

=
(
x(θ)− θ

)
γ(θ)− Γ(θ) = µ̇(θ), (14)

−∂H
∂U

= −f(θ) + γ(θ) = Γ̇(θ), (15)
∂H

∂y
= Λ(θ)f(θ) +

1

2
γ(θ)x(θ)2 = 0. (16)

(ii) Primal and dual feasibility and complementary slackness hold in measure form:

µ ≤ 0, dz ≥ 0,

∫
(θ,θ̄]

µ(θ) dz(θ) = 0, (17)

dΛ ≤ 0, D ≥ 0,

∫
(θ,θ̄]

D(θ) dΛ(θ) = 0. (18)

In particular,
supp(−dΛ) ⊆ {θ ∈ (θ, θ̄) : D(θ) = 0}.

5Hellwig (2008, Theorem 3.1) also allows for a monotonicity constraint on a general BV function, but does not
accommodate a pure state constraint such as D ≥ 0. The state-constrained impulsive maximum principle of
Arutyunov et al. (2005) accommodates both the monotonicity constraint on a general BV function and the pure state
constraint, but does not accommodate a mixed control-state constraint such as (IC-Env).
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The (IC-Env) condition holds:

U(θ) = y(θ)

(
θx(θ)− x(θ)2

2

)

(iii) The transversality conditions are

µ(θ̄) = 0, (19)

Γ(θ̄) = 0, (20)

Λ(θ) ≤ 0, Λ(θ)D(θ) = 0. (21)

At the lower endpoint, define

Cθ :=
{
(u, r) : r ≥ 0, 0 ≤ u ≤ θr − r2

2

}
.

With the maximization normal-cone convention

NC(q) := {p : p · (q̃ − q) ≤ 0 for every q̃ ∈ C} ,

the lower-end transversality conditions are

(
Γ(θ), µ(θ)

)
∈ NCθ

(
U(θ), z(θ)

)
, (22)

µ(θ) ≤ 0, µ(θ)
[
z(θ+)− z(θ)

]
= 0. (23)

If θ = 0, these conditions sharpen to

µ(0) = Γ(0) = 0.

Remark 2. The lower-end transversality conditions are complicated by the constraint y(θ) ≤ 1,
which is imposed to show existence of an optimal solution (Lemma 8). Later, we show that this
constraint is slack, so the lower-end transversality conditions simplify to the more familiar form:

µ(θ) ≤ 0; µ(θ)z(θ) = 0; Γ(θ) ≤ 0, Γ(θ)U(θ) = 0.

The proof of Proposition 5 shows additional results on the endpoints.
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Corollary 1 (Immediate consequences of the PMP). Let (x, y) be an optimizer of problem [R*],
and let (µ,Γ,Λ, γ) be a multiplier system furnished by Proposition 5. Define

S◦
z := supp(dz) ∩ intΘ.

Then the following hold.

(i) Λ ≤ 0 on Θ, with Λ(θ) < 0 for every θ ∈ intΘ. After modification on a null set, γ has the
interior representative

γ(θ) = −2Λ(θ)f(θ)

x(θ)2
> 0,

which is locally of bounded variation.

(ii) µ = 0 on S◦
z . Consequently, for every t ∈ S◦

z ,

γ(t+)
(
x(t+)− t

)
≤ Γ(t) ≤ γ(t−)

(
x(t−)− t

)
. (24)

(iii) Under the standing canonical terminal representative, x(θ̄) ≥ θ̄. If x(θ̄) > θ̄, then z is constant
on a terminal interval.

Proof. Write a := θ and b := θ̄. Since Λ(a) ≤ 0 and dΛ ≤ 0, we have Λ ≤ 0. Lemmas 9 and 6
imply that x is positive, locally of bounded variation, and bounded away from zero on compact
interior intervals. Stationarity therefore gives the stated representative of γ. Its local bounded
variation follows from that of Λ and x and the maintained regularity of f .

We next prove that Λ < 0 on the interior. Suppose instead that Λ(t) = 0 for some t ∈ (a, b).
The costate Λ cannot vanish on the entire interior: otherwise γ = 0 almost everywhere, and
terminal transversality would give

Γ(s) = 1− F (s), µ(s) =

∫ b

s

[1− F (v)] dv > 0,

contrary to µ ≤ 0. Hence, letting

τ := sup{s ∈ [a, b] : Λ(s) = 0},

we have a < τ < b and Λ = γ = 0 on (a, τ). Moreover, D(τ) = 0: otherwise measure
complementarity would make Λ constant on a neighborhood of τ , contradicting its definition.

On (a, τ), the adjoint equations give Γ̇ = −f and µ̇ = −Γ. Thus µ is strictly convex there
and, since µ ≤ 0, satisfies µ < 0. Complementarity implies dz = 0 on this interval. Write
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c := z(a+) > 0 and u := U(a). The envelope and algebraic IC identities imply that x and y are
constant there, with values

x0 =
2(ac− u)

c
, y0 =

c

x0
> 0.

Since F (a) = 0, the equality D(τ) = 0 gives

0 = D(a) + y0F (τ)−
F (τ)n

n
.

Consequently,

0 < y0 ≤
F (τ)n−1

n
< 1, 0 ≤ u = ac− c2

2y0
< ac− c2

2
.

If a = 0, the last inequality is already a contradiction. Suppose therefore that a > 0, and put
r := z(a). The lower-end conditions in Proposition 5 give

(Γ(a), µ(a)) ∈ NCa(u, r), µ(a)(c− r) = 0.

Because (u, c) ∈ Ca, the second equality implies that the same vector also belongs to NCa(u, c).
At this point c > 0 and the upper constraint defining Ca is slack. Hence

µ(a) = 0, Γ(a) ≤ 0.

Integrating the adjoint equations on (a, τ) now yields

Γ(s) = Γ(a)− F (s), µ(s) = −Γ(a)(s− a) +

∫ s

a

F (v) dv > 0,

a contradiction. Therefore Λ < 0 throughout the interior, and the stated representative of γ is
strictly positive there.

Complementarity and continuity of µ give µ = 0 on S◦
z . Each such point is a local maximum

of µ. Taking the one-sided traces in µ̇ = (x− θ)γ − Γ gives the inequalities in part (ii).
The terminal conclusions in part (iii) are established in Step 4 of the proof of Proposition 5.

Lemma 11 (Efficient or constant project at the top). For every optimal solution (x, y), x(θ̄) ≥ θ̄,
and at least one of the following holds.

1. x∗(θ̄) = θ̄;
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2. There exists ε > 0 such that x and y are constant on (θ̄ − ε, θ̄). Moreover, y(θ̄) < 1, and there
exists an open neighborhood of θ̄ in which y(θ) < F (θ)n−1 and D(θ) > 0.

Proof. Corollary 1 implies x(θ̄) ≥ θ̄. Moreover, if x(θ̄) > θ̄, then there exists ε > 0 such that z is
constant on (θ̄ − ε, θ̄). If z is constant on a terminal interval, then θz − U is also constant there
because dU = z dθ. Since xz = 2(θz − U) and z > 0, both x and y = z/x are constant there.
Since y is constant on a terminal interval, (MPS) implies that y(θ̄) < 1 and that there exists an
open neighborhood of θ̄ in which y < F n−1 and D > 0.

D. Proof of Theorem 1

The preceding section formulates the relaxed problem [R*], establishes existence in Lemma 8, and
develops the Hamiltonian and the associated necessary conditions in Proposition 5. Corollary 1
records the consequences of those conditions used below.

Building on this setup, the proof proceeds in four steps. First, Proposition 6 shows that project
randomization can be eliminated without loss. Second, Lemma 12 establishes weak upward project
distortion, and Corollary 2 establishes monotonicity of both x and y. Third, Proposition 7 uses these
properties to establish exactness of the relaxation; Lemma 14 establishes continuity, and Lemma 15
strengthens weak upward distortion to strict upward distortion at every interior type. These results
establish parts (i) and (ii) of Theorem 1 for every deterministic optimizer with canonical endpoint
values. Finally, Lemma 16 establishes endpoint flattening and, when f(θ̄−) > 0, the terminal
handicap region in part (iii); Lemma 11 establishes the efficient-or-constant project alternative in
part (iv) and shows that a terminal pool implies Border slack on an interval immediately below
θ̄, without an endpoint-density assumption; and Lemmas 17 and 9 establish no disposal and no
exclusion, respectively, as stated in part (v). Corollary 3 then shows that every optimal symmetric
mechanism selects an agent with probability one and has deterministic project choice conditional
on selection for F -almost every type with positive selection probability.

D.1. On Deterministic Mechanisms

We first present our result that is without loss of optimality to restrict attention to deterministic
mechanisms. The reduction of random selection to its interim probability y(θ) is immediate; the
substantive conclusion is that additional randomization over project choice x(θ) is unnecessary.

Proposition 6 (Deterministic project selection). Suppose that Θ ⊆ X = R+ and u(θ, x) =

θx − 1
2
x2. Then, it is without loss of optimality to restrict attention to deterministic mechanisms

(x, y) : Θ → R+ × [0, 1].
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Proof of Proposition 6. Let m = {mr}r∈Θ be any feasible stochastic mechanism, where mr ∈
∆(R+ × {0, 1}) denotes the joint distribution of (x, y) following report r. Under the maintained
integrability assumptions, define

q(r) = Emr [y], z(r) = Emr [xy], w(r) = Emr [x
2y].

We construct a deterministic mechanism (x̂, ŷ) as follows. If z(r) = 0, then xy = 0 almost
surely and hence w(r) = 0. In this case, set ŷ(r) = 0 and x̂(r) = r. If z(r) > 0, then necessarily
w(r) > 0, and define

x̂(r) =
w(r)

z(r)
, ŷ(r) =

z(r)2

w(r)
.

By construction, x̂(r)ŷ(r) = z(r) and x̂(r)2ŷ(r) = w(r).

We first verify that the constructed mechanism is feasible. Since X = R+, x̂(r) ∈ X .

The Cauchy–Schwarz inequality gives

z(r)2 = Emr [
√
y (x

√
y)]2 ≤ Emr [y]Emr [x

2y] = q(r)w(r).

Hence ŷ(r) ≤ q(r) ≤ 1 when z(r) > 0. When z(r) = 0, the same conclusion follows from
ŷ(r) = 0. Therefore, ŷ(r) ∈ [0, 1] for every r.

We next compare the payoffs generated by the two mechanisms. Let

Um(r | θ) = Emr [yu(θ, x)] and Û(r | θ) = ŷ(r)u
(
θ, x̂(r)

)
.

For every type θ and report r,

Um(r | θ) = Emr

[
y

(
θx− x2

2

)]
= θz(r)− w(r)

2
= ŷ(r)

(
θx̂(r)− x̂(r)2

2

)
= Û(r | θ).

Thus, the construction preserves the payoff from every report for every type. In particular,
Û(θ | θ) = Um(θ | θ).

Since the original mechanism is incentive-compatible, for every type θ and every report r,

Û(θ | θ) = Um(θ | θ) ≥ Um(r | θ) = Û(r | θ).

The constructed mechanism is therefore globally incentive-compatible. Because truthful utility is
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unchanged, the principal’s objective value is also preserved. Moreover, if ŷ(θ) > 0, then

u
(
θ, x̂(θ)

)
=
Û(θ | θ)
ŷ(θ)

≥ 0,

while individual rationality is vacuous if ŷ(θ) = 0. Thus, individual rationality is preserved as
well.

Finally, the Border constraints are preserved because the construction weakly lowers the
interim allocation probability. For every measurable S ⊆ Θ,

n

∫
S

ŷ(r) dF (r) ≤ n

∫
S

q(r) dF (r) ≤ Pr(∃i : θi ∈ S).

Thus, every feasible stochastic mechanism can be replaced by a deterministic mechanism that
generates the same objective value.

D.2. On Upward Project Distortion

First, we show that the optimal mechanism (x(θ), y(θ)) distorts the project choice weakly upward.

Lemma 12 (Upward Project Distortion). If (x, y) is an optimizer for problem [R*], then x(θ) ≥ θ

for all θ ∈ (θ, θ̄).

Proof of Lemma 12. Let (µ,Γ,Λ, γ) be a multiplier system furnished by Proposition 5, and use the
locally BV interior representative of γ supplied by Corollary 1(i). In particular,

γ(θ) = −2Λ(θ)f(θ)

x(θ)2
> 0 for every θ ∈ intΘ.

By Lemma 9, every interior type satisfies

y(θ) > 0, 0 < x(θ) < 2θ.

Lemma 6 therefore implies that x is weakly increasing.
Let Sz := supp(dz). Corollary 1(ii) gives

µ = 0 on S◦
z := Sz ∩ intΘ,

together with the support inequalities (24). On every open interval disjoint from Sz , the IC
identities imply that x, y, and z are constant.
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Suppose, toward a contradiction, that (θL, θH) is a nondegenerate connected component of
the interior of {θ : x(θ) < θ}. Lemma 6 implies that y is weakly decreasing on this component.

We first claim that D > 0 throughout the component. If D(t) = 0 at an interior point, the
one-sided tangency conditions for D ≥ 0 give

y(t−) ≤ F (t)n−1 ≤ y(t).

Since y(t) ≤ y(t−), equality holds throughout. But then, for s > t sufficiently close to t,

y(s) ≤ y(t) = F (t)n−1 < F (s)n−1,

so Ḋ = (y − F n−1)f < 0 immediately to the right of t, contradicting D ≥ 0. Hence

D > 0 on (θL, θH). (25)

Consequently, Λ is constant on the component. Writing K := −2Λ ≥ 0, Corollary 1(i) and the
adjoint equation give

γ =
Kf

x2
, Γ̇ = f

(
K

x2
− 1

)
. (26)

The component cannot end through an interior jump crossing the diagonal. Indeed, suppose

x(t−) ≤ t ≤ x(t+), x(t+) > x(t−).

Then t ∈ Sz , and (24) gives Γ(t) = 0 and makes both bounds zero. If x(t−) < t, this gives
γ(t−) = 0; if x(t−) = t, it gives γ(t+) = 0. Since f(t) > 0, stationarity and monotonicity of
Λ imply Λ(t−) = 0. Therefore Λ = γ = 0 to the left of t. Since Γ(t) = µ(t) = 0, the adjoint
equations yield

Γ(θ) =

∫ t

θ

f(s) ds > 0, µ(θ) =

∫ t

θ

Γ(s) ds > 0

for θ < t, contradicting µ ≤ 0.

It follows that, if θH < θ̄,
x(θ−H) = x(θH) = θH .

If instead θH = θ̄, downward distortion gives

lim
θ↑θ̄

x(θ) ≤ θ̄,
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whereas Corollary 1(iii) gives the reverse inequality. Thus, in either case,

lim
θ↑θH

x(θ) = θH . (27)

The support Sz must accumulate at θH from the left. Otherwise x would be constant on a left
neighborhood of θH ; by (27), that constant would be θH , contradicting x(θ) < θ there. At support
points in the component, (24) gives Γ ≤ 0. Moreover, Γ(θH) = 0: this follows from the same
support inequality if θH < θ̄, and from terminal transversality if θH = θ̄.

If K < θ2H , then (27) and (26) imply

Γ̇ = f

(
K

x2
− 1

)
< 0

sufficiently close to θH . Since Γ(θH) = 0, this gives Γ > 0 immediately to the left of θH ,
contradicting the accumulating support points at which Γ ≤ 0. Therefore,

K = −2Λ ≥ θ2H . (28)

Because x(θ) < θ < θH , equations (26) and (28) imply Γ̇ > 0 throughout the component. Hence

Γ(θ) < 0 for every θ ∈ [θL, θH). (29)

Suppose first that θL > θ. Maximality and the no-crossing-jump argument give

x(θ−L ) = x(θL) = θL.

This also implies continuity of z and y at θL, without invoking Lemma 14. Indeed, letting ∆x and
∆z denote the jumps at θL, the atomic identity (12) gives

z(θL)∆x =
(
2θL − x(θ−L )

)
∆z = θL∆z.

Since ∆x = 0 and θL > θ ≥ 0, we have θL > 0 and therefore ∆z = 0. Because x(θL) = θL > 0

and z = xy, it follows that ∆y = 0 as well.

Since every downward component has Γ = 0 at its upper endpoint, continuity of Γ and (29)
imply that x(θ) ≥ θ on a left neighborhood of θL. The support inequality then prevents Sz from
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accumulating at θL from the left. Hence this left neighborhood is a pool:

x(θ) = θL, y(θ) = y(θL), z(θ) = θLy(θL).

We also have D(θL) > 0. Otherwise, since D ≥ 0 and D(θL) = 0, the one-sided tangency
conditions give

y(θ−L ) ≤ F (θL)
n−1 ≤ y(θL).

The continuity of y at θL established above therefore gives

y(θL) = F (θL)
n−1.

But y is nonincreasing immediately to the right of θL, whereas F n−1 is strictly increasing. Thus,
for s > θL sufficiently close to θL,

y(s) ≤ y(θL) = F (θL)
n−1 < F (s)n−1.

Hence Ḋ(s) < 0 for almost every s in some interval (θL, θL + ε). Therefore, for every t ∈
(θL, θL + ε),

D(t) = D(θL) +

∫ t

θL

Ḋ(s) ds < 0,

contradicting D ≥ 0.

Thus the same value of Λ applies on the preceding pool. Since K ≥ θ2H > θ2L,

γ =
Kf

θ2L
> f, Γ̇ > 0, µ̇ = γ(θL − θ)− Γ > 0.

Moving left, Γ and µ are therefore strictly negative. Complementarity forces the pool to continue
as long as D > 0. It cannot end at a first interior point where D = 0: there µ < 0 keeps x and
y constant on a two-sided neighborhood, so tangency gives y = F n−1 at the contact and hence
Ḋ < 0 immediately to its right. Therefore the pool reaches θ. Write

r := z(θ), r+ := z(θ+).

The preceding pool gives

r+ = θLy(θL) > 0, x(θ+) = θL > θ, µ(θ) < 0.
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Lower-jump complementarity,
µ(θ)(r+ − r) = 0,

therefore implies r = r+. The endpoint algebraic identity and continuity of U then give

x(θ) = x(θ+) = θL.

Because r > 0, the lower-end normal condition gives α, β ≥ 0 such that

Γ(θ) = β − α, µ(θ) = β(r − θ),

with
αU(θ) = 0, β

(
θr − r2

2
− U(θ)

)
= 0.

If the endpoint cap is slack, then β = 0 and hence µ(θ) = 0. If it binds, then y(θ) = 1, so

r = x(θ) = θL > θ.

Since µ(θ) ≤ 0, we obtain
0 ≥ µ(θ) = β(θL − θ) ≥ 0.

Thus β = 0 and again µ(θ) = 0, contradicting µ(θ) < 0.

It remains to consider θL = θ. Suppose first that θ > 0. If U(θ) > 0, then r > 0 and lower-end
complementary slackness gives α = 0. Hence

Γ(θ) = β ≥ 0,

contradicting (29).

If instead U(θ) = 0, then at every sufficiently nearby point of the downward-distorted
component,

U(θ) =

∫ θ

θ

z(s) ds ≤ (θ − θ)z(θ),

whereas positive allocation and x(θ) < θ give

U(θ) = z(θ)

(
θ − x(θ)

2

)
>
θ

2
z(θ).
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These inequalities are incompatible when

θ − θ <
θ

2
.

Finally, if θ = 0, Proposition 5 gives Γ(0) = 0, again contradicting (29). Thus, no downward-
distorted component exists.

Consequently, x(θ) ≥ θ at every interior type, and the endpoint inequalities follow from the
one-sided limits.

Corollary 2 (Monotonicity). The optimal x and y are increasing on (θ, θ̄) and satisfy y(θ) < 1 for
all θ ∈ (θ, θ̄).

Proof. Lemma 12 gives x(θ) ≥ θ. Together with Lemma 9, the hypotheses of Lemma 6 are
satisfied on (θ, θ̄), so x and y are weakly increasing. Lemma 5 then implies that y(θ) < 1 for all
θ ∈ (θ, θ̄).

Since x and y are increasing, we may redefine them at θ without loss of generality so that
y(θ) = y(θ+) and x(θ) = x(θ+). Combined with the earlier normalization, this makes x and y
right-continuous on [θ, θ̄) and left-continuous at θ̄.

Since y(θ) < 1 for all θ ∈ (θ, θ̄), the constraint y(θ) ≤ 1 is satisfied with strict inequality.
Because this constraint is slack, the lower-endpoint transversality reduces to the following.

Lemma 13 (Lower-endpoint transversality). For the normalized optimizer above, every multiplier
system furnished by Proposition 5 satisfies

µ(θ) = 0, Γ(θ) ≤ 0, Γ(θ)U(θ) = 0.

If θ = 0, then also Γ(0) = 0.

Proof. Fix any such multiplier system and write

a := θ, u := U(a), r := z(a) = z(a+).

If a = 0, the result follows from the zero-endpoint conclusion of Proposition 5.
Suppose henceforth that a > 0. If r > 0, the strict inequality y(a) < 1 gives

u = ar − r2

2y(a)
< ar − r2

2
.
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Thus the capped boundary is inactive in (22), which gives

µ(a) = 0, Γ(a) ≤ 0, Γ(a)u = 0.

It remains to consider r = 0. Endpoint feasibility then gives u = 0. Because the normalization
gives z(a+) = r = 0, while Lemma 9 gives z(θ) > 0 for every θ > a, we have, for every
sufficiently small ε > 0,

dz
(
(a, a+ ε]

)
= z(a+ ε)− z(a+) > 0.

Thus supp(dz) accumulates at a. Since

µ ≤ 0, dz ≥ 0,

∫
(a,θ̄]

µ dz = 0,

complementary slackness and continuity of µ imply that µ = 0 on supp(dz). Taking support
points converging to a therefore gives

µ(a) = 0.

Finally, at (u, r) = (0, 0), the lower-end normal condition (22) gives

µ(a) + aΓ(a) ≤ 0.

Since µ(a) = 0 and a > 0, it follows that Γ(a) ≤ 0. The equality Γ(a)u = 0 is immediate because
u = 0.

Proposition 7 (Exactness of the relaxation). (x, y) solves the original problem [P] if and only if it
solves the relaxed problem [R*].

Proof. Let V P and V R denote the optimal values of problem [P] and problem [R*], respectively.
Every mechanism feasible for [P] is feasible for problem [R*]. Indeed, Lemma 3 gives (IC-Env)

and (IC-Mon), the original Border constraint implies (MPS) by Lemma 4, and y(θ) ≤ 1 follows
from the original probability constraint. Therefore, V R ≥ V P .

By Lemma 8, problem [R*] admits an optimizer. Let (xR, yR) be an arbitrary optimizer. By
Corollary 2, with the endpoint representatives (y(θ) = y(θ+) and y(θ̄) = y(θ̄−)), yR is weakly
increasing and satisfies 0 ≤ yR(θ) ≤ 1 for all θ ∈ Θ. Because yR is weakly increasing, Lemma 4
implies that (MPS) is sufficient for the original Border constraint. Thus (xR, yR) is feasible for
problem [P], and hence V P ≥ V R. Together with the reverse inequality established above, this
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gives V P = V R. Since (xR, yR) was an arbitrary optimizer of problem [R*], every optimizer of
the relaxed problem is optimal for [P].

Conversely, every optimizer of [P] is feasible for problem [R*] and attains the value V P = V R.
It is therefore also optimal for problem [R*].

Lemma 14 (Continuity). Every optimizer (x, y) of problem [R*] is continuous on intΘ. Under the
standing endpoint convention, both functions extend continuously to Θ.

Proof. Suppose that z = xy jumps at t ∈ (θ, θ̄). Lemmas 9, 12, and 7 imply that both x and y jump
upward and that

t ≤ x(t−) < x(t+) < 2t. (30)

Since t ∈ supp(dz), the support inequalities and the representative of γ in Corollary 1 give

−2f(t)Λ(t+)
x(t+)− t

x(t+)2
≤ Γ(t) ≤ −2f(t)Λ(t−)

x(t−)− t

x(t−)2
. (31)

Corollary 1 and monotonicity of Λ imply

−Λ(t+) ≥ −Λ(t−) > 0.

The function v 7→ (v − t)/v2 is nonnegative and strictly increasing on [t, 2t). Hence the left-hand
side of (31) is strictly larger than its right-hand side, a contradiction.

Thus, z has no interior jumps and, being nondecreasing, is continuous on (θ, θ̄). Positive
allocation and Lemma 7 then imply that x and y are also continuous there. Under the standing
endpoint convention, both functions extend continuously to Θ.

Lemma 15 (Strict upward project distortion). Every optimizer (x, y) of problem [R*] satisfies
x(θ) > θ for every θ ∈ (θ, θ̄).

Proof. Write a := θ and b := θ̄, and use the canonical endpoint representatives. By Lem-
mas 9, 12, and 14, and Corollary 2, x, y, z are continuous and nondecreasing, with x(s) ≥ s

and x(s), y(s), z(s) > 0 on (a, b).
We first record a consequence of incentive compatibility that will also be used below. Let

a < s < t ≤ b
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and suppose that x(t) = t. The first-best payoff bound and incentive compatibility give

s2

2
y(s) ≥ y(s)

(
sx(s)− x(s)2

2

)
≡ U(s) ≥ y(t)

(
sx(t)− x(t)2

2

)
= y(t)

(
st− t2

2

)
.

Together with monotonicity of y, this yields

0 ≤ y(t)− y(s) ≤ y(t)
(t− s)2

s2
. (32)

Suppose, toward a contradiction, that x(t) = t for some t ∈ (a, b). We first show thatD(t) > 0.
IfD(t) = 0, then feasibility (D ≥ 0), implies that t is an interior minimum ofD. Hence,D′(t) = 0,
which gives y(t) = F (t)n−1. Moreover,

d

dθ
F (θ)n−1

∣∣∣∣
θ=t

= (n− 1)F (t)n−2f(t) > 0.

Equation (32) therefore implies y(s) > F (s)n−1 for every s < t sufficiently close to t. Conse-
quently,

D(s) = −
∫ t

s

(
y(v)− F (v)n−1

)
dF (v) < 0,

contradicting feasibility. Hence D(t) > 0.

Let (ℓ, r) be the connected component of {s ∈ (a, b) : D(s) > 0} containing t. Measure
complementarity makes Λ constant there. Write K := −2Λ > 0, using Corollary 1. On this
component,

γ(s) =
Kf(s)

x(s)2
, Γ′(s) = f(s)

(
K

x(s)2
− 1

)
, µ′(s) = γ(s)(x(s)− s)− Γ(s).

The right-hand sides are continuous, so the adjoint equations hold pointwise on (ℓ, r).

Every interval immediately to the right of t carries positive dz-mass. Otherwise z would be
constant there; the IC identities dU = z dθ and xz = 2(θz−U) would then make x constant, with
value t, contradicting x(s) ≥ s for s > t. Thus t ∈ supp(dz). Continuity of x and the support
conditions in Corollary 1 give

µ(t) = Γ(t) = 0.

If K < t2, then x(s) ≥ s > t makes Γ′ < 0 immediately to the right of t. Hence Γ < 0 and µ′ > 0

there, contradicting µ(t) = 0 and µ ≤ 0. Therefore K ≥ t2.
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For s ∈ (ℓ, t), monotonicity gives x(s) ≤ t, and thus

Γ(s) = −
∫ t

s

f(v)

(
K

x(v)2
− 1

)
dv ≤ 0.

In fact µ′(s) > 0 throughout (ℓ, t). If x(s) > s, this follows from γ(s) > 0 and Γ(s) ≤ 0. If
x(s) = s, then x(s) < t, so continuity of x makes the integrand in the preceding display strictly
positive immediately to the right of s. Hence Γ(s) < 0, again giving µ′(s) > 0. Since µ(t) = 0, it
follows that µ(s) < 0 on (ℓ, t).

Complementarity now gives dz = 0 on (ℓ, t). The IC identities and positive allocation therefore
make x, y, z constant there, with x = t. If ℓ > a, then D(ℓ) = 0. Differentiability of D at this
interior minimum gives y(ℓ) = F (ℓ)n−1. But y is constant immediately to the right of ℓ, while
F n−1 is strictly increasing. Thus D′ < 0 immediately to the right of ℓ, contradicting D ≥ 0.
Consequently, ℓ = a.

Since µ is increasing and strictly negative on (a, t), continuity implies µ(a) ≤ µ(s) < 0 for
any s ∈ (a, t). This contradicts Lemma 13, which gives µ(a) = 0. No interior type can therefore
satisfy x(t) = t. Together with weak upward distortion, this proves the claim.

D.3. The Rest of the Proof

Finally, we show that the optimal mechanism has a handicap region, where (Border) does not
bind, at the top.

Lemma 16 (Handicap at the top). Every optimal solution satisfies

(y∗)′−(θ̄) := lim
θ↑θ̄

y∗(θ̄)− y∗(θ)

θ̄ − θ
= 0.

If, in addition, f(θ̄−) := limθ↑θ̄ f(θ) exists and is strictly positive, then there exists ε > 0 such that

y∗(θ) < F (θ)n−1 and D∗(θ) > 0 for every θ ∈ (θ̄ − ε, θ̄).

Proof. We first prove the endpoint-flattening conclusion, which does not require f(θ̄−) > 0.
Lemma 11 gives x∗(θ̄) ≥ θ̄. If x∗(θ̄) > θ̄, that lemma implies that x∗ and y∗ are constant on a
terminal interval. Hence, (y∗)′−(θ̄) = 0.

It remains to consider the case x∗(θ̄) = θ̄. Applying (32) to (x∗, y∗) with t = θ̄ and s = θ gives

0 ≤ y∗(θ̄)− y∗(θ) ≤ y∗(θ̄)
(θ̄ − θ)2

θ2
.
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Thus, when θ ≥ θ̄/2, we have

0 ≤ y∗(θ̄)− y∗(θ) ≤ 4y∗(θ̄)

θ̄2
(θ̄ − θ)2.

Dividing by θ̄ − θ and letting θ ↑ θ̄ gives (y∗)′−(θ̄) = 0.

Now suppose that f(θ̄−) > 0. Then, we have

F ′
−(θ̄) := lim

θ↑θ̄

F (θ̄)− F (θ)

θ̄ − θ
= f(θ̄−) > 0, (F n−1)′−(θ̄) = (n− 1)f(θ̄−) > 0,

Together with the previous result that y∗′−(θ̄) = 0, we have y(θ̄) < 1.
Indeed, if y(θ̄) = 1, for every θ sufficiently close to θ̄, because F (θ̄) = 1, we have

1− y∗(θ) < 1− F (θ)n−1,

or equivalently, y∗(θ) > F (θ)n−1. It would follow that

D∗(θ) =

∫ θ̄

θ

(
F (s)n−1 − y∗(s)

)
dF (s) < 0

for every θ sufficiently close to θ̄, contradicting (Border) feasibility.
Finally, monotonicity gives y∗(θ) ≤ y∗(θ̄) < 1, whereas F (θ)n−1 → 1. Hence, on some

terminal interval, y∗(θ) < F (θ)n−1. Integrating this strict inequality gives D∗(θ) > 0 throughout
the same interval.

Lemma 17 (No disposal). Every optimizer of problem [R*] satisfies D(θ) = 0, or equivalently,

∫ θ̄

θ

y(s) dF (s) =
1

n
.

Proof. Suppose that D(θ) > 0. Continuity of D gives D > 0 on some initial interval. Lower-end
complementary slackness implies Λ(θ) = 0, while measure complementarity gives dΛ = 0 on
that interval. Right-continuity of Λ therefore implies that Λ = 0 throughout the initial interval,
contradicting Corollary 1.

Corollary 3 (Necessary determinism of project choice). Every optimal symmetric mechanism
selects an agent with probability one. Moreover, for F -almost every type with positive selection
probability, the project lottery conditional on selection is degenerate.
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Proof. Let m = {mθ}θ∈Θ be any optimal symmetric mechanism. As in the proof of Proposition 6,
define

q(θ) := Emθ
[y], z(θ) := Emθ

[xy], w(θ) := Emθ
[x2y],

where y ∈ {0, 1} is the selection indicator. That proposition constructs a feasible deterministic
mechanism (x̂, ŷ) with the same objective value and ŷ ≤ q pointwise. Thus (x̂, ŷ) is an optimal
deterministic mechanism. Proposition 7 and Lemma 17 imply

1

n
=

∫
Θ

ŷ(θ) dF (θ) ≤
∫
Θ

q(θ) dF (θ) ≤ 1

n
,

where the last inequality is feasibility of m. Consequently, q = ŷ F -almost everywhere.
At almost every type with q(θ) > 0, we therefore have ŷ(θ) > 0, so z(θ), w(θ) > 0 and

q(θ) = ŷ(θ) =
z(θ)2

w(θ)
.

Thus the Cauchy–Schwarz inequality in the deterministic reduction binds, or equivalently,

Varmθ
(x | y = 1) =

w(θ)

q(θ)
−
(
z(θ)

q(θ)

)2

= 0.

This proves the asserted conditional determinism. Finally, n
∫
Θ
q dF = 1 is the expected number

of selected agents. Since feasibility permits at most one selected agent, an agent is selected with
probability one.

Lemma 8 and Proposition 7 give an optimal deterministic mechanism, and Proposition 6 shows
that it is optimal among symmetric mechanisms allowing stochastic project choice. Conversely,
every optimal deterministic mechanism is an optimizer of problem [R*] by Proposition 7. The
structural results above therefore establish parts (i)–(v) of Theorem 1 for every such optimizer
with canonical endpoint values. Corollary 3 gives the remaining conclusions for every optimal
symmetric mechanism.

D.4. Proof of Solution Existence and Necessary Conditions for Optimality

Proof of Lemma 8. Write
a := θ, b := θ̄, z := xy.

The zero mechanism is feasible. By Lemma 10, every feasible mechanism satisfies 0 ≤ z ≤ 2b and
0 ≤ U ≤ 2b2. Hence, V ∗ <∞.
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Choose a sequence (xk, yk) feasible for Problem [R*] such that

V ∗ − 1

k
<

∫ b

a

Uk(θ) dF (θ) ≤ V ∗,

and put
zk := xkyk, uk := Uk(a), rk := zk(a).

Without loss of generality, canonicalize its zero branch as follows. Whenever zk(θ) = 0, set
xk(θ) = yk(θ) = 0. This leaves Uk, zk, every reporting payoff, and the objective unchanged, and
weakly relaxes every upper-tail constraint. Consequently,

yk(θ) = Gθ

(
Uk(θ), zk(θ)

)
(θ ∈ Θ),

where Gθ is defined in (35) below. On the positive branch, the endpoint restriction is equivalent to

0 ≤ uk ≤ ark −
r2k
2
. (E.3)

On the zero branch rk = uk = 0, so (E.3) remains valid.

By Lemma 10, Helly’s selection theorem and ordinary compactness in R2 give a subsequence,
not relabeled, and limits z, u, r such that

uk → u, rk → r, zk(θ) → z(θ)

at every continuity point of the nonnegative nondecreasing function z. A monotone function has
at most countably many discontinuities. Since F is atomless, we can change z, and subsequently
the reconstructed x and y, at those points without influencing any tail integral. Choose the value
at every interior discontinuity between the left and right limits, and take the canonical left-limit
representative at b. Moreover, for every continuity point θ > a, monotonicity gives rk ≤ zk(θ), so

r ≤ z(a+).

Set z(a) = r. These choices ensure that z(θ) ∈ ∂U(θ) for the convex function constructed below,
including at the lower endpoint. Passing to the limit in (E.3) gives

0 ≤ u ≤ ar − r2

2
. (33)
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Since
Uk(θ) = uk +

∫ θ

a

zk(s) ds,

dominated convergence gives

Uk −→ U uniformly on Θ, U(θ) := u+

∫ θ

a

z(s) ds. (34)

In particular, U is convex and z(θ) ∈ ∂U(θ) under the stated canonical choice.

For each θ, define the closed quadratic-over-linear perspective

Gθ(v, q) :=


q2

2(θq − v)
, θq − v > 0,

0, (v, q) = (0, 0),

+∞, otherwise.

(35)

It is lower semicontinuous. Hence, for F -almost every θ,

Gθ(U(θ), z(θ)) ≤ lim inf
k→∞

yk(θ).

Fatou’s lemma then yields, for every t ∈ Θ,∫ b

t

Gθ(U(θ), z(θ)) dF (θ) ≤
∫ b

t

F (θ)n−1 dF (θ). (36)

We next verify that the perspective is finite pointwise. At a, (33) gives

ar − u ≥ r2

2
,

so either r = u = 0, or Ga(u, r) ≤ 1. Now fix θ > a with z(θ) > 0. The subgradient inequality
gives

θz(θ)− U(θ) ≥ az(θ)− u. (E.8)

If a > 0, the right-hand side is strictly positive: when r > 0, it is at least ar − u ≥ r2/2 > 0;
when r = 0, it equals az(θ) > 0. If a = 0 and θz(θ)− U(θ) = 0, then for every s ∈ (0, θ),

sz(θ) ≤ U(s) =

∫ s

0

z(q) dq ≤ sz(θ).
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Thus z(q) = z(θ) > 0 almost everywhere on (0, θ), making the perspective infinite on a set of
positive F -measure, contrary to (36). Therefore

θz(θ)− U(θ) > 0 whenever z(θ) > 0. (E.9)

If z(θ) = 0, monotonicity and (33) imply U(θ) = 0.
Define

x(θ) =
2[θz(θ)− U(θ)]

z(θ)
, y(θ) =

z(θ)2

2[θz(θ)− U(θ)]

when z(θ) > 0, and set x(θ) = y(θ) = 0 otherwise. Then xy = z, the algebraic and envelope
conditions hold, and (33) gives y(a) ≤ 1. Since z(θ) ∈ ∂U(θ),

U(θ) ≥ U(t) + (θ − t)z(t) = y(t)

(
θx(t)− x(t)2

2

)
,

so the resulting mechanism is globally incentive compatible. Individual rationality follows from
U ≥ 0, and (36) gives all upper-tail constraints. Thus the limit is feasible for Problem [R*].

Finally, uniform convergence in (34) gives∫ b

a

U(θ) dF (θ) = lim
k→∞

∫ b

a

Uk(θ) dF (θ) = V ∗.

Hence Problem [R*] admits an optimal solution.

Proof of Proposition 5. Write
a := θ, b := θ̄.

All functions below are evaluated at the given optimum unless a subscript indicates otherwise. By
the standing representative convention, z(b) = z(b−).

Step 1: an exact convex parametrization. Let

u := U(a), r := z(a), r+ := z(a+), m := dz
∣∣
(a,b]

,

where left-continuity of z at b gives m({b}) = 0. Then

zk(a) = r, (37)

zk(θ) = r+ +m((a, θ]), θ > a, (38)

Uk(θ) = u+ r+(θ − a) +

∫
(a,θ]

(θ − s)m(ds), θ > a, (39)
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θzk(θ)− Uk(θ) = ar+ − u+

∫
(a,θ]

sm(ds), θ > a. (40)

Thus Uk, zk, and θzk − Uk are affine in k = (u, r, r+,m).

The admissible initial pairs are

Ca :=
{
(u, r) : r ≥ 0, 0 ≤ u ≤ ar − r2

2

}
,

which is a closed convex set. Notice that the upper inequality is exactly the endpoint restriction
y(a) ≤ 1 on the positive branch, and we have that global incentive compatibility requires

0 ≤ r ≤ r+.

Now, if a = 0, then Ca = {(0, 0)}; this is required by individual rationality and the endpoint cap,
together with the algebraic utility identity at type zero.

For each θ, define the closed quadratic-over-linear perspective

Gθ(U, z) :=


z2

2(θz − U)
, θz − U > 0,

0, (U, z) = (0, 0),

+∞, otherwise.

The map Gθ is convex: it is the composition of the closed perspective (z, h) 7→ z2/(2h) with the
affine map (U, z) 7→ (z, θz − U). It need not be continuous at (0, 0); continuity there is not used
below.

Let K be the set of quadruples k = (u, r, r+,m) such that (u, r) ∈ Ca, 0 ≤ r ≤ r+, and m is a
finite nonnegative Borel measure on (a, b] with m({b}) = 0, and

yk(a) := Ga(u, r), yk(θ) := Gθ(Uk(θ), zk(θ)) (θ > a)

is finite almost everywhere and belongs to L1(dF ). The set K is convex. Indeed, the initial set,
the linking inequality, and the cone of nonnegative measures are convex, and convexity of Gθ

gives, for kλ = λk1 + (1− λ)k2,

ykλ(θ) ≤ λyk1(θ) + (1− λ)yk2(θ). (41)
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Conversely, every k ∈ K defines a canonical mechanism as follows. At the lower endpoint, if
r > 0, set

xk(a) :=
2(ar − u)

r
, yk(a) :=

r2

2(ar − u)
≤ 1;

if r = 0, then u = 0, and set xk(a) = yk(a) = 0. For θ > a, whenever zk(θ) > 0, set

xk(θ) :=
2[θzk(θ)− Uk(θ)]

zk(θ)
, yk(θ) =

zk(θ)

xk(θ)
. (42)

For θ > a on the zero branch, set yk(θ) = 0 and set xk(θ) = 0, except at a possible interior
continuous onset t0 of the positive branch. If t0 ∈ (a, b), zk(t0) = 0, and zk(θ) > 0 for θ > t0, set

xk(t0) := 2t0, yk(t0) := 0.

Indeed, the expression in (42) then converges to 2t0 as θ ↓ t0, so this is its right-continuous
extension. At b, take the left-limit values. Equations (38)–(42) give

Uk = yk

(
θxk −

x2k
2

)
, U̇k = zk = xkyk,

and zk is nonnegative and nondecreasing, including across the lower endpoint because r ≤ r+.
An original contract with x = 0 and y > 0 can be replaced by the canonical choice x = y = 0

without changing U or z and while weakly relaxing every tail constraint. Moreover, Uk is convex,
and zk is its right-continuous subgradient on (a, b) with its left-continuous terminal representative
at b. The recovered xk, yk, zk therefore obey the standing representative convention. At the lower
endpoint,

Uk(θ)− Uk(a) ≥ r+(θ − a) ≥ r(θ − a) (θ > a).

Consequently,
Uk(θ) ≥ Uk(t) + (θ − t)zk(t) (θ, t ∈ Θ),

which is precisely global report incentive compatibility. Hence optimizing over K with the tail
constraints below is exactly the relaxed problem.

The objective is the linear functional

J(k) =

∫ b

a

Uk(θ) dF (θ) = u+ r+W (a) +

∫
(a,b]

W (s)m(ds), W (t) :=

∫ b

t

(s− t) dF (s).

(43)
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For t < b, let

B(t) :=

∫ b

t

F (s)n−1 dF (s) =
1− F (t)n

n
> 0,

and define the normalized tail map

Rk(t) :=

∫ b

t

yk(s) dF (s)

B(t)
.

The finite measure m gives finite left limits

zk,B := lim
θ↑b

zk(θ) = r+ +m((a, b])

and
hk,B := lim

θ↑b
[θzk(θ)− Uk(θ)] = ar+ − u+

∫
(a,b]

sm(ds).

If zk,B = 0, nonnegativity and monotonicity of zk, together with m({b}) = 0, imply r+ = r = 0

and m = 0. The definition of Ca then gives u = 0, so k is the zero mechanism and yk ≡ 0. Set
yk,B := 0 in this case.

Suppose instead that zk,B > 0. Then hk,B > 0. Indeed, hk(θ) := θzk(θ)−Uk(θ) is nonnegative
and nondecreasing on (a, b), with limit hk,B . If hk,B = 0, then hk = 0 throughout (a, b), whereas
zk > 0 on a nondegenerate terminal interval. The closed perspective would therefore be infinite
on a set of positive F -measure, contrary to k ∈ K. Consequently,

yk(θ) =
zk(θ)

2

2[θzk(θ)− Uk(θ)]
−→

z2k,B
2hk,B

=: yk,B (θ ↑ b).

Set Rk(b) := yk,B . The function Rk is continuous on [a, b) because yk ∈ L1(dF ) and B(t) > 0

there. Moreover, the tail-average formula and

B(t)

1− F (t)
−→ 1 (t ↑ b)

give Rk(t) → yk,B . Hence
Rk ∈ C([a, b]).

Moreover, (41) implies that k 7→ Rk is a convex mapping into the ordered space C([a, b]). Finally,

Dk(t) = B(t)[1−Rk(t)] (t < b), (44)
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so the tail constraints are equivalent to Rk ≤ 1.

Step 2: the global multiplier from Luenberger’s theorem. Apply Luenberger (1969, Chapter 8,
Section 8.3, Theorem 1, pp. 217–218) with

X = R3 ×M((a, b]), Ω = K, Z = C([a, b]),

ϕ(k) = −J(k), G(k) = Rk − 1.

Here M((a, b]) denotes the vector space of finite signed Borel measures; K restricts its fourth
component to the positive cone. The set K is convex, ϕ is linear, and G is convex. The positive
cone C+([a, b]) has nonempty interior. The zero mechanism k0 = (0, 0, 0, 0) is a strict Slater point
because

G(k0) = −1 ∈ − intC+([a, b]).

Since the optimum is attained and finite, Luenberger’s theorem yields a positive continuous linear
functional ℓ ∈ C([a, b])∗+ such that

−J(k∗) = inf
k∈K

{−J(k) + ⟨ℓ, Rk − 1⟩} , (45)

and
⟨ℓ, Rk∗ − 1⟩ = 0. (46)

By the Riesz representation theorem, the positive functional ℓ is represented by a finite positive
Borel measure, also denoted by ℓ. Dropping constants from (45), the optimum globally maximizes

Lred(k) := J(k)−
∫
[a,b]

Rk(t) ℓ(dt) over K. (47)

Step 3: conversion of the tail multiplier and measure variations. Separate a possible terminal atom
by setting

κ := ℓ({b}), c(s) :=

∫
[a,s]

ℓ(dt)

B(t)
, s < b.

Then c is nonnegative, nondecreasing, right-continuous, and locally bounded on [a, b). Tonelli’s
theorem gives, for every k ∈ K,∫

[a,b]

Rk(t) ℓ(dt) =

∫ b

a

c(s)yk(s) dF (s) + κyk,B. (48)
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Complementarity (46) gives ∫
[a,b]

[1−R(t)] ℓ(dt) = 0. (49)

In particular,
supp ℓ ∩ [a, b) ⊆ {t : D(t) = 0}. (50)

The identity

x(θ) =

2(ar+ − u) +

∫
(a,θ]

2sm(ds)

r+ +m((a, θ])

with the initial term omitted when r+ = 0, shows that x is nondecreasing wherever it is positive.
Indeed, when r+ > 0,

0 ≤ 2(ar+ − u)

r+
≤ 2a,

while every subsequent value entering the weighted average is 2s ≥ 2a. Also, individual rationality
gives

0 < x(θ) ≤ 2θ ≤ 2b (θ ∈ (a, b)).

The proof of Lemma 9 remains valid under the additional endpoint restriction y(a) ≤ 1: its
comparison mechanism has ỹ(a) = ε < F (θ0)

n−1/n ≤ 1/n ≤ 1. Thus x(θ), z(θ) > 0 for every
interior type. Hence, for each d > a, both x and z are bounded away from zero on [d, b). Since
(48) is finite and y = z/x ≥ z(d)/(2b) on [d, b), it follows that∫ b

d

c(s)f(s) ds <∞.

Consequently, the function

γ(s) :=
2c(s)f(s)

x(s)2
(51)

is integrable on every [d, b) with d > a. Moreover, because c and x are locally of bounded
variation, f ∈ C1((a, b)), and x is bounded away from zero, γ has a right-continuous, locally
bounded-variation representative on (a, b).

Let
xB := lim

θ↑b
x(θ) = x(b), yB := lim

θ↑b
y(θ) = y(b), gB :=

2κ

x2B
,

and, initially for a < t < b, define

Γ(t) := 1− F (t)−
∫ b

t

γ(s) ds− gB, (52)
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µ(t) :=W (t)−
∫ b

t

[x(s)− t]γ(s) ds− gB(xB − t). (53)

These functions are locally absolutely continuous on (a, b) and satisfy

Γ̇ = −f + γ, (54)

µ̇ = (x− θ)γ − Γ (55)

almost everywhere.

Fix t ∈ (a, b). The one-sided variation mε = m+ εδt, ε ≥ 0, changes, for s ≥ t,

δz(s) = 1, δU(s) = s− t.

On the positive branch,

(Gs)U =
2

x(s)2
, (Gs)z =

2[x(s)− s]

x(s)2
,

and therefore
δy(s) =

2[x(s)− t]

x(s)2
. (56)

All affected types lie away from the singular lower endpoint, and the bounds above justify
differentiation under the integral. The directional derivative of (47) is precisely µ(t). Optimality
therefore gives

µ(t) ≤ 0 (a < t < b). (57)

Next take
mε = (1 + εh)m,

where h is bounded and compactly supported in (a, b). Both signs of small ε are admissible.
Differentiating and applying Fubini gives

0 =

∫
(a,b)

µ(t)h(t)m(dt).

Hence
µ = 0 m-almost everywhere. (58)
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Since µ is continuous on compact subintervals of (a, b), (57)–(58) imply

µ = 0 on suppm ∩ (a, b). (59)

This argument applies without change to the absolutely continuous, atomic, and singular-continuous
parts of m = dz.

At every t ∈ suppm ∩ (a, b), the equality µ(t) = 0 makes t a local maximum of µ. Taking the
one-sided derivatives of (53) therefore gives

γ(t)[x(t)− t] ≤ Γ(t) ≤ γ(t−)[x(t−)− t]. (60)

We shall also use the following Stieltjes identities, which follow from xz = 2(θz−U) and z = xy:

d(xz) = 2θ dz, (61)

z dx = (2θ − x−) dz, (62)

x−x dy = (x− + x− 2θ) dz. (63)

Step 4: the upper endpoint and finiteness of the state multiplier. We first show that the normalized-tail
multiplier has no terminal atom. Suppose, to the contrary, that κ > 0. Complementarity (49) gives

yB = R(b) = 1,

and (53) gives
µ(b−) = −gB(xB − b).

If xB < b, this limit is positive, contradicting (57). If xB > b, then µ < 0 on a terminal interval.
Equations (58)–(59) imply that m vanishes there, so z, θz − U , x, and y are constant. Thus
y ≡ yB = 1 on that interval, whereas

B(t) =
1− F (t)n

n
< 1− F (t) =

∫ b

t

1 dF (t < b),

which violates the tail constraint. Hence the only remaining possibility is xB = b.

Because γ ∈ L1([d, b)) for every d > a, (52) now gives

Γ(t) −→ −gB < 0 (t ↑ b).
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Now, note that suppm has an accumulation point at b; otherwise, we would have that m would
vanish on a terminal interval and hence the preceding pooling argument would again give y ≡ 1,
which would be a contradiction. So, choose t0 < b so that Γ < 0 on (t0, b) and then choose a
support point s0 ∈ (t0, b). At every support point t ∈ [s0, b), (60) implies x(t) < t. On each
complementary gap of the support, z and θz − U are constant, and hence so are x and y; the
inequality x(t) < t therefore propagates across the gap. Thus x(t) < t on [s0, b). Equation (63)
then shows that y is nonincreasing there. Since yB = 1, we obtain y(t) ≥ 1 for t ∈ [s0, b), and
therefore ∫ b

t

y(s) dF (s) ≥ 1− F (t) > B(t),

again contradicting the tail constraint. We conclude that

κ = 0, Γ(b) = µ(b) = 0. (64)

The measure ℓ is nonzero. Otherwise c = γ = 0, and (53) would give µ(t) = W (t) > 0 for
every t < b, contradicting (57). Hence c(t0) > 0 for some t0 < b. Since c is nondecreasing and
x ≤ 2b, (51) gives

γ(t) ≥ Cf(t) for t ≥ t0, C :=
c(t0)

2b2
> 0. (65)

This estimate uses no lower bound on f at b.

We next claim that xB ≥ b. If xB < b, then for t sufficiently close to b, x(s) < t for every
s ∈ [t, b), and (53) gives µ(t) > 0, a contradiction.

Suppose first that xB > b. Choose δ > 0 and t1 < b such that

x(s)− t ≥ δ (t1 ≤ t ≤ s < b).

Using W (t) ≤ (b− t)[1− F (t)] and (65), we obtain

µ(t) ≤ (b− t)[1− F (t)]− δ

∫ b

t

γ(s) ds

≤
[
(b− t)− δC

]
[1− F (t)] < 0

for all t sufficiently close to b. Hence m = 0 there and y is constant on a terminal interval. Tail
feasibility then implies yB < 1. By continuity of R, the normalized tail constraint is slack on a
terminal interval, so complementarity implies that ℓ has no mass there. Hence c is constant, and
in particular bounded, near b.
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It remains to consider xB = b. Tail feasibility gives yB ≤ 1. If yB < 1, the same slackness
argument again makes c constant near b. Suppose instead that

xB = b, yB = 1.

We claim that c is nevertheless bounded. Since y → 1 and x→ b, (48) implies, on every sufficiently
short terminal interval, ∫

c(s)f(s) ds <∞,

∫
γ(s) ds <∞.

If c were unbounded, then its monotonicity would give c(t) → ∞ as t ↑ b. For s ≥ t, using
x(s) ≤ 2b gives

γ(s) =
2c(s)f(s)

x(s)2
≥ c(t)

2b2
f(s).

Consequently,

Γ(t) = 1− F (t)−
∫ b

t

γ(s) ds ≤
[
1− c(t)

2b2

]
[1− F (t)] < 0 (66)

for all t sufficiently close to b. The support of m must accumulate at b, since otherwise a terminal
pool would have y ≡ yB = 1 and violate the tail constraint. Repeating the argument based on (60)
and (63), equation (66) implies that x(t) < t and that y is nonincreasing on a terminal interval.
Since yB = 1, this again implies y ≥ 1 there, contradicting tail feasibility. Therefore c is bounded
also in this final case.

We have proved in all cases that c has a finite limit at b. Set c(b) := c(b−). Define

Λ := −c. (67)

Then Λ is right-continuous and of bounded variation, dΛ ≤ 0, and (51) becomes

0 = Λf +
1

2
γx2 a.e. (68)

Moreover, on (a, b),

dc(t) =
ℓ(dt)

B(t)
.
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Using (44) and (49) gives

supp(−dΛ) ⊆ {t ∈ (a, b] : D(t) = 0}, (69)∫
(a,b]

D dΛ = 0, (70)

Λ(a)D(a) = 0. (71)

Since c ≥ 0, also Λ(a) ≤ 0.

Step 5: the lower endpoint and global integrability of γ. Suppose first that a > 0. If r+ > 0, then

ar+ − u ≥ a(r+ − r) +
r2

2
> 0.

Thus
x(a+) =

2(ar+ − u)

r+
> 0,

and monotonicity of x bounds x away from zero. If r+ = 0, then r = u = 0 and, whenever
z(t) > 0,

tz(t)− U(t) =

∫
(a,t]

sm(ds) ≥ az(t),

so x(t) ≥ 2a. Since c is bounded, x is bounded away from zero, and f ∈ L1((a, b)), we have∫ b

a

γ(s) ds =

∫ b

a

2c(s)f(s)

x(s)2
ds <∞.

Hence, (52) and (53) extend Γ and µ as absolutely continuous functions to a.
The derivative of the reduced Lagrangian with respect to (u, r, r+) is

(
Γ(a), 0, µ(a)

)
.

Define
Ea :=

{
(v, q, q+) : (v, q) ∈ Ca, q ≤ q+

}
.

Maximality of (47) gives (
Γ(a), 0, µ(a)

)
∈ NEa(u, r, r

+). (72)

An elementary normal-cone calculation gives a number λ ≥ 0 and (pu, pr) ∈ NCa(u, r) such that

(
Γ(a), 0, µ(a)

)
= (pu, pr, 0) + λ(0, 1,−1),
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with λ(r − r+) = 0. Comparing components yields

(
Γ(a), µ(a)

)
∈ NCa(u, r), µ(a) = −λ ≤ 0, µ(a)(r+ − r) = 0. (73)

This proves (22)– (23) and completes the positive-lower-end case.

Now suppose that a = 0. Then necessarily r = u = 0. Put

c0 := c(0) ≥ 0.

We first prove global integrability of γ without assuming that f is bounded away from zero near
the lower endpoint. For t ∈ (0, b), delay every increment of z before t until t by defining

mt := m
∣∣
(t,b]

+ z(t)δt.

The corresponding reduced variable is

kt := (0, 0, 0,mt),

so ut = rt = r+t = 0 and the endpoint cap is satisfied. The associated states satisfy

zt(s) = Ut(s) = yt(s) = 0 (s < t),

and, for s ≥ t,

zt(s) = z(s), Ut(s) = U(s)− U(t), yt(s) ≤ y(s).

Maximality of (47) therefore gives

J − Jt ≥
∫ b

0

c(s)[y(s)− yt(s)] dF (s) ≥ c0

∫ b

0

[y(s)− yt(s)] dF (s). (74)

Since U is nondecreasing, J − Jt ≤ U(t), and positive allocation implies U(t) > 0 for every
t ∈ (0, b). For fixed s ∈ (0, b) and all sufficiently small t < s, write

h(s) := sz(s)− U(s) > 0.
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Then

y(s)− yt(s)

U(t)
=

z(s)2

2h(s)[h(s) + U(t)]

−→ z(s)2

2h(s)2
=

2

x(s)2
(t ↓ 0).

Suppose first that c0 > 0. Dividing (74) by c0U(t) and applying Fatou’s lemma to the nonnegative
functions [y − yt]/U(t) gives ∫ b

0

2

x(s)2
dF (s) ≤ 1

c0
. (75)

The boundedness of c proved in Step 4 therefore implies∫ b

0

γ(s) ds =

∫ b

0

2c(s)

x(s)2
dF (s) ≤ ∥c∥∞

∫ b

0

2

x(s)2
dF (s) <∞.

It remains to consider c0 = 0. Suppose, toward a contradiction, that
∫ b

0
γ = ∞. Then (52) gives

Γ(t) → −∞ as t ↓ 0. Hence Γ < 0 on some interval (0, ε).
At every t ∈ suppm ∩ (0, ε), (60) implies x(t) < t. On every complementary gap of the

support, z, θz − U , and x are constant. There cannot be a complementary gap beginning at zero.
If m vanished on (0, δ), then z = r+ and θz − U = 0 there. If r+ = 0, this would contradict
positive allocation; if r+ > 0, it would make the closed perspective infinite on a set of positive
F -measure. Thus the support accumulates at zero, and the same inequality propagates across
every gap. Therefore

x(t) < t (0 < t < ε). (76)

Equation (63) then implies that y is nonincreasing on (0, ε).
There can be no contact point t ∈ (0, ε) with D(t) = 0. Indeed, one-sided difference quotients

of the nonnegative function D at such a point give

y(t−) ≤ F (t)n−1 ≤ y(t).

Since y is nonincreasing, equality must hold throughout. Immediately to the right of t,

y(s) ≤ y(t) = F (t)n−1 < F (s)n−1,

where the strict inequality uses f > 0 on the interior. This would imply D(s) < 0, a contradiction.
Thus D > 0 on (0, ε). Equation (50) implies that c is constant there; since c(0) = c0 = 0, we

74



obtain c = 0 and hence γ = 0 on that interval, contradicting
∫ b

0
γ = ∞. Consequently,

γ ∈ L1([0, b]). (77)

The integral formulas now extend Γ and µ absolutely continuously to zero. Moreover, suppm
accumulates at zero. Indeed, if r+ = 0, then positive allocation, z(t) > 0 for every t > 0, implies
that m((0, t]) > 0 for every t > 0. If r+ > 0 and m vanished on some interval (0, δ), then

z(t) = r+, tz(t)− U(t) = 0 (0 < t < δ),

so the closed perspective would be infinite on a set of positive F -measure, contrary to k∗ ∈ K.

Since
µ = 0 on suppm ∩ (0, b)

by (59), and since µ is continuous at zero, it follows that

µ(0) = 0.

Moreover, using |x(s)− s| ≤ s,

µ(t)

t
=

1

t

∫ t

0

(
[x(s)− s]γ(s)− Γ(s)

)
ds −→ −Γ(0).

If Γ(0) < 0, then µ(t) > 0 near zero, contradicting (57). If Γ(0) > 0, then µ(t) < 0 near zero,
contradicting accumulation of suppm at zero. Hence

µ(0) = Γ(0) = 0. (78)

This proves all lower-end conditions when a = 0.

Step 6: conclusion. Combining (54), (55), and (68) gives (14)–(16). Equations (57), (58), and the
endpoint conditions give (17) and (23); equations (69)– (71) give (18). When a > 0, the endpoint
normal-cone calculation gives (22)– (23). When a = 0, (78) implies those conditions and gives the
stated sharpening. The upper-end argument and the construction of Λ give (19)– (21).
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E. Proof of Theorem 2

Proof of Theorem 2. Suppose first that (x∗, y∗) is optimal. By Proposition 7, it also solves Prob-
lem [R*]. Proposition 5 therefore supplies multipliers with the required regularity satisfying
conditions (i)–(ii), the terminal conditions µ(θ̄) = Γ(θ̄) = 0, and

Λ(θ) ≤ 0, Λ(θ)D∗(θ) = 0.

Under the canonical endpoint convention, Lemma 13 further gives

µ(θ) = 0, Γ(θ) ≤ 0, Γ(θ)U∗(θ) = 0.

In particular, µ(θ)z∗(θ) = 0. Thus all the transversality conditions in (iii) hold, which establishes
necessity.

We now prove sufficiency. Fix any feasible mechanism (x, y). The argument below uses only
(IR), (Border), (IC-Mon), and (IC-Env). Let z = xy. For each ξ ∈ {z, y, U,D}, write ∆ξ = ξ − ξ∗.
Define

J (z, y, U ; θ) ≡ Uf + Λ
(
y − F n−1

)
f + Γz + γ

(
θz − z2

2y
− U

)
.

where γ = f + Γ̇.
As shown in the remark, the transversality conditionΛ(θ) ≤ 0 and the dual feasibility condition

that Λ is decreasing imply Λ ≤ 0. Then, the control equation implies that γ = −2Λf
x∗2 ≥ 0 almost

everywhere. Moreover,

h(z, y, U) ≡ θz − z2

2y
− U

is concave in (z, y) on y > 0 and affine in U . We use its closed perspective extension at y = 0,
under which h(0, 0) = 0. Thus, for each θ, J is concave in (z, y) and affine in U . Consequently,
concavity and the costate and control equations in condition (i) imply

J − J ∗ ≤ [Γ + γ(θ − x∗)]∆z +

[
Λf +

γx∗2

2

]
∆y + (f − γ)∆U = −µ̇∆z − Γ̇∆U.

Therefore, by absolute continuity of µ and Γ, we have∫ θ̄

θ

(J − J ∗) dθ ≤ −
∫ θ̄

θ

µ̇∆z dθ −
∫ θ̄

θ

Γ̇∆U dθ. = −
∫ θ̄

θ

∆z dµ−
∫ θ̄

θ

∆U dΓ.

By the definition of J and the envelope equality h(z, y, U) = 0, the change in the principal’s
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payoff satisfies

∆W ≡
∫ θ̄

θ

(U − U∗) f dθ =

∫ θ̄

θ

(J − J ∗) dθ −
∫
(θ,θ̄]

Γ d(∆U)−
∫
(θ,θ̄]

Λ d(∆D),

where we used
d(∆U) = ∆z dθ, d(∆D) = f∆y dθ.

Combining the previous two equations and applying Stieltjes integration by parts yields

∆W ≤ −
[
Γ∆U

]θ̄
θ
−
[
µ∆z

]θ̄
θ
−
[
Λ∆D

]θ̄
θ
+

∫
(θ,θ̄]

µ d(∆z) +

∫
(θ,θ̄]

∆DdΛ.

This integration-by-parts formula is valid for bounded-variation functions and therefore allows
the state variable z and the costate Λ to have jumps.

Every term on the right-hand side is nonpositive. First, the transversality and lower-end
complementary-slackness conditions give

−
[
Γ∆U

]θ̄
θ
−
[
µ∆z

]θ̄
θ
−
[
Λ∆D

]θ̄
θ
= Γ(θ)U(θ) + µ(θ)z(θ) + Λ(θ)D(θ) ≤ 0.

Next, monotonicity of z, dual feasibility of µ, and complementary slackness imply∫
(θ,θ̄]

µ d(∆z) =

∫
(θ,θ̄]

µ dz −
∫
(θ,θ̄]

µ dz∗ =

∫
(θ,θ̄]

µ dz ≤ 0.

Finally, D ≥ 0, nonincreasing Λ, and complementary slackness for the Border constraint imply∫
(θ,θ̄]

∆DdΛ =

∫
(θ,θ̄]

DdΛ−
∫
(θ,θ̄]

D∗ dΛ =

∫
(θ,θ̄]

DdΛ ≤ 0.

Thus ∆W ≤ 0 for any feasible (x, y). Hence (x∗, y∗) is optimal.

F. Proof of Theorem 3

Throughout this section, F (θ) = θα, f(θ) = αθα−1, and β = α(n− 1) > 0. We suppress stars on
an optimal deterministic interim pair (x, y) and write z = xy and C = −2Λ. Theorem 1, Lemma 9,
Proposition 5, and Corollary 1 give

θ < x(θ) < 2θ, y(θ) > 0, C(θ) > 0 (0 < θ < 1),
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with x, y, z continuous and nondecreasing, dC ≥ 0, and
∫
DdC = 0. In particular, C is constant

on every interval where D > 0. No disposal gives

D(θ) =

∫ θ

0

(
y(s)− sβ

)
f(s) ds ≥ 0, D(0) = D(1) = 0. (79)

Also, y(1) < 1 and D > 0 sufficiently close to one.

Lemma 18 (Pooling and regularity under power distributions). There is p ∈ (0, 1] such that x and
y are strictly increasing on [0, p] and, if p < 1, both are constant on [p, 1] and D > 0 on [p, 1). If
α ≥ 1, then p = 1. Moreover, µ = 0 on (0, p), and C, x, y are locally absolutely continuous there.

Proof. The continuous IC identities

z dx = (2θ − x) dz, x2 dy = 2(x− θ) dz

show that x, y, z have the same nondegenerate constant intervals. Consider a maximal such
interval [a, b], with values x̄, ȳ. The bound 0 < x(θ) < 2θ implies a > 0. We have D > 0 on
[a, b]∩(0, 1): at a zero s there,D′(s) = 0 would give ȳ = sβ , and integratingD′(θ) = f(θ)(sβ−θβ)
into the pool would give D < 0. Thus C is constant on the pool and near each interior endpoint.

Put κ = C/x̄2 > 0. The costate equations give

µ′′(θ)

f(θ)
= 1− κ(α + 1) + κ(α− 1)

x̄

θ
. (80)

Maximality, support complementarity, and µ(1) = 0 imply µ(a) = µ(b) = 0. Since γ = Cf/x2

is continuous near each interior endpoint, µ is continuously differentiable there. Hence µ ≤ 0

implies µ′(a) = 0, and also µ′(b) = 0 if b < 1.
For α > 1, the right-hand side of (80) is strictly decreasing. Its value at a is nonpositive

because µ(a) = µ′(a) = 0 and µ ≤ 0. Therefore µ′′ < 0 on (a, b), contradicting µ(b) = 0. For
α < 1 and b < 1, that right-hand side is strictly increasing. Since

∫ b

a
µ′′ = 0, it changes sign from

negative to positive, so µ′ < 0 on (a, b), again contradicting µ(a) = µ(b). Thus pooling for α < 1

can only be terminal.
For α = 1, (80) becomes µ′′ = 1 − 2κ. The conditions µ(a) = µ′(a) = µ(b) = 0 give

κ = 1/2 and µ = 0 on the pool. Outside pooling interiors, support complementarity gives µ = 0.
Consequently, for every α > 0, µ = 0 on (0, p), where p = 1 unless α < 1 and a terminal pool
starts at p.
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On (0, p), the costate equations therefore give

Γ =
Cf(x− θ)

x2
, Γ′ = f

(
C

x2
− 1

)
. (81)

The first identity holds everywhere by right-continuity and implies that C is continuous. On each
compact interior interval, the BV chain rule gives

dΓ =
f(x− θ)

x2
dC +

Cf(2θ − x)

x3
dx+ C

[
f ′(x− θ)

x2
− f

x2

]
dθ.

The coefficients of the nonnegative measures dC and dx are strictly positive. Absolute continuity
of Γ thus eliminates their singular parts. Hence C, x are locally absolutely continuous, as is
y = U/(θx− x2/2).

To finish the uniform case, suppose a pool [a, b] exists. We have C = x̄2/2 on a neighborhood
of a, and (81) implies

x′ =
x

2θ − x

(
2− x2

C

)
.

The constant function x = x̄ solves this equation near a. Local uniqueness, since x̄ < 2a, forces
the pool to extend to the left of a, contradicting maximality. This excludes all pooling for α = 1

and proves the lemma.

Proof of Theorem 3. By Lemma 18, x, y are strictly increasing when α ≥ 1. The terminal alternative
in Theorem 1 then gives x(1) = 1. It remains to establish the two regions and the single crossing
of y and θβ from above. Define the allocation ratio

ρ(θ) =
y(θ)

θβ
(θ > 0).

Since
y(θ)− θβ = θβ

(
ρ(θ)− 1

)
,

the desired single crossing is exactly a crossing of the level 1 by ρ from above on the handicap
interval: for some θ1 ∈ (θ0, 1), we must have ρ > 1 on (θ0, θ1), ρ(θ1) = 1, and ρ < 1 on (θ1, 1].
The competitive part of the conclusion requires ρ = 1 for positive types up to θ0. We will establish
the crossing by controlling the shape of ρ, and use the same shape restriction to identify the two
regions.
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To study whether ρ rises or falls, write

τ = log θ, e =
d log y

dτ
.

Dots below denote derivatives with respect to τ , and primes denote derivatives with respect to θ.
Here e is the elasticity of allocation, while the benchmark θβ has elasticity β. Consequently,

˙log ρ = e− β, θρ′ = ρ(e− β). (82)

Thus ρ rises when e > β and falls when e < β. In particular, an initial increase followed by a
single turn to strict decrease, together with an initial value of 1 and ρ(1) = y(1) < 1, yields the
required unique crossing of level 1. The auxiliary variable

t =
2(x− θ)

2θ − x
> 0

will allow us to control the sign of e−β. Differentiating (81) and using IC gives, almost everywhere
on (0, p),

e = 2t− α− 3

2
t2 − t(t+ 2)

2C

[
x2 + (x− θ)C ′], (83)

ṫ = (t+ 1)(t+ 2)
(e
t
− 1
)
. (84)

Large α. Let ᾱn = (3 +
√

9 + 8/(n− 1))/2. If α ≥ ᾱn, then p = 1, C ′ ≥ 0, and

e < 2t− α− 3

2
t2 =

2

α− 3
− α− 3

2

(
t− 2

α− 3

)2

≤ 2

α− 3
≤ β.

By (82), ρ is strictly decreasing. No disposal gives
∫ 1

0
θβ(ρ − 1) dF = 0. Since ρ(1) < 1, this

equality requires ρ > 1 somewhere; hence ρ crosses level 1 exactly once, at some θ1 ∈ (0, 1), from
above. The prefix representation (79) below θ1, and its equivalent tail representation above θ1,
give D > 0 throughout (0, 1). This proves the theorem with θ0 = 0.

Henceforth α < ᾱn, or equivalently ℓ := 3 + 2/β − α > 0. In this case we establish an initial
increase and at most one turn to decrease on each slack component starting at a positive contact.
We first obtain the starting condition for this argument.
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A bound at every Border contact. If D(a) = 0 for a ∈ (0, 1), then D′(a) = 0 and y(a) = aβ . Put

k =
2(β + 1)

β + 2
, yc(θ) = θβ, Uc(θ) =

2(β + 1)

(β + 2)2
θβ+2.

On the upward-distorted branch, IC reads

U ′ = G(θ, U, y) := θy +
√
θ2y2 − 2Uy.

For fixed θ, G is jointly concave in (U, y), since its square-root term is the perspective of v 7→√
θ2 − 2v. Its tangent inequality at the competitive pair (Uc, yc) gives

(U − Uc)
′ +

ν

θ
(U − Uc) ≤ Aθ(y − yc), ν =

1

k − 1
=
β + 2

β
, A =

k2

2(k − 1)
.

Multiplication by θν and integration by parts yield

aν
(
U(a)− Uc(a)

)
≤ A

α

∫ a

0

θℓ dD(θ) = −Aℓ
α

∫ a

0

θℓ−1D(θ) dθ ≤ 0.

Here ℓ = ν + 2− α, and the lower boundary terms vanish because U = O(θ2), D(0) = 0, and
ℓ, ν > 0. As y(a) = aβ and x(a) > a, this implies

x(a) ≥ ka, t(a) ≥ β. (85)

This argument applies to every interior contact, including isolated ones.

The shape of ρ on a slack interval. Consider a slack component beginning at a contact a > 0.
We claim that ρ initially strictly increases from ρ(a) = 1 and can then turn only once, to strict
decrease. By (82), before any terminal pool it suffices to show that e− β is initially positive and
has at most one subsequent zero, at which it crosses from positive to negative.

On a slack interval before p, C is constant. With P = θ2/C , (83)–(84) become the smooth
system

Ṗ = 2P, e = 2t− α− 3

2
t2 − 2Pt(t+ 1)2

t+ 2
, ṫ = (t+ 1)(t+ 2)

(e
t
− 1
)
. (86)

These equations also extend one-sidedly to positive interior endpoints. At a zero of ṫ, we have
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e = t and
d

dτ
(e− t) = −4Pt(t+ 1)2

t+ 2
< 0.

Hence t can turn only once, from increasing to decreasing.

At the initial contact, feasibility gives ρ(a) = 1 and e(a) ≥ β, while (85) gives t(a) ≥ β. While
t increases, e > t ≥ β. At an interior maximum of t, we have e = t > β as well. On a decreasing
branch, a zero of e − β must have t > β. At any zero with t ≥ β, direct differentiation of (86)
gives

ė|e=β = (t2 + t− β)
(
α− 1− Lβ(t)

)
, Lβ(t) =

2β[2t3 + (4− β)t2 + (1− 3β)t− β]

t2(t2 + t− β)
. (87)

The first factor is positive, and

L′
β(t) = −2β(t− β)[2t4 + 8t3 + 7t2 + 2t− β(3t+ 2)]

t3(t2 + t− β)2
< 0 (t > β),

because the bracket is at least 2t4 + 8t3 + 4t2. Also Lβ(β) = 2 + 2/β. If e = β and ė = 0 on the
decreasing branch, then

ë = −(t2 + t− β)L′
β(t)ṫ < 0. (88)

These signs imply that e > β immediately to the right of a. Indeed, if e(a) = β = t(a), then
ė(a) = −β2ℓ < 0, contradicting D ≥ 0 just to the right. If e(a) = β < t(a), then ṫ(a) < 0; either
ė(a) < 0, or ė(a) = 0 with (88), would give the same contradiction. Thus in this case ė(a) > 0.

At the first subsequent zero of e − β, the crossing is strictly downward by (88). As t then
decreases, Lβ(t) increases, so every later zero would also be a downward crossing. Once t ≤ β,
the decreasing branch gives e < t ≤ β. Consequently, (82) gives the claimed shape: ρ initially
strictly increases and can then turn only once, to strict decrease. If a terminal pool is reached, its
ratio ȳθ−β continues the decrease or starts it at the junction.

This shape also rules out a return to contact. A bounded slack component (a, b) with 0 < a <

b < 1 would have ρ(a) = ρ(b) = 1. The preceding shape property would imply ρ > 1 throughout
(a, b), contradicting

0 = D(b)−D(a) =

∫ b

a

θβ(ρ(θ)− 1) dF (θ) > 0.

Thus no such component exists.
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Slack cannot start at zero. Suppose D > 0 on (0, b), and work before any terminal pool. The
system (86) applies with constant C > 0. In fact ṫ < 0 throughout this interval. Otherwise ṫ > 0

at all earlier times, since every zero of ṫ is a downward crossing. Then t has a finite limit T ≥ 0 as
τ → −∞, and

ṫ −→ (T + 1)(T + 2)

(
1− α− 3

2
T

)
> 0.

For α ≤ 3 positivity is immediate; for α > 3 it follows from ṫ ≥ 0 at the chosen point and the
strictly negative P term in (86). This contradicts the finite limit.

Thus 0 ≤ e < t, and t has a limit T ∈ (0,∞] at zero. If T <∞, (86) forces

α > 3, T =
2

α− 3
> β.

If T = ∞, dividing the equation for e by t2 and using 0 ≤ e < t forces α = 3. In particular, α < 3

is impossible.

For the two remaining cases, set

Q(t) =
t+ 1

(t+ 2)2
, R = ρQ(t).

Equations (82) and (84) give the useful identity

˙logR = t− β.

If T <∞, then T > β and Q(T ) > 0, so ρ→ 0. If T = ∞ and α = 3, the inequality e ≥ 0 gives
P (t + 1)2/(t + 2) ≤ 1, hence Q(t) ≥ P/8 = θ2/(8C). Since ˙logR → ∞, we have R = O(θ3)

and again ρ→ 0. In either case, y < θβ near zero, contradicting (79).

The two regions and single crossing. The top slack component exists by Theorem 1. The preceding
arguments show that it is the only slack component and starts at some θ0 > 0. Hence

D = 0 on [0, θ0], D > 0 on (θ0, 1).

On (0, θ0), D′ = 0 gives y = θβ and e = β, so

ṫ = (t+ 1)(t+ 2)

(
β

t
− 1

)
.
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The only positive solution defined for every τ < log θ0 is t = β: a solution below β reaches zero in
finite backward time, and a solution above β diverges in finite backward time. Therefore, including
endpoints by continuity,

x(θ) =
2(β + 1)

β + 2
θ, y(θ) = θβ (0 ≤ θ ≤ θ0).

Finally, on the top slack component, ρ starts at one, initially strictly increases, and can turn
downward only once. Since ρ(1) = y(1) < 1, it must turn and then cross level 1 exactly once on
its strictly decreasing portion. Thus there is a unique θ1 ∈ (θ0, 1) with

ρ > 1 on (θ0, θ1), ρ(θ1) = 1, ρ < 1 on (θ1, 1].

Multiplying ρ− 1 by θβ > 0 gives the required single crossing of y− θβ from positive to negative.
Together with the large-α case, this proves every assertion.

G. Proofs for Extensions

G.1. Two Projects with Transfers

Proof of Proposition 4 (Two projects). The principal’s problem is

max
x,y : Θ→[0,1]

t : Θ→R

∫ θ̄

θ

(y(θ)(1 + x(θ)(2θ − 1)) + t(θ)) dF (θ)

subject to

U(θ) ≡ y(θ)(1 + x(θ)(2θ − 1))− t(θ) =

∫ θ

θ

2x(s)y(s)ds+ U(θ) (IC-Env)

x(θ)y(θ) is increasing (IC-Mon)

U(θ) ≥ 0 (IR)

n

∫
A

y(θ) dF (θ) ≤ 1−
(
1− F (A)

)n for every measurable A ⊆ Θ, (Border)

where F (A) =
∫
A
dF (θ).

First, we show that Border feasibility of y implies Border feasibility of z := xy. Because
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0 ≤ x(θ) ≤ 1, for every measurable A ⊆ Θ,

n

∫
A

x(θ)y(θ) dF (θ) ≤ n

∫
A

y(θ) dF (θ) ≤ 1−
(
1− F (A)

)n
.

Since z is increasing by (IC-Mon), the Border constraint reduces to∫ θ̄

θ

z(s) dF (s) ≤ 1− F (θ)n

n
=

∫ θ̄

θ

F (s)n−1 dF (s). (Border’)

Thus, we can relax (Border) to (Border’) and a single integral condition E[y] ≤ 1
n

. The solution to
the relaxed problem provides an upper bound on the original problem.

Substituting t(θ) from (IC-Env) into the objective and setting U(θ) = 0, we obtain

∫ θ̄

θ

(
2θ − 1− F (θ)

f(θ)
− 1

)
z(θ)dF (θ) + E[y(θ)]

Because E[y(θ)] ≤ 1/n, we focus on maximizing the first term, which is equivalent to

max
z∈MPSw(Fn−1)

∫ θ̄

θ

(
2θ − 1− F (θ)

f(θ)
− 1

)
z(θ)dF (θ)

Let ψ(θ) = 2θ− 1−F (θ)
f(θ)

−1. Assume that the virtual value function J(θ) = θ− 1−F (θ)
f(θ)

is increasing,
so that ψ(θ) is strictly increasing. Let θ∗ = sup{θ : ψ(θ) ≤ 0}, which is strictly greater than 1/2

because ψ(1/2) < 0. By Kleiner et al. (2021), the optimal solution is z∗(θ) = F (θ)n−1 · 1{θ≥θ∗}.
To attain the upper bound, we need to choose x∗(θ) and y∗(θ) such that x∗(θ)y∗(θ) = F (θ)n−1 ·

1{θ≥θ∗}, E[y∗(θ)] = 1/n, and y∗ satisfies the original (Border) constraint. Hence, the unique optimal
project-allocation rule is x∗(θ) = 1{θ≥θ∗}. Any optimal agent selection rule y∗ must satisfy
E[y∗(θ)] = 1/n and y∗(θ) = F (θ)n−1 for every θ ≥ θ∗. One optimal choice is y∗(θ) = F (θ)n−1

for all θ ∈ Θ, which satisfies E[y] = 1/n and the original (Border) constraint.6 By the (IC-Env)
condition, the corresponding optimal transfer schedule is

t∗(θ) = y∗(θ) + (2θ − 1)z∗(θ)− 2

∫ θ

θ

z∗(s) ds =

y∗(θ) if θ < θ∗

2θF (θ)n−1 − 2
∫ θ

θ∗
F (s)n−1 ds if θ ≥ θ∗

The threshold θ∗ > 1/2 is more conservative than the efficient level.

6For θ < θ∗, any y(θ) that satisfies E[y(θ) | θ < θ∗] = E[F (θ)n−1 | θ < θ∗] and (Border), with t(θ) = y(θ), is
optimal. For example, a constant y∗(θ) = E[F (θ)n−1 | θ < θ∗] and t∗(θ) = y∗(θ) for all θ < θ∗.
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G.2. Multiple projects with Transfers

Proof of Proposition 4 (Continuum of projects). The principal’s problem is

max
x : Θ→R+, y : Θ→[0,1]

t : Θ→R

∫ θ̄

θ

y(θ)

(
θx− x2

2

)
+ t(θ)dF (θ)

subject to U(θ) ≡ y(θ)

(
θx− x2

2

)
− t(θ) =

∫ θ

θ

x(s)y(s)ds+ U(θ) (IC-Env)

x(θ)y(θ) is increasing (IC-Mon)

U(θ) ≥ 0 (IR)

n

∫
A

y(θ) dF (θ) ≤ 1−
(
1− F (A)

)n for every measurable A ⊆ Θ, (Border)

Let J(θ) := θ − 1−F (θ)
f(θ)

denote the virtual value function. Assume that J is increasing.
Substituting t(θ) from (IC-Env) into the objective and setting U(θ) = 0, the objective becomes∫

Θ

(
θ − x(θ) + J(θ)

)
x(θ)y(θ) dF (θ).

For the integrand, we have

x(θ)(θ − x(θ) + J(θ)) ≤
[θ + J(θ)]2+

4
:= ψ(θ).

where [X]+ := max{X, 0}. Consequently, every feasible mechanism satisfies

Π ≤ Π̄ :=

∫
Θ

ψ(θ)y(θ) dF (θ),

The bound is attained by setting x(θ) = 1
2
[θ + J(θ)]+.

Now we choose a feasible y to maximize the upper bound Π̄. Define θ∗0 := sup {θ : θ + J(θ) ≤ 0} .
Since J is increasing, ψ is zero below θ∗0 and strictly increasing on [θ∗0, θ̄].

For any ex-post feasible allocation rule y = (y1, . . . , yn) with
∑

i yi ≤ 1 and symmetric
interim rule y, we have

n

∫
Θ

ψ(θ)y(θ) dF (θ) = E

[
n∑

i=1

yi(θ)ψ(θi)

]
≤ E

[
max

{
0,max

i
ψ(θi)

}]
.

The upper bound is attained by selecting the highest type if and only if that type is at least θ∗0 . The
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resulting interim allocation is
y∗(θ) = F (θ)n−11{θ≥θ∗0}.

Moreover, y∗ is fully Border-feasible because it is induced by the ex-post rule that selects the
highest type whenever the highest type exceeds θ∗0 .

Now set x∗(θ) = 1
2
[θ + J(θ)]+ ≤ θ. Then, x∗(θ)y∗(θ) = θ+J(θ)

2
F (θ)n−11{θ≥θ∗0} is increasing,

so (IC-Mon) holds. (IR) also holds because U(θ) = 0. Because x∗ = 1
2
[θ+J(θ)]+, the upper bound

is attained—i.e., Π = Π̄. Hence, (x∗, y∗, t∗) is globally optimal. Note that because J(θ) ≤ θ,

x∗(θ) =
θ + J(θ)

2
≤ θ

for all θ ≥ θ∗0 , with strict inequality for all θ ∈ [θ∗0, θ̄).
Finally, (IC-Env) and U(θ) = 0 imply that the optimal transfer schedule is

t∗(θ) =


0, θ < θ∗0,

(θ + J(θ))(3θ − J(θ))

8
F (θ)n−1 −

∫ θ

θ∗0

s+ J(s)

2
F (s)n−1 ds, θ ≥ θ∗0.

G.3. Linear Costs

Proof of Proposition 2. Suppose by contradiction that the first best is implementable. Incentive
compatibility requires:

θ = argmax
θ̂≥θ

F (θ̂)n−1(θ − η
∣∣∣θ̂ − θ

∣∣∣).
Taking the right derivative with respect to θ̂ at θ̂ = θ, this requires:

F (θ)n−2(−ηF (θ) + (n− 1)θf(θ)) ≤ 0

Rearranging yields the reverse inequality in the statement of the proposition; hence, if that
inequality holds for some θ, the first-best is not implementable.

Proof of Proposition 3. Suppose (n − 1)α ≤ η. We show the first-best is implementable. It is
immediate that downward deviations are not profitable, since such deviations only have the
impact of lowering the selection probability. An upward deviation by contrast yields utility
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F (θ̂)n−1((1 + η)θ − ηθ̂). The derivative with respect to θ̂ is proportional to (n− 1)α(1 + η)θ −
η((n− 1)α+ 1)θ̂. This is weakly negative at θ = θ̂ whenever (n− 1)α ≤ η, and decreasing in θ̂
for θ̂ > θ. Thus, there is no profitable global deviation and the first-best is implementable in this
case.

We first solve this problem assuming that the solution involves deterministic project choice.
We then show that this is without loss by considering a relaxed problem where deterministic
project choice is optimal and verify that the candidate solution solves this program.7 We defer
that step to the end of the proof.

We start with the following Lemmas to help formulate this problem:

Lemma 19 (Upward project distortion). It is without loss of optimality to assume x(θ) ≥ θ for all
θ ∈ Θ: if (x∗(θ), y∗(θ)) is optimal, then (x̃∗(θ), y∗(θ)) with x̃∗(θ) = max{θ, x∗(θ)} is also optimal.

Proof. Consider any optimal mechanism where x∗(θ) < θ for some θ. Consider increasing
x∗(θ) to θ. Note that this leaves the objective unchanged, so we need only check that incentive
compatibility holds. For θ′ < θ, mimicking type θ is now strictly more costly, and hence the
replacement is incentive compatible. For θ′ > θ, mimicking type θ has the same utility as
before, since max{θ′, θ} = max{θ′, x∗(θ)} = θ′. Hence the replacement maintains incentive
compatibility as well.

Lemma 20. Assume x(θ) ≥ θ for all θ ∈ Θ. Then, (x(θ), y(θ)) is incentive-compatible if and only
if U(θ) = u(x(θ), θ)y(θ) is absolutely continuous and satisfies the following conditions:

1. y(θ) is increasing.

2. U ′(θ) ≤ (1 + η)y(θ) (IC1);

3. U(θ) ≤ θy(θ) (IC2);

4. U ′(θ) = (1 + η)y(θ) if U(θ) < θy(θ) (i.e., x(θ) > θ and y(θ) > 0) (IC3);

Proof. Necessity. For a true type θ who reports r, write

U(r | θ) := y(r)
[
θ − ηmax{x(r)− θ, 0}

]
.

Since x(r) ≥ r and U(r) = y(r)[(1 + η)r − ηx(r)], we have

U(r | θ) = min {θy(r), U(r) + (1 + η)(θ − r)y(r)} . (*)
7Unlike the approach in the main model, this strategy closely resembles the strategy from Kartik et al. (2021).
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Suppose first that (x, y) is incentive compatible. Then U(θ) = supr U(r | θ). For every fixed
report r, the function U(r | ·) is (1 + η)-Lipschitz. Hence, U is Lipschitz and therefore absolutely
continuous. Moreover, x(θ) ≥ θ directly implies U(θ) ≤ θy(θ), establishing (IC2).

We next show that y is weakly increasing. Fix s < t. If x(s) ≤ t, then incentive compatibility
of type t gives U(t) ≥ U(s | t) = ty(s). Since (IC2) also gives U(t) ≤ ty(t), we obtain y(s) ≤ y(t).
If instead x(s) > t, the incentive constraints of types s and t give

U(t)− U(s) ≥ (1 + η)(t− s)y(s), U(t)− U(s) ≤ (1 + η)(t− s)y(t).

Thus, (t− s)(y(t)− y(s)) ≥ 0, which implies y is weakly increasing.

By the envelope theorem, at every point where U is differentiable,

U ′(θ) ∈ y(θ)∂θu(x(θ), θ) =

{(1 + η)y(θ)}, if x(θ) > θ,

[y(θ), (1 + η)y(θ)], if x(θ) = θ.

This proves (IC1) almost everywhere.

Finally,
θy(θ)− U(θ) = ηy(θ)

(
x(θ)− θ

)
.

Thus, U(θ) < θy(θ) is equivalent to y(θ) > 0 and x(θ) > θ. By the envelope theorem, x(θ) > θ

implies U ′(θ) = (1 + η)y(θ) (IC3).

Sufficiency. Suppose the stated conditions hold. Consider first a true type θ and an upward report
r > θ. Since x(r) ≥ r > θ, we have U(r | θ) = U(r)− (1 + η)(r − θ)y(r). Absolute continuity,
(IC1), and monotonicity of y imply

U(r)− U(θ) =

∫ r

θ

U ′(s) ds ≤ (1 + η)

∫ r

θ

y(s) ds ≤ (1 + η)(r − θ)y(r).

Hence, U(θ) ≥ U(r | θ), so no upward report is profitable.

Now consider a downward report r < θ. Suppose that U(r | θ) > U(θ) and define

τ := sup{s ∈ [r, θ] : U(r | s) ≤ U(s)}.

Since U(r | r) = U(r), this set is nonempty. Continuity and U(r | θ) > U(θ) imply

τ < θ, U(r | τ) = U(τ),
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while the definition of τ implies

U(r | s) > U(s) for every s ∈ (τ, θ].

For every s ∈ (τ, θ],
U(s) < U(r | s) ≤ sy(r) ≤ sy(s),

where the last inequality follows from s ≥ 0 and the monotonicity of y. Hence, (IC3) gives
U ′(s) = (1 + η)y(s) almost everywhere on this interval.

For a fixed report r,

Us(r | s) ≤ (1 + η)y(r) ≤ (1 + η)y(s) = U ′(s)

almost everywhere. Therefore, the difference U(r | s)− U(s) is weakly decreasing in s on (τ, θ].
Consequently,

U(r | θ)− U(θ) ≤ U(r | τ)− U(τ) = 0,

contradicting the supposition that U(r | θ) > U(θ). Hence, no downward report is profitable.

The maximization problem we solve is:

max
y,U

n ·
∫
U(θ)f(θ)dθ

subject to y(θ) is increasing. (IC-Mon)

U ′(θ) ≤ (1 + η)y(θ) (IC1)

U(θ) ≤ θy(θ) (IC2)

U ′(θ) = (1 + η)y(θ) if U(θ) < θy(θ) (IC3)

Define D =
∫ θ̄

θ
(F n−1 − y)dF with Ḋ = (y − F n−1)f . Rewrite constraint as

ẏ ≥ 0

U̇ ≤ (1 + η)y

U ≤ θy

D ≥ 0
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The Hamiltonian is

H = Uf + λD + ϕD(y − F n−1)f + ϕU U̇ + µ2((1 + η)y − U̇) + γ(θy − U)f + ϕyẏ (89)

Here, the state variables areU,D, y; the control variables: ẏ, U̇ ; the costate variables are ϕU , ϕD, ϕy;
and the Lagrange multipliers are µ1, µ2, γ, λ. The Pontryagin’s Maximum Principle implies

∂H

∂U
= (1− γ)f = −ϕ̇U (90)

∂H

∂D
= λ = −ϕ̇D (91)

∂H

∂U̇
= ϕU − µ2 = 0 (92)

∂H

∂y
= [ϕD + γθ]f + (1 + η)µ2 = −ϕ̇y (93)

ϕy ≤ 0, ϕy = 0 if y is strictly increasing (94)

µ2 ≥ 0, µ2 = 0 if U ′(θ) < (1 + η)y(θ) (95)

γ ≥ 0, γ = 0 if U(θ) < θy(θ) (96)

λ ≥ 0, λ = 0 if D(θ) > 0 (97)

with an additional constraint: U ′(θ) = (1 + η)y(θ) if U(θ) < θy(θ) (IC3).

Lemma 21. There are two types of handicap regions:

• Pooling handicap (P): x and y are constant and x(θ) > θ.

• Pure handicap (H): x(θ) = θ.

Proof. We first show the following claim:

Claim 6. The optimal mechanism cannot have a nondegenerate interval I such that D(θ) > 0,
y′(θ) = 0, and U ′(θ) < (1 + η)y(θ) for all θ ∈ I .

Proof. Suppose, toward a contradiction, that such an interval I exists. Since ẏ = 0 on I , write

y(θ) = ȳ for all θ ∈ I.

By (IC3), because U ′(θ) < (1 + η)y(θ) on I , we have U(θ) = θȳ on I . Hence, U ′(θ) = ȳ on I .
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Moreover, we have 0 < ȳ < 1. To see this, if ȳ = 0, then U̇ = θȳ = 0 on I , contradicting
U̇ < (1 + η)y. If ȳ = 1, then monotonicity of y implies y(s) = 1 for all s ≥ θ, and therefore

D(θ) =

∫ θ̄

θ

(F (s)n−1 − 1) dF (s) < 0,

contradicting Border feasibility.

Let [L,R] be the maximal interval containing I on which y(θ) = ȳ. For θ ∈ [L,R],

D(θ) =

∫ R

θ

(F (s)n−1 − ȳ) dF (s) +D(R).

Equivalently,
Ḋ(θ) = (y(θ)− F (θ)n−1)f(θ) = (ȳ − F (θ)n−1)f(θ).

Since F n−1 is strictly increasing,D is increasing where F n−1 < ȳ and decreasing where F n−1 > ȳ.
Thus D is single-peaked on [L,R]. Since Border feasibility gives

D(L) ≥ 0, D(R) ≥ 0,

and since D > 0 on the nondegenerate interval I ⊆ [L,R], we have

D(θ) > 0 for all θ ∈ (L,R).

Therefore the Border multiplier satisfies

λ(θ) = 0 on (L,R).

The costate equation for D is
ϕ̇D(θ) = −λ(θ).

Hence ϕD is constant on (L,R). Write

C := −ϕD(θ) for θ ∈ (L,R).

Now define the slack in IC2 by

g(θ) := θȳ − U(θ) ≥ 0.
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On any subinterval where g > 0, IC2 is slack, and (IC3) implies

U̇ = (1 + η)ȳ.

Thus
ġ(θ) = ȳ − U̇(θ) = −ηȳ < 0.

Therefore g strictly decreases until it hits zero. Once it hits zero, the constraint g ≥ 0 prevents it
from becoming negative, so it remains zero thereafter. Hence there exists some θ∗ ∈ [L,R] such
that the flat block decomposes as

[L, θ∗) : U < θȳ, U̇ = (1 + η)ȳ,

and
[θ∗, R] : U = θȳ, U̇ = ȳ.

Because the original interval I satisfies IC2 binding and upper IC slack, we have θ∗ < R.

We now derive the first-order conditions on the flat block using the Hamiltonian

The y-costate equation is

ϕ̇y = −∂H
∂y

= −ϕDf − (1 + η)µ2 − γθf.

Using ϕD = −C , µ2 = 0, and γ = 1, we get

ϕ̇y = (C − θ)f.

Since µ1 = −ϕy, this is equivalent to

µ̇1(θ) = (θ − C)f(θ), θ ∈ [θ∗, R]. (E)

On the handicapping part [L, θ∗), IC2 is slack, so

γ = 0.

The upper IC constraint binds, so µ2 may be positive. Since ϕU = µ2, the U -costate equation gives

µ̇2 = ϕ̇U = −f.
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At θ∗, the upper IC constraint becomes slack, so µ2(θ
∗) = 0. Therefore

µ2(θ) = F (θ∗)− F (θ), θ ∈ [L, θ∗].

The y-costate equation becomes

ϕ̇y = −ϕDf − (1 + η)µ2 = Cf − (1 + η)µ2.

Hence, because µ1 = −ϕy,

µ̇1(θ) = −Cf(θ) + (1 + η)
(
F (θ∗)− F (θ)

)
, θ ∈ [L, θ∗]. (H)

Because [L,R] is the maximal flat block, the monotonicity constraint is not binding at the two
outer links. If L = θ, then the lower bound on y is slack because ȳ > 0; if R = θ̄, then the upper
bound on y is slack because ȳ < 1. Thus

µ1(L) = 0, µ1(R
+) = 0.

From (E), using µ1(R
+) = 0, we have for θ ∈ [θ∗, R],

µ1(θ) =

∫ R

θ

(C − s)f(s) ds.

Since µ1(θ) ≥ 0, letting θ ↑ R yields the necessary condition

C ≥ R. (1)

Next, integrate (H) over [L, θ∗] and (E) over [θ∗, R]. Since

µ1(L) = µ1(R
+) = 0,

we obtain

0 =

∫ θ∗

L

[
−Cf(s) + (1 + η)

(
F (θ∗)− F (s)

)]
ds+

∫ R

θ∗
(s− C)f(s) ds.
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Equivalently,

0 =

∫ R

θ∗
(C − s)f(s) ds+

∫ θ∗

L

[
Cf(s)− (1 + η)

(
F (θ∗)− F (s)

)]
ds.

Using integration by parts,∫ θ∗

L

(
F (θ∗)− F (s)

)
ds =

∫ θ∗

L

(s− L)f(s) ds.

Therefore
C
(
F (R)− F (L)

)
=

∫ R

θ∗
sf(s) ds+ (1 + η)

∫ θ∗

L

(s− L)f(s) ds. (2)

We now show that (2) implies C < R, contradicting (1). Since s < R on [θ∗, R) and f > 0,∫ R

θ∗
sf(s) ds < R

(
F (R)− F (θ∗)

)
. (3)

Also, ∫ θ∗

L

(s− L)f(s) ds < (θ∗ − L)
(
F (θ∗)− F (L)

)
. (4)

On the handicapping part,
U̇ = (1 + η)ȳ,

and U(θ∗) = θ∗ȳ. Hence, for θ ∈ [L, θ∗],

U(θ) = ȳ
[
(1 + η)θ − ηθ∗

]
.

Since U(L) ≥ 0, we get
(1 + η)L− ηθ∗ ≥ 0,

or
θ∗ − L ≤ L

η
. (5)

We claim that
(1 + η)(θ∗ − L) < R. (6)

If
R > L

(
1 +

1

η

)
,
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then (5) gives

(1 + η)(θ∗ − L) ≤ (1 + η)
L

η
= L

(
1 +

1

η

)
< R.

If instead
R ≤ L

(
1 +

1

η

)
,

then θ∗ < R, so
(1 + η)(θ∗ − L) < (1 + η)(R− L).

But R ≤ L(1 + 1/η) is equivalent to

(1 + η)(R− L) ≤ R.

Thus (6) holds.
Combining (4) and (6),

(1 + η)

∫ θ∗

L

(s− L)f(s) ds < R
(
F (θ∗)− F (L)

)
. (7)

Using (3) and (7) in (2), we get

C
(
F (R)− F (L)

)
< R

(
F (R)− F (θ∗)

)
+R

(
F (θ∗)− F (L)

)
.

Therefore
C
(
F (R)− F (L)

)
< R

(
F (R)− F (L)

)
.

Since F (R) > F (L), this implies
C < R.

This contradicts C ≥ R. Hence no such interval I can exist.

We next show the following claim:

Claim 7. In the handicap region of the optimal mechanism, we have x(θ) = θ if y(θ) is strictly
increasing.

Proof. We need to show that if D(θ) > 0 (i.e., (Border) is not binding) and y is strictly increasing,
then U(θ) = θy (i.e., (IC2) is binding) and thus x(θ) = θ.

Suppose, toward a contradiction, that D(θ) > 0, U(θ) < θy, and y is strictly increasing. Then,
the complementary-slackness condition for (IC2) implies γ(θ) = 0. We have ϕ̇U(θ) = −f(θ), so

96



ϕU(θ) = C − F (θ) for some constant C . Thus,

ϕU(θ) = µ2(θ) = C − F (θ) ≥ 0.

If y is strictly increasing, we have ϕy(θ) = 0 and thus

ϕD(θ) = −(1 + η)
C − F (θ)

f(θ)
=
Cθ1−α − θ

α
≤ 0,

which contradicts the fact that ϕD is a constant (since the derivative is C(1−α)θ−α−1
α

).

To complete the proof, we note that in the handicap region, if x(θ) > θ, then both x(θ) and
y(θ) are constant. Indeed, in the handicap region, if x(θ) > θ, the previous claim implies that
y(θ) is constant. Since U(θ) = y(θ)[(1 + η)θ − ηx(θ)] on this interval, differentiating and using
U ′(θ) = (1 + η)y(θ) yields x′(θ) = 0; hence x(θ) is constant.

Lemma 22. C cannot be immediately followed by H. In other words, if a competitive interval is
immediately followed by a handicap interval, it must be a pooling handicap interval.

Proof. Suppose, for contradiction, that a competitive interval is immediately followed by a handicap
interval with x(θ) = θ. At the junction θ0 between the two regions, continuity of U requires
U(θ−0 ) = U(θ+0 ). In the competitive region, x(θ) > θ and U(θ) = ((1 + η)θ − ηx(θ))F (θ)n−1 <

θF (θ)n−1. In the handicap region, x(θ) = θ, so U(θ) = θy(θ) (IC2 is binding). To preserve
incentive compatibility across the junction, we would need y(θ+0 ) < y(θ−0 ) = F (θ0)

n−1. But this
contradicts the monotonicity of y required by IC.

With these Lemmas in hand, we return to the construction in the proposition:
Case 2: α ≥ 1. We show that full handicap is optimal if and only if α ≥ 1. That is,

y(θ) =
α + η

nα
θη, x(θ) = θ, for all θ ∈ [0, 1]. (98)

Note that y(θ) is feasible since D(θ) =
∫ 1

θ
(F (s)n−1 − y(s))dF (s) = 1

n
(θα+η − θαn) ≥ 0, where

the inequality holds since η < α(n− 1).
Proposed Multipliers:

µ2(θ) = ϕU(θ) =

∫ 1

θ

(1− γ(s)) dF (s) =
(1− θ)f(θ)

α + η + 1
≥ 0.
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ϕy(θ) = 0, ϕD(θ) = −κ =

∫ 1

0
sη+1 dF (s)∫ 1

0
sη dF (s)

= − α + η

α + η + 1
(constant).

γ(θ) = −ϕD(θ)

θ
− (1 + η)µ2(θ)

θf(θ)
=

(1 + η)θ + α− 1

(α + η + 1)θ
.

These multipliers are dual feasible when α ≥ 1, establishing sufficiency. For necessity, suppose
full handicap is optimal. Since D(θ) > 0 and y(θ) is strictly increasing on (0, 1), complementary
slackness implies that ϕD = −κ is constant and ϕy = 0. Taking any arbitrary κ, equations (90)
through (93) along with ϕU(1) = 0 imply:

µ2(θ) = θ−1−η

[
α

α + η + 1
(1− θα+η+1)− κα

α + η
(1− θα+η

]
,

and:

γ(θ) =
κ

θ
− (1 + η)µ2(θ)

θf(θ)
.

Consider α
α+η+1

− κα
α+η

. If this is negative, then we would have µ2(θ) < 0 for sufficiently small
θ, which is impossible. But if this expression is strictly positive, then µ2(θ) grows at rate θ−1−η,
meaning that the second term in γ(θ) dominates κ/θ and γ(θ) < 0 for sufficiently small θ. Dual
feasibility thus requires that the expression is 0, i.e., κ = α+η

α+η+1
. Substituting this value gives the

multipliers displayed above, i.e.:

γ(θ) =
(1 + η)θ + α− 1

(α + η + 1)θ
,

which is nonnegative for all θ if and only if α ≥ 1, Hence full handicap is optimal if and only if
α ≥ 1.

Case 3: α < 1. Let β = α(n− 1). We want to show that the following allocation is optimal
for some θ1, θ2:

y(θ) =


F (θ)n−1 = θβ, θ ∈ [0, θ1],

y1, θ ∈ [θ1, θ2],

y1

(
θ
θ2

)η
, θ ∈ [θ2, 1],

x(θ) =


(1+η)β
η(β+1)

θ > θ, θ ∈ [0, θ1],

θ2, θ ∈ [θ1, θ2],

θ, θ ∈ [θ2, 1].

(99)

By the previous lemmas, if θ1, θ2 ∈ (0, 1), then θ1 < θ2. As shown in case 2, the full handicap
allocation, which corresponds to θ1 = θ2 = 0, cannot be optimal when α < 1. Now we show that
the competitive region and the pooling handicap region must be nonempty.
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Claim 8. Competitive region must be nonempty.

Proof. Suppose it is empty. Then, because the θ1 = θ2 = 0 (i.e., pure handicap on [0, 1]) cannot
be optimal when α < 1 (as shown in Case 2), the pooling handicap region must be nonempty.
Therefore, we have θ1 = 0 and θ2 > 0. But then, we have

U(0) = y1(−ηθ2).

Thus, U(0) ≥ 0 implies y1 = 0 and hence y(θ) = 0 on [0, 1], which cannot be optimal.

Claim 9. Pooling handicap region must be nonempty.

Proof. Suppose it is empty. Then, because a competitive region cannot be immediately followed
by a pure handicap region (by Lemma 22), we have either competitive on [0, 1] or pure handicap
on [0, 1]. As shown in Case 2, H = [0, 1] cannot be optimal when α < 1. Hence, we must have
C = [0, 1]. But then, ϕU(1) = 0 implies C = 1 and thus

ϕD(θ) = −(1 + η)
1− F (θ)

f(θ)
,

which is increasing when θ is close to 1. This contradicts the dual-feasibility condition (for D ≥ 0)
that λ(θ) = −ϕ̇D ≥ 0.

Therefore, we can focus on two subcases: (i) H is empty, and (ii) H is nonempty, i.e., θ2 < 1.

Case 3.1: H is empty, i.e., θ2 ≥ 1. We want to show the optimality of the following allocation:

y(θ) =

θβ, θ < θ1,

y1, θ > θ1,
x(θ) =


(1+η)β
η(β+1)

θ, θ < θ1,

θ2 > θ1, θ > θ1,

where θ2 ≥ 1.
Border condition D(θ1) = 0 implies

D(θ1) =

∫ 1

θ1

(F (θ)n−1 − y1) dF (θ) = 0 =⇒ y1 =
α

α + β

1− θα+β
1

1− θα1
.

Continuity of U at θ1 implies

y1
[
(1 + η)θ1 − ηθ2

]
=

1 + η

β + 1
θβ+1
1 =⇒ θ2 =

1 + η

η

[
θ1 −

θβ+1
1

(β + 1)y1

]
.
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Define I(θ) = 1−F (θ)
f(θ)

, which is strictly single-peaked for F (θ) = θα with α ∈ (0, 1).

µ2(θ) = ϕU(θ) = 1− F (θ) ≥ 0, γ(θ) = 0.

ϕD(θ) =

−(1 + η)I(θ), θ ∈ [0, θ1],

−(1 + η)I(θ1), θ ∈ [θ1, 1].

ϕy(θ) =

0, θ ∈ [0, θ1],

−(1 + η)
∫ θ

θ1
[I(t)− I(θ1)] dF (t), θ ∈ [θ1, 1]

Finally, ∫ 1

θ1

[I(t)− I(θ1)] dF (t) = 0.

Because I(θ) is strictly single-peaked, there exists a unique θ1 such that I ′(θ1) ≥ 0 and∫ θ

θ1

[I(t)− I(θ1)] dF (t) ≥ 0 for all θ ∈ [θ1, 1],

with equality at θ = 1. Let

A(θ1) := θ1

[
1− θβ1

(β + 1)y1

]
∈ (0, 1).

We have
θ2 ≥ 1 ⇐⇒ η ≤ A(θ1)

1− A(θ1)
.

Thus, H is indeed empty (i.e., θ2 ≥ 1) if η is sufficiently small.

Finally, we check that the dual feasibility conditions are satisfied. First, we have ϕy(θ) =

−(1 + η)
∫ θ

θ1
[I(t)− I(θ1)] dF (t) ≤ 0 for all θ ∈ [θ1, 1] with equality at θ = 1, and thus the dual

feasibility condition for ẏ ≥ 0 is satisfied.

Second, we have λ(θ) = −ϕ̇D(θ) = (1 + η)I ′(θ) ≥ 0 for all θ ∈ [0, θ1] and λ(θ) = 0 for all
θ ∈ [θ1, 1], and thus the dual feasibility condition for D ≥ 0 is satisfied.

Third, we have µ2(θ) ≥ 0 for all θ ∈ [0, 1] with equality at θ = 1, and thus the dual feasibility
condition for U is satisfied.

Case 3.2: H is nonempty, i.e., θ2 < 1.
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Cutoff equations. Continuity of U at θ1 implies

y1
[
(1 + η)θ1 − ηθ2

]
=

1 + η

β + 1
θβ+1
1 .

Hence
y1 =

(1 + η)θβ+1
1

(β + 1)
[
(1 + η)θ1 − ηθ2

] .
The border condition D(θ1) = 0 gives∫ 1

θ1

(F n−1 − y) dF = 0.

Equivalently,

y1
[
F (θ2)− F (θ1)

]
+ y1

∫ 1

θ2

(
θ

θ2

)η

dF (θ) =

∫ 1

θ1

F (θ)n−1 dF (θ).

For F (θ) = θα, this can also be written as

y1(θ
α
2 − θα1 ) + y1θ

−η
2

α

α + η

(
1− θα+η

2

)
=

α

α + β
(1− θα+β

1 ).

Border Feasibility We verify D(θ1) = 0 ensures all Border constraints. On (θ1, 1]:

y(θ)

F (θ)n−1
=

y1θ−β θ1 < θ ≤ θ2

y1θ
−η
2 θη−β θ2 < θ ≤ 1

is continuous and strictly decreasing since 0 < η < β. Since D(θ1) = 0, this expression
must be strictly greater than 1 at θ+1 and strictly less than 1 at 1. Hence, it crosses 1 exactly once,
and Ḋ = (y − F n−1)f is positive then negative on (θ1, 1). With D(θ1) = D(1) = 0, we obtain
D(θ) > 0 for θ1 < θ < 1, and below θ1 we have D(θ) = 0.

Since y1 > θβ1 , the jump in y at θ1 is upward and y is globally nondecreasing. Since y(1) < 1,
we also have 0 ≤ y ≤ 1. Lemma 4 yields all Border constraints; the same argument applies to
Case 3.1, where the ratio is y1θ−β throughout (θ1, 1].

Multiplier construction. Define

IC(θ) :=
C − F (θ)

f(θ)
=
C − θα

αθα−1
=

1

α

(
Cθ1−α − θ

)
.
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and κ = (1 + η)IC(θ1). On a nondegenerate H region [θ2, 1], define

µH(θ) := θ−1−η

∫ 1

θ

sη(s− κ) dF (s).

For the power distribution,

µH(θ) = θ−1−η

[
α

α + η + 1

(
1− θα+η+1

)
− κα

α + η

(
1− θα+η

)]
.

The multipliers are defined as follows:

ϕD(θ) =


−(1 + η)IC(θ), θ ∈ [0, θ1],

−(1 + η)IC(θ1) := −κ, θ ∈ [θ1, 1].

µ2(θ) = ϕU(θ) =


C − F (θ), θ ∈ [0, θ2],

µH
2 (θ), θ ∈ [θ2, 1],

γ(θ) =

0, θ ∈ [0, θ2],

−ϕD

θ
− (1+η)

θf(θ)
µH
2 (θ), θ ∈ [θ2, 1].

Since θf(θ) = αF (θ), this can be rewritten as

γ(θ) =
κ

θ
− (1 + η)µH

2 (θ)

θf(θ)
= (1 + η)

[
IC(θ1)

θ
− µH

2 (θ)

αF (θ)

]
on [θ2, 1].

ϕy(θ) =


0, θ ∈ [0, θ1],

−(1 + η)
∫ θ

θ1
[IC(t)− IC(θ1)] dF (t), θ ∈ [θ1, θ2],

0, θ ∈ [θ2, 1].

If the pure-handicap region is nonempty, then ϕy = 0 on the strictly increasing H region.
Hence continuity of ϕy at θ2 requires

ϕy(θ2) = 0.
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Since on the pooling region

ϕy(θ) = (1 + η)

∫ θ

θ1

[
IC(θ1)− IC(t)

]
dF (t),

the condition ϕy(θ2) = 0 is equivalent to∫ θ2

θ1

[
IC(t)− IC(θ1)

]
dF (t) = 0.

Let
r :=

θ2
θ1
> 1.

Solving the previous equation for C gives

C = θα1 cα(r),

where

cα(r) :=
rα+1−1
α+1

− rα−1
α

(r − 1)− rα−1
α

.

Indeed, substituting t = θ1s, the pooling condition becomes

Cθ1−α
1

∫ r

1

(1− sα−1) ds = θ1

∫ r

1

sα−1(s− 1) ds.

Therefore
C = θα1

∫ r

1
sα−1(s− 1) ds∫ r

1
(1− sα−1) ds

= θα1 cα(r).

Moreover, for every r > 1,
cα(r) >

1

1− α
> 1.

In particular,
C = θα1 cα(r) > θα1 = F (θ1).

This also implies the required sign of the competitive-region multiplier. Indeed,

I ′C(θ) =
C(1− α)θ−α − 1

α
.
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At θ1,
I ′C(θ1) =

(1− α)cα(r)− 1

α
> 0.

Since IC(θ) is strictly single-peaked, I ′C(θ) ≥ 0 for all θ ∈ [0, θ1]. Therefore,

λ(θ) = (1 + η)I ′C(θ) ≥ 0 on [0, θ1].

The constants C and κ are chosen so that

κ = (1 + η)IC(θ1),

and, if H is nondegenerate,
C − F (θ2) = µH(θ2).

The pooling multiplier condition is

ϕy(θ) ≤ 0 for all θ ∈ P.

Equivalently, for every θ ∈ [θ1, θ2],∫ θ

θ1

[
IC(s)− IC(θ1)

]
dF (s) ≥ 0,

with equality at θ = θ2. For the power distribution, IC is strictly concave and thus single-peaked.
If P is nondegenerate and θ2 is the first return point satisfying the above equality, then ϕy ≤ 0 on
P . In particular, this implies

I ′C(θ1) > 0,

and hence
λ(θ) = (1 + η)I ′C(θ) ≥ 0 on C.

Next, we verify the sign restrictions on the H region. Note that C > F (θ2), as otherwise strict
concavity of F and utility-matching yield:

κ = (1 + η)
C − F (θ1)

f(θ1)
≤ (1 + η)

F (θ2)− F (θ1)

f(θ1)
< (1 + η)(θ2 − θ1) < θ2,

with the last inequality using (1 + η)θ1 − ηθ2 > 0. Then the µH formula would imply µH(θ2) > 0,
which contradicts µH(θ2) = C − F (θ2) ≤ 0.

Furthermore, d
dθ
[θ1+ηµH(θ)] = −θη(θ − κ)f(θ). Now, this derivative can only change sign
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from positive to negative; since µH(θ2) > 0 and µH(1) = 0, we obtain µH ≥ 0 throughout [θ2, 1].
The pooling and strict concavity of IC imply IC(θ2) < IC(θ1), with the maximizer of IC lying

in (θ1, θ2). At the maximizer, IC(θ) = θ
1−α

, and hence (1− α)κ < (1 + η)θ2. Multiplier matching
gives an H-side value of:

γ(θ+2 ) =
1 + η

θ2
[IC(θ1)− IC(θ2)] > 0.

By direct differentiation,

d

dθ
[θα+η+1γ(θ)] = θα+η−1[(1 + η)θ − (1− α)κ] > 0,

for θ > θ2. Hence γ ≥ 0 on H, or equivalently:

0 ≤ µH(θ) ≤
κf(θ)

1 + η
.

Here and below the value of θ2 may be taken from H. The same pooling equation yields ϕy < 0 on
(θ1, θ2), ϕ̇y(θ1) = 0 and ϕ̇y(θ

−
2 ) > 0.

We now show that the cutoffs θ1 and θ2 defining the C-P-H candidate exist, where θ1 separates
the competitive and pooling-handicap regions and θ2 separates the pooling- and pure-handicap
regions. Let r0 > 1 satisfy cα(r0) = rα0 ; i.e., 1/r0 is the unique cutoff constructed in Case 3.1. The
same pooling equation and uniqueness properties imply cα(r) > rα whenever 1 < r < r0. Case
3.1 applies whenever η ≤ A(1/r0)

1−A(1/r0)
; for the other values of η, vary r over the interval:[
β(1 + η)

η(β + 1)
,min

{
1 + η

η
, r0

})
This interval is nonempty, since the case 3.1 Border equation gives y1 > (1/r0)

β , and hence
A(1/r0) >

β
r0(β+1)

. For each such r, let θ2 satisfy:

α

∫ 1/θ2

1

sα+η−1

[
s− (1 + η)(cα(r)− 1)

αr

]
ds =

cα(r)

rα
− 1.

By the choice of r, the right hand side is positive. On the other hand, the left hand side starts
at 0 at θ2 = 1 and, while it may initially decrease, once it is increasing it increases strictly to
infinity. Thus, it crosses the positive right hand side exactly once. Note that the resulting solution
is continuous in r.

Now set θ1 = θ2
r
, C = θα1 cα(r), y1 =

(1+η)θβ1
(β+1)(1+η−ηr)

. Then the pooling and utility-matching
equations hold, and the preceding integral equation reduces to the multiplier-matching condition:
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µH(θ2) = C − F (θ2).

The resulting form of D(θ1) is continuous in r, where at the lower endpoint r = β(1+η)
η(β+1)

we have
y1 = θβ1 . Furthermore, y(θ) < θβ for all θ > θ1, and hence D(θ1) > 0.

Now we show D(θ1) < 0 for r close to the upper endpoint. There are two cases: First, if
1+η
η

≤ r0, then as r approaches 1+η
η

, θ2 remains bounded away from zero while y1 → ∞. Hence
in this case we have D(θ1) < 0 for r close enough to the upper endpoint. Second, if 1+η

η
> r0,

then strict concavity of F (θ) = θα yields:

(1 + η)(cα(r0)− 1)

αr0
<

(1 + η)(r0 − 1)

r0
< 1.

Hence the integral equation implies θ2 → 1 as r approaches r0 from below; since we assume Case
3.1 does not apply, we have η

1+η
> A(1/r0) >

β
r0(β+1)

, and hence r0 > β(1+η)
η(β+1)

. So, the limiting
value of y1 strictly exceeds its Border value in Case 3.1. Thus, again we have D(θ1) < 0 for r
sufficiently close to r0.

Thus, continuity implies there exists r such that D(θ1) = 0; all of the cutoff equations hence
admit a solution with 0 < θ1 < θ2 < 1, and the sign verification above also gives C > F (θ2).

Finally, we also show that the pure handicap region is empty for sufficiently small η. That is,

y(θ) =

θβ, θ < θ1,

y1, θ > θ1,
x(θ) =


(1+η)β
η(β+1)

θ, θ < θ1,

θ2, θ > θ1,

where θ2 ≥ 1.
Suppose, toward a contradiction, that for arbitrarily small η > 0, the pure handicap region is

nonempty. Then, 0 < θ1 < θ2 < 1. Let

r :=
θ2
θ1
> 1.

On the flat region, write the constant allocation as y1. Continuity of U at θ1 gives

y1
[
(1 + η)θ1 − ηθ2

]
=

1 + η

β + 1
θβ+1
1 .

Therefore
y1 =

(1 + η)θβ1
(β + 1)(1 + η − ηr)

.
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Since the transition at θ1 involves an upward jump,

y1 > F (θ1)
n−1 = θβ1 .

Hence
1 + η

(β + 1)(1 + η − ηr)
> 1,

which is equivalent to

r >
β(1 + η)

η(β + 1)
.

Thus
r → ∞ as η ↓ 0.

Now use the ironing formula for C . We can write

C = θα1 c(r),

where

c(r) =

rα+1 − 1

α + 1
− rα − 1

α

(r − 1)− rα − 1

α

.

Since 0 < α < 1,
c(r)

rα
→ 1

α + 1
as r → ∞.

Therefore, as η ↓ 0,
C

F (θ2)
=
θα1 c(r)

(rθ1)α
=
c(r)

rα
→ 1

α + 1
< 1.

Thus, for all sufficiently small η,
C < F (θ2).

But on the x > θ region, the multiplier on IC1 is

µ2(θ) = C − F (θ).

The sign condition µ2 ≥ 0 therefore requires, in particular,

C − F (θ2) ≥ 0.
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This contradicts C < F (θ2).
Hence, for sufficiently small η, the unconstrained pooled value cannot satisfy θ2 < 1. Therefore

θ2 ≥ 1

so the pure handicap region is empty.

Deterministic Achieves the Optimum We now revisit the claim that deterministic project
selection achieves the optimum. We consider a relaxed problem which coincides with the original
problem except that all downward incentive constraints are dropped, while global upward incentive
constraints are imposed; in this relaxed problem the full Border constraints are also replaced
by the tail inequalities D(θ) ≥ 0 (and all other restrictions are maintained; in particular U ≥ 0

and 0 ≤ y ≤ 1). Call this problem R; in defining R, we keep the absolute continuity of U . Note
that this does not exclude any feasible mechanism of the original problem, including one with
stochastic project choice; indeed, the expected payoff from each fixed report is (1 + η)-Lipschitz
in the true type, and under incentive compatibility U is the supremum of the payoff under any
report.

It is immediate that the value of problem R is at least as large as the original program. We
show that the solution to our problem also solves problem R.

Claim 10. In Problem R, deterministic project selection is without loss.

To see the claim, let X(θ) denote an arbitrary randomization over projects. Consider a new
randomization X̃(θ) which coincides with X(θ), but where any realization x < θ is replaced
by θ. The same argument as in Lemma 19 shows that this replacement maintains incentive
compatibility. However, for any type θ considering an upward deviation, Ex∼X̃(θ̂)[θ− η |x− θ|] =
(1 + η)θ − ηEx∼X̃(θ̂)[x]. Thus, replacing the randomization X̃(θ̂) with deterministically selecting
Ex∼X̃(θ̂)[x] maintains all constraints. Both changes leave truthful utility U unchanged, so that
in particular they preserve absolute continuity. Hence, a mechanism with deterministic project
selection achieves the optimum.

Having established that deterministic project selection is without loss in Problem R, we can
write the relaxed problem directly in terms of U and y. For any θ < θ̂, the payoff of type θ from
reporting θ̂ is

U(θ̂)− (1 + η)(θ̂ − θ)y(θ̂).

The relaxed maximization problem R is:
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max
y,U

∫
U(θ)f(θ)dθ

U(θ) ≥ U(θ̂)− (1 + η)(θ̂ − θ)y(θ̂), ∀θ < θ̂ (IC-Up)

U ′(θ) ≤ (1 + η)y(θ) (IC1)

U(θ) ≤ θy(θ) (IC2).

Note that (IC1) is implied by (IC-Up), but we retain it explicitly because it will be useful in
constructing the multipliers below.

Define

D(θ) =

∫ θ̄

θ

(
F (θ̃)n−1 − y(θ̃)

)
dF (θ̃),

with
Ḋ(θ) =

(
y(θ)− F (θ)n−1

)
f(θ).

Thus, apart from the global constraint (IC-Up), the pointwise constraints can be written as

U̇ ≤ (1 + η)y,

U ≤ θy,

D ≥ 0.

Relative to the original deterministic problem, the monotonicity constraint on y and (IC3) have been
dropped, while the global upward incentive constraints (IC-Up) are retained. The corresponding
Lagrangian on the pooling interval (where λ = γ = µ2 = 0) is:

LPooling =

∫ b

a

[
Uf + ϕD

(
y − F n−1

)
f
]
dθ

+

∫ ∫
a≤θ<θ̂≤b


(a)︷ ︸︸ ︷

U(θ)− U(θ̂)+

(b)︷ ︸︸ ︷
(1 + η)(θ̂ − θ)y(θ̂)

 ρ(dθ, dθ̂), (100)

with ρ ≥ 0. In particular, sinceR is an affine problem, for every feasible allocation the nonnegative
constraint multipliers give an upper bound on the Lagrangian. We introduce multipliers on these
global constraints below such that the candidate satisfies complementary slackness and maximizes
the Lagrangian. In what follows, we retain the values of ϕU and ϕy from the original problem, but
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do not include the old costate term on the pooling interval because its role will be reproduced
using our specification for the global IC constraints via ρ. (In addition, ϕD also will take the same
form as in the original problem.)

We show that the original solution globally maximizes R. Since the original solution satisfies
the full incentive constraints, it is feasible forR. To show that the solution is optimal, we construct
a dual certificate for optimality. Relative to the deterministic problem solved above, the only
omitted constraint is the monotonicity restriction on y. But when y is strictly increasing, the
original complementary slackness condition gives ϕy = 0; hence, the original certificate applies
without modification. To complete the argument, we thus address how to construct multipliers
when there is a pooling interval on which y′ = 0, in which case the original certificate has a
nonzero multiplier ϕy.

We replace this multiplier by nonnegative multipliers on the global upward IC constraints. Let
[a, b] denote a pooling interval. We claim that we can find ρ(·, ·) ≥ 0 supported on the pooling
region satisfying:

ρ{(θ, θ̂) : θ < t < θ̂} = ϕU(t), (101)∫
θ:θ<θ̂

(θ̂ − θ)ρ(dθ, dθ̂) = IC(a)f(θ̂)dθ̂. (102)

To see why this claim completes the proof, we note that as long as these key identities are satisfied,
our original solution will also solve the relaxed problem. To see why this claim holds, evaluating
(a) and using

∫ θ̂

θ
U ′(t)dt = U(θ̂)− U(θ), we have:

∫ ∫
θ≤θ<θ̂≤θ

(U(θ)− U(θ̂))ρ(dθ, dθ̂) = −
∫ b

a

ϕU(t)U
′(t)dt.

Furthermore, using the second identity and that κ = (1 + η)IC(a):

∫ ∫
θ:θ<θ̂

(1 + η)(θ̂ − θ)y(θ̂)ρ(dθ, dθ̂) = (1 + η)IC(a)

∫ b

a

y(θ̂)f(θ̂)dθ̂ = κ

∫ b

a

y(t)f(t)dt.

Now, note that κ = −ϕD and that integration by parts together with ϕ̇U(t) = −f(t) yields:

−
∫ b

a

ϕUU
′ = −

∫ b

a

Uf + ϕU(a)U(a)− ϕU(b)U(b).
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So, putting this together, the Lagrangian restricted to the pooling interval becomes:

LPooling = ϕU(a)U(a)− ϕU(b)U(b) + κ

∫ b

a

F n−1fdθ,

which (i) contains no interior choice variables, while (ii) the endpoint terms match the C- and H-
region certificates from the original problem; this follows from noting that λ = 0 since D > 0

on the handicap region, γ = 0 since x > θ in the pooling region, and that the contribution of
the Lagrangian in the C-region is −ϕU(a)U(a) and in the H-region it is ϕU(b)U(b), making the
overall objective a constant that depends only on primitives and not on the maximization objects
U and y; if H is empty, then ϕU(b) = 0 and this term does not appear.

Thus it suffices to identify ρ ≥ 0 satisfying these identities. Note furthermore than every
upward IC constraint between two types in the pooling region binds, since y is constant, say ȳ,
and U ′ = (1 + η)ȳ, so that U(θ)− U(θ̂) + (1 + η)(θ̂− θ)y(θ̂) = 0 for all θ, θ̂ ∈ [a, b]. The desired
ρ is:

ρ(dθ, dθ̂) = (ϕ̇U(θ) +
ϕDf(θ)

ϕy(θ)
ϕU(θ)) · e

−
∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr · ϕDf(θ̂)

ϕy(θ̂)
dθdθ̂

Although ρ need not have finite mass, equations (101) and (102), which we verify hold below
for this choice, imply the preceding integrals are well-defined. In particular (102) yields:∫ ∫

a<θ<θ̂<b

(θ̂ − θ)ρ(dθ, dθ̂) = IC(a)[F (b)− F (a)] <∞.

Absolute continuity of U , Tonelli’s theorem and (101) yield:∫ ∫
a<θ<θ̂<b

∣∣∣U(θ)− U(θ̂)
∣∣∣ ρ(dθ, dθ̂) ≤ ∫ b

a

∣∣∣U̇(t)∣∣∣ϕU(t)dt <∞,

where boundedness uses that ϕU is bounded on [a, b]. Also, 0 ≤ y ≤ 1 and the first identity imply
absolute integrability of (1 + η)(θ̂ − θ)y(θ̂) against ρ. Hence, both terms in (100) are absolutely
integrable, justifying their separation and the changes in integration order. Equivalently, one
could divide each global IC constraint by θ̂ − θ and use the finite measure (θ̂ − θ)ρ(dθ, dθ̂), since
the normalized constraints are integrable against this measure.8

Provided ϕ̇U(θ) +
ϕDf(θ)
ϕy(θ)

ϕU(θ) ≥ 0, we have ρ ≥ 0 as desired by construction and the

8We note that the remaining multiplier terms are also finite; when α < 1, λ(θ) = O(θ−α) near zero and is integrable.
Furthermore, ϕU is bounded and absolutely continuous, and the H region is bounded away from zero. When α ≥ 1,
the all-H formula gives γ(θ)f(θ) = α(1+η)θα−1+α(α−1)θα−2

α+η+1 . And indeed this is integrable, since if α > 1 both terms
are integrable and if α = 1 the second term vanishes and the first term is a constant.
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definitions of ϕD, ϕy. Since ϕ̇U = −f and ϕD = −κ with f > 0 > ϕy, the condition that
ϕ̇U(θ) +

ϕDf(θ)
ϕy(θ)

ϕU(θ) ≥ 0 is:

ϕy(s) + κϕU(s) ≥ 0.

At s = b we have ϕy(b) = 0 while ϕU(b) = C − F (b) ≥ 0, making ϕy(b) + κϕU(b) ≥ 0. But we
also have the derivative of ϕy(s) + κϕU(s) is negative, since ϕ̇y(s) = −(1 + η)ϕU(s) + κf(s) and
ϕ̇U(s) = −f(s) imply:

d

ds
(ϕy(s) + κϕU(s)) = −(1 + η)ϕU(s) ≤ 0.

Furthermore, in the pooling region ϕU(s) = C − F (s) ≥ C − F (b) = ϕU(b) ≥ 0. Thus ρ ≥ 0.
For (101), we first integrate over θ̂ and then θ:

ρ{(θ, θ̂) : θ < t < θ̂} =

∫ t

a

[
ϕ̇U(θ) +

ϕDf(θ)

ϕy(θ)
ϕU(θ)

]
·

[∫ b

t

e
−

∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr · ϕDf(θ̂)

ϕy(θ̂)
dθ̂

]
dθ.

We show that e−
∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr → 0 as θ̂ → b. Since ϕD < 0, f(r) > 0 on the pooling interval and

ϕy < 0 in the interior of the interval (and zero at the endpoints), we have that ϕDf/ϕy is positive
in the interior. But since ϕy(r) → 0 as r → b and ∞ > ϕ̇y(b) > 0, putting this together we have
there exist m,M such that ϕDf(r)

ϕy(r)
≥ m

M(b−r)
for r within some ε of b; but since the right hand

side diverges when integrating up to b, we have
∫ θ̂

θ
ϕDf(r)
ϕy(r)

dr → ∞, from which the claim follows
immediately.

Thus, since d

dθ̂
e
−

∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr

= −ϕDf(θ̂)

ϕy(θ̂)
e
−

∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr, we have

∫ b

t
e
−

∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr · ϕDf(θ̂)

ϕy(θ̂)
dθ̂ =

e
−

∫ t
θ

ϕDf(r)

ϕy(r)
dr. Yet we also have:

∂

∂θ

[
ϕU(θ)e

−
∫ t
θ

ϕDf(r)

ϕy(r)
dr

]
=

[
ϕ̇U(θ) +

ϕDf(θ)

ϕy(θ)
ϕU(θ)

]
e
−

∫ t
θ

ϕDf(r)

ϕy(r)
dr
. (103)

Putting this together, we have:

ρ{(θ, θ̂) : θ < t < θ̂} =

∫ t

a

∂

∂θ

[
ϕU(θ)e

−
∫ t
θ

ϕDf(r)

ϕy(r)
dr

]
dθ = ϕU(t),

where we use that e−
∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr → 0 as θ → a via a similar argument as for θ̂ → b; specifically,

since ϕy(a) = ϕ̇y(a) = 0, we have ϕy(r) = o(r − a), and since ϕDf(r) is bounded away from 0
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near a, ϕDf(r)
ϕy(r)

is larger than a positive multiple of 1
r−a

near a; hence its integral diverges.
For (102), we fix θ̂ and integrate over θ. Using (103), we have:

∫
θ<θ̂

(θ̂ − θ)ρ(dθ, dθ̂) =
ϕDf(θ̂)

ϕy(θ̂)

∫ θ̂

a

(θ̂ − θ)
∂

∂θ

[
ϕU(θ)e

−
∫ θ̂
θ

ϕDf(r)

ϕy(r)
dr

]
dθ.

Integrating by parts while again using that e−
∫ θ̂
a

ϕDf(r)

ϕy(r)
dr

= 0 gives that the integral in the previous
expression becomes:

G(θ̂) :=

∫ θ̂

a

ϕU(s)e
−

∫ θ̂
s

ϕDf(r)

ϕy(r)
dr
ds.

We claim that this expression is equal to −ϕy(θ̂)

1+η
. Note that both are equal to 0 at θ̂ = a.

Furthermore, differentiating G(θ̂) yields the differential equation:

G′(θ̂) = ϕU(θ̂)−
ϕDf(θ̂)

ϕy(θ̂)
G(θ̂).

But using the definition of ϕy(θ̂), we have:

− ϕ̇y(θ̂)

1 + η
= (IC(θ̂)− IC(a))f(θ̂) = ϕU(θ̂) +

ϕDf(θ̂)

1 + η
= ϕU(θ̂)−

(
ϕDf(θ̂)

ϕy(θ̂)

)
·

(
−ϕy(θ̂)

1 + η

)
.

So, −ϕy(θ̂)

1+η
solves the same differential equation as G(θ̂) and is equal to it at θ̂ = a; therefore,

Z(θ̂) = G(θ̂) + ϕy(θ̂)

1+η
solves Z ′ = −ϕDf

ϕy
Z ; solving this differential equation starting at ε we have

Z(t) = Z(ε)e
−

∫ t
ε

ϕDf(r)

ϕy(r)
dr, and taking ε→ a Z(ε) remains bounded while the exponential tends

to 0, so that Z(t) = 0.
With this identity in hand, we can rewrite (102) as:

∫
θ<θ̂

(θ̂ − θ)ρ(dθ, dθ̂) =
ϕDf(θ̂)

ϕy(θ̂)

(
−ϕy(θ̂)

1 + η

)
dθ̂ = − ϕD

1 + η
f(θ̂)dθ̂.

But since ϕD = −(1 + η)IC(a), this becomes IC(a)f(θ̂)dθ̂, the desired identity.
Thus, since the value of the original problem is bounded by the value of the relaxed problem,

which is equal to the value at the candidate solution, and since the candidate solution cannot
be larger than the value of the original problem, we have that the deterministic project-choice
mechanism is optimal, as desired.
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